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ABSTRACT
Reynolds-averaged Navier–Stokes (RANS) models are known to be inaccurate in complex flows, for instance, laminar-turbulent transition,
and RANS uncertainty quantification (UQ) is essential to estimate the uncertainty in their predictions. In this study, a recent physics-based
UQ framework that introduces eigenvalue, eigenvector, and turbulence kinetic energy perturbations to the modeled Reynolds stress tensor
has been used to estimate the uncertainty in the flow field. We introduce a regression-based marker function that focuses on the turbulence
kinetic energy perturbation for the simulation of laminar-turbulent transitional flows over an Selig–Donovan 7003 airfoil. We observed a
monotonic behavior of the magnitude of the predicted uncertainty bounds varying with the turbulence kinetic energy perturbation.
Importantly, the predicted uncertainty bounds show a synergy behavior that dramatically increases the size of uncertainty bounds and can
successfully encompass the reference data when the eigenvalue perturbations are augmented with the marker function.
Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0116282

I. INTRODUCTION
Transitional flow has been extensively studied since a transitional
flow regime is so frequently encountered in turbomachines. One aspect
of transition that is challenging both to understand and to model is the
laminar-turbulent transition, characterized by a laminar separation
bubble (LSB) evolving on an airfoil. Recall that LSB significantly affects
the boundary development, losses, efficiency, and momentum transfer.
Therefore, accurate prediction for the flow quantities within the LSB is
crucial for the efficient as well as reliable aerospace designs.1 For predictive purposes, Reynolds-averaged Navier–Stokes (RANS) models, such
as the correlation-based transition models of Langtry and Menter,2,3
have been developed to replicate a variety of transition mechanisms.
RANS formulation4 is a pragmatic recourse for analysis of complex flows in both industry and academia. However, the formulation
suffers from an inherent model-form instability that introduces a high
level of epistemic uncertainty into the simulations of fundamental turbulence phenomena. This study adopts a physics-based uncertainty
quantification (UQ) framework of Emory et al.5 and Iaccarino et al.,6
namely, eigenspace perturbation method.6 This framework estimates
the model-form uncertainty by injecting perturbations into the predicted Reynolds stress eigenvalues, eigenvectors, and the turbulence
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kinetic energy. Most studies of RANS UQ have focused on the eigenvalue and eigenvector perturbations and studied the RANS uncertainty
in flow through scramjets,7 aircraft nozzle jets,8 over stream-lined
bodies,9 supersonic axisymmetric submerged jet,10 canonical cases of
turbulent flows over a backward-facing step,6,11 and benchmark cases
of complex turbulent flow,12 a conceptual model to quantify the uncertainty in the dissipation closure for steady-RANS simulations of bluff
bodies with vortex shedding.13 This method has been used for the
robust design of Organic Rankine Cycle (ORC) turbine cascades.14 In
aerospace applications, this method has been used for design optimization under uncertainty.15–18 In civil engineering applications, this
method has been used to design urban canopies,19 ensuring the ventilation of enclosed spaces, and also used in the wind engineering practice for turbulent bluff body flows.20 Moreover, this perturbation
method for RANS model UQ has been used in conjunction with
Machine Learning algorithms to provide precise estimates of RANS
model uncertainty in the presence of data.21–29 The method is also
being used for the creation of probabilistic aerodynamic databases,
enabling the certification of virtual aircraft designs.30,31 UQ has recently
become important for the design process of various engineering applications – Ref. 32 estimated the uncertainty in homogeneous turbulence
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evolution and the study exhibited that the uncertainty due to different
velocity gradients is caused by the linear mechanisms in turbulence
physics. More recently, Ref. 33 used three hybrid methods to combine
RANS and direct numerical simulation (DNS) for giving a more physically accurate prediction and statistically better probability distribution
function.
All of the aforementioned studies did not consider the turbulence
kinetic energy perturbation. Currently, all RANS models that have
employed the Bossinesq turbulent viscosity hypothesis4 utilized a predetermined constant coefficient of turbulent viscosity. While in reality,
this coefficient varies between different turbulent flow scenarios and
even between different regions in the same turbulent flow.34
Consequently, turbulence kinetic energy perturbation varies the coefficient of turbulent viscosity, and hence, an important role in yielding
accurate RANS predictions.
However, studies of turbulence kinetic energy perturbation are
limited, such as Refs. 11 and 35. Yet to date, the combined effect of the
turbulence kinetic energy perturbation and the eigenvalue perturbation
have not been examined for airfoil flows. It should be noted that introducing uniform perturbations in the entire flow field often lead to
overly conservative confidence intervals, because decades of experience
in RANS modeling show that model discrepancy is not uniform
throughout the flow domain and varies between different regions of the
flow domain and between different flows. Therefore, it is reasonable for
one to only introduce uncertainties in the regions of the flow where the
model is deemed plausibly untrustworthy. Gorle et al.36 first proposed
the concept of ad hoc “marker function” that identifies regions that
deviate from parallel shear flow. A recent study of Gorle et al.9
employed this marker function and applied it to the simulation for a
flow over a periodic wavy wall. Emory et al.5 also developed different
forms of marker functions that are aimed to spatially vary the magnitude of the eigenvalue perturbation in a computational domain.
Nevertheless, marker function development is still very under-explored
and more rigorous discussion and validation of new marker is needed.
Therefore, the objectives of this paper are (1) to develop a new
regression-based marker function Mk to inject the turbulence kinetic
energy perturbation into the untrustworthy regions in the computational domain, (2) to explore the effect of the uniform turbulence kinetic
perturbation on various quantities of interest (QoIs), (3) and to investigate the perturbation effect when the eigenvalue perturbation is augmented with Mk. A novelty of this study lies in the application of the
eigenspace perturbation approach to transitional flows, as opposed to
fully developed turbulent flows as is done in almost prior investigations.

time-averaged velocity components. Reynolds stress terms in Eqs. (1)
and (2), i.e., hui uj i, are unknowns that need to be approximated via
RANS modeling. In this study, the correlation-based transition model
by Langtry and Menter2 is considered, which is a modified version
from the shear-stress transport (SST) k  x model.37–40 The RANSbased transition model2 is a linear eddy viscosity model based on the
Bossinesq turbulent viscosity hypothesis as follows:
2
hui uj i ¼ kdij  2 t hSij i;
3

The (normalized) anisotropy is defined by
bij ¼

Published under an exclusive license by AIP Publishing

(5)

The RANS-based transition model by Langtry and Menter37–40 is
correlation-based and, therefore, does not attempt to model the physics of the transition process. The model introduces two additional
transport equations. The first transport equation for the intermittency
k is expressed as follows:
"


 #
@c @ hUj ic
@
 t @c
þ
:
(6)
¼ Pc  Ec þ
þ
@t
@xj
@xj
rf @xj
In Eq. (6), intermittency varies from zero to one. In the freestream, the intermittency is set equal to one to improve robustness in
a wide variety of applications. The transition production term is
defined as follows:
Pc1 ¼ Flength ca1 S½cFonset 0:5 ð1  ce1 cÞ;

(7)

where S is the strain-rate magnitude. Both Flength and Fonset are dimensionless functions for controlling the intermittency equation in the
boundary layer. Flength is an empirical correlation for controlling the
length of transition region, and Fonset triggers the onset of transition
through the local vorticity Reynolds number41 Re . Therefore, the
transition onset is formulated as the following functions:
y2 S
;

Rev
;
Fonset1 ¼
2:193  Rehc




4
¼ min max Fonset1 1 ; Fonset1
; 2:0 ;

Fonset 2

(1)

k
;
x
 3 !
RT
¼ max 1 
;0 ;
2:5
RT ¼

(2)

where h i represents time-averaging, q is the density, hPi is the timeaveraged pressure, and  is the kinematic viscosity. The hUi i are the
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aij hui uj i dij
t
 ¼  hSij i:
¼
2k
2k
3
k

Re ¼

In this study, the flow was assumed to be unsteady, incompressible, and two-dimensional. The simplified RANS formulation of the
continuity and momentum equations is as follows:

(3)

where k is the turbulence kinetic energy, dij is the Kronecker delta,  t is
the turbulent viscosity, and hSij i is the rate of mean strain tensor. In this
study, the RANS predictions bereft of any perturbations are referred to
as “baseline” solutions. In Eq. (3), the deviatoric anisotropic part is
!
2
@hUi i @hUj i
aij  hui uj i  kdij ¼  t
þ
¼ 2 t hSij i: (4)
3
@xj
@xi

II. METHODOLOGY
A. Governing equations

@hUi i
¼ 0;
@xi
DhUj i
@ 2 hUj i @hui uj i
1 @hPi
¼
þ

;
Dt
q @xj
@xi @xi
@xi
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Fonset3

Fonset ¼ maxðFonset2  Fonset3 ; 0Þ:

(8)
(9)
(10)
(11)
(12)
(13)
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The last term in Eq. (7) is used to limit the maximum value of the
intermittency, i.e., always less than one. In Eq. (8), the constant ce1 of 1.0
is used, and y is the distance from the wall. In Eq. (9), Rehc is the critical
Reynolds number, which is used to detect where the intermittency first
starts to increase in the boundary layer (turbulence grows). As the level
of turbulence increases and build up to appreciable levels in the boundary layer, laminar profile starts to change. Therefore, Rehc precedes the
~ ht , where the velocity profile begins to
transition Reynolds number Re
deviate from the laminar profile. Like Flength, Rehc is also an empirical
~ ht .
correlation. Both the Flength and Rehc correlations are functions of Re
In Eq. (6), the transition destruction source term is defined as
follows:
Ec ¼ ca2 XcFturb ðce2 c  1Þ;

(14)

where X is the vorticity magnitude. The destruction source term
ensures that intermittency approaches to zero in the laminar boundary
layer. Once the transition criteria in the Fonset function is no longer satisfied, it forces the model to predict relaminarization by forcing the
value of intermittency to equal to zero. The constant Ca2 of 0.06 represents the strength of the destruction term. It ensures the destruction
term is smaller than the source term. The constant Ce2 of 50 controls
the lower limit of intermittency. Fturb2 is used to turn off the destruction source term in the region outside of a laminar boundary layer or
in the viscous sublayer.
This study focuses on the separated transitional flow over a
SD7003 airfoil. Therefore, one big advantage of the correlation-based
transition model by Langtry and Menter2,42 is its capability of predicting the separation-induced transition. The modification to the intermittency for separation-induced transition is written as follows:
 




Re
csep ¼ min s1 max 0;
 1 Freatach ; 2 Fht ;
(15)
3:235Rehc
Freatach ¼ eð Þ ;

(16)

ceff ¼ maxðc; csep Þ;

(17)

s1 ¼ 2:

(18)

RT 4
20

The constant s1 ¼ 2 controls the size of the separation bubble.
Freattach disables the separation-induced transition once the viscosity
ratio is sufficiently large to form reattachment. The value of the effective intermittency ceff is calculated from Eq. (6) except in the
separation-induced transitional boundary layer where it might
increase greater than one. This, in turn, gives excess production of turbulence kinetic energy, which forces the boundary layer to reattach. If
the value of s1 is increased, the length of the separated region
decreases, and vice versa.
The second transport equation for the transition Reynolds number is defined as follows:

"
#


~ ht
@ hUj iRe
~ ht
~ ht
@ Re
@
@ Re
þ
¼ Pht þ
rht ð þ  t Þ
; (19)
@xj
@xj
@t
@xj
where Pht is the source term. Outside of the boundary layer, Pht forces
~ ht to match the local value of Reht , which is
the transported scalar Re
calculated using an empirical correlation.2 The source term is local,
and thus, Eq. (19) can be solved as a normal transport equation. The
source term can be expressed as
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cht 
Reht  Re~ht ð1:0  Fht Þ;
t
500
t¼ 2 ;
U

(20)
(21)

where t is a timescale based on dimensional analysis, and U
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼ U12 þ U22 þ U32 is the mean velocity. The blending function Fht
turns off the source term in the boundary layer, whereby the transported
~ ht can diffuse into the boundary layer from the freestream. As
scalar Re
a result, Fht is equal to zero in the freestream and equal to one in the
boundary layer. In addition, the Fht blending can be written as
!

!
y 4
c  1=ce2 2
ðdÞ
Fht ¼ min max Fwake  e
; 1:0 
; 1:0 ; (22)
1:0  1=ce2
where
hBL ¼

Re~ht 
;
U
Rex ¼

dBL ¼
xy2
;


15
hBL ;
2

d¼

50Xy
 dBL ;
U

(23)

Fwake ¼ eð1105 Þ :
Rex

2

(24)

The Fwake function disables the blending function in the wake
regions downstream of an airfoil/blade. The model constants cht
¼ 0:03 and rht ¼ 2:0 are used to control the source term and the
diffusion coefficient, respectively.
The transition model2,42 interacts with the SST k  x37–40 turbulence model as follows:
!

@
@ 
@
@k
~
~
ðkÞ þ
hUj ik ¼ P k  D k þ
; (25)
ð þ rk  t Þ
@t
@xj
@xj
@xj




P~k ¼ ceff Pk ; D~k ¼ min max ceff ; 0:1 ; 1:0 Dk ;
pﬃﬃﬃ
 Ry 8
y k
; F3 ¼ e 120 ; F1 ¼ maxðFlorig ; F3 Þ;
Ry ¼


(26)
(27)

where Pk and Dk are the production and destruction terms in the SST
k  x turbulence model.37–40 It should be noted that the production
term in the x equation is not modified. The effective intermittency
term in Eq. (17) is used to control the source term in the transport equation for the turbulence kinetic energy. The original bending function
Florig for the SST k  x model37–40 is solely developed for the turbulent
boundary layers and becomes disabled in the center of the laminar
boundary layer. To capture transition, the model must be active in the
laminar and transitional boundary layers. Therefore, the transition
model by Langtry and Menter2,42 redefines the blending function F1 to
ensure it will always be equal to one in a laminar boundary layer.
B. Eigenspace perturbation method
The Reynolds stress tensor hui uj i is symmetric positive semidefinite;4 thus, it can be eigen-decomposed as follows:


dij
(28)
þ vin ^b nl vjl
hui uj i ¼ 2k
3
in which k  ui ui =2, v is the matrix of orthonormal eigenvectors, ^b
represents the diagonal matrix of eigenvalues (ki), which are arranged
in a non-increasing order such that k1  k2  k3 . The amplitude
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(turbulence kinetic energy), shape (eigenvalues), and orientation
(eigenvectors) of hui uj i are represented by k, ki, and vij , respectively.
Equations (5) and (28) lead to
t
bij ¼  hSij i ¼ vin ^b nl vjl :
(29)
k
Therefore, Eq. (29) clearly indicates that the shape and orientation of hui uj i are approximated through the Boussinesq turbulent viscosity hypothesis ð t =kÞhSij i. This hypothesis gives satisfactory
predictions for simple shear flows;4 however, for complex flows involving separation and attachment, significant streamline curvature and
strong adverse pressure gradient, the turbulent viscosity hypothesis
will fail to give accurate predictions.
The eigenspace perturbation method was first proposed in Refs.
43 and 44. To estimate the model-form uncertainty inherent in the
turbulent viscosity hypothesis, perturbation needs to be injected into
the eigen-decomposed Reynolds stress defined in Eq. (28). The perturbed Reynolds stresses are defined as


1
 ^ 
(30)
b nl vjl ;
hui uj i ¼ 2k dij þ vin
3

where k is the perturbed turbulence kinetic energy, ^b kl is the diagonal

matrix of perturbed eigenvalues, and vij is the matrix of perturbed
eigenvectors. For eigenvalue perturbation, barycentric map45 is used to
enforce the realizability constraints on hui uj i, as shown in Fig. 1. This
approach was proposed by Pecnik and Iaccarino.43 On the three corners of the map, 1c, 2c, and 3c are the three extreme states of componentiality of hui uj i. Physically, 1c represents a “rod-like” principal
fluctuation in one direction, 2c represents a “pancake-like” principal
fluctuations of the same intensity in two directions, and 3c represents
a “spherical” principal fluctuations of the same intensity in three directions. Given an arbitrary point x within the barycentric map, any realizable hui uj i can be determined by a convex combination of the three
vertices xic (limiting states) and kl as follows:
x ¼ x1c ðk1  k2 Þ þ x2c ð2k2  2k3 Þ þ x3c ð3k3 þ 1Þ:


(31)

To compute the perturbed eigenvalues of ^b ij , first obtain the baseline prediction for the Reynolds stress tensor via RANS modeling, and
then calculate the corresponding coordinates x using Eq. (31), denoted
point O in Fig. 1. Next, shift point O to a new location, denoted xB on
the map, by injecting eigenvalue perturbations into the baseline prediction for the Reynolds stress tensor, which can be defined as follows:
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xBð1c=2c=3cÞ ¼ xO þ DB ðx1c=2c=3c  xBð1c=2c=3cÞ Þ;

(32)

where DB is the magnitude of perturbation. Once the new location is
determined, a new set of eigenvalues ki can be computed from
Eq. (31) and bij can be reconstructed, which eventually yields hui uj i .
As noted earlier in Eq. (29), the unperturbed anisotropy Reynolds
stress tensor is modeled as bij ¼ ð t =kÞhSij i ¼ vin ^b nl vjl or, equivalently, aij ¼ 2 t hSij i ¼ 2kvin ^b nl vjl . Accordingly, the anisotropy
Reynolds stress tensor subject to turbulence kinetic energy perturbation
becomes
aij ¼ 2 t hSij i ¼ 2k vin ^b nl vjl :

(33)

Because perturbing k does not affect the eigenvalues and eigenvectors of the anisotropy Reynolds stress tensor, the change in the turbulent viscosity hypothesis has to be accounted in the turbulent
viscosity coefficient.34 Comparing the unperturbed anisotropy
Reynolds stress tensor to Eq. (33), it is easy to obtain34
k  T
¼ ;
k
T

 T ¼

or equivalently;

 T k
;
k

(34)

where k ¼ k þ Dk . From Eq. (34), turbulence kinetic energy perturbation leads to spatial variation of turbulent viscosity coefficient.
Specifically, the relation between the turbulent viscosity and the turbulent viscosity coefficient Cl is given by
 T ¼ Cl

k2
;
e

(35)

where e is the dissipation rate.
Thus, the perturbed turbulent viscosity can be expressed as follows:
 T ¼ Cl

k2
;
e

(36)

where Cl ¼ Cl þ DCl . Substituting Eqs. (35) and (36) into (34), we get34
Cl
k
¼
;
k Cl

DCl ¼ 

or equivalently;

Dk C l
:
k þ Dk

(37)

In this study, the turbulence kinetic energy discrepancies between
the RANS-based predictions and the in-house DNS data46 are modeled by high-order regressions. These regressions generate values of k
that vary spatially in the computational domain,
k ¼ k þ Dk ¼ kMk ;

Mk

f ðx; yÞ:

(38)

In Eq. (38), Mk is a marker function of the x and y coordinate in
a computational domain. Additionally, substituting Eqs. (37) into (38)
and rearranging, we get
Cl
1
¼
:
Mk Cl

(39)

Substituting Eqs. (39) to (37), the relation between Mk and DCl
can be expressed as follows:
DCl ¼
FIG. 1. Barycentric map.
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Cl ð1  Mk Þ
:
Mk

(40)

Therefore, Eq. (40) provides the underlying model structure of turbulence kinetic energy perturbation with a marker function involved.

34, 117105-4

Physics of Fluids

A detailed description for the modeling of k is presented in
Sec. IV A. In addition, eigenvector perturbations rotate the eigenvectors of the anisotropy Reynolds stress tensor with respect to the principal axes of the mean rate of strain. Recall that the eigenvectors of the
anisotropy Reynolds stress tensor are forced to align along the principal axes of the mean rate of strain due to the limitations of the
Boussinesq turbulent viscosity hypothesis.4 This again violates the true
physics of turbulent flow. Eigenvector perturbations modulate the turbulence production by utilizing alignment of the Reynolds stress tensor, which is essential to account for the model-form uncertainty in
flows involving separation bubbles. While this study focuses on the
amplitude and shape perturbation to the Reynolds stress tensor, the
eigenvector perturbation is omitted for brevity.
C. Eigenspace perturbation framework in OpenFOAM
At present the eigenspace perturbation framework is available
only in Stanford University’s SU2 CFD suite47 and the TRACE solver
of DLR.18 Despite its utility to the design and simulation community,
there are no tested and validated implementations of this framework
available in popular CFD software. OpenFOAM48 is the most widely
used open source CFD software in research and academia. A contribution of this investigation is the development of a verified and validated
implementation of the eigenspace perturbation framework for the
OpenFOAM software. Relatively few studies have been conducted to
implement the eigenspace perturbation framework in a RANS formulation using OpenFOAM, e.g., see Refs. 11 and 49. All of these studies
employed the MATLAB software integrated into OpenFOAM to
decompose and recompose the Reynolds stress tensor. In this study,
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the eigenspace perturbation framework along with a novel switch
marker function were completely implemented in Cþþ in
OpenFOAM. It is worth noting that Cþþ is inherently faster than
Matlab and, thus, reduces the computational expense.
In the input files (located under the “constant” directory in
OpenFOAM), the user needs to specify the type of perturbation:
1c Mk ; 2c Mk , or 3c Mk . Note that if the marker function is turned
off (Mk ¼ off ), only eigenvalue perturbations will be conducted. The
eigenspace framework conducts the perturbations during the execution of simulations, as illustrated in Fig. 2. In OpenFOAM, the transient solver “pimpleFOAM” has been modified for calculating the
(perturbed) mean velocity field [Eq. (2)]. At each control volume
(CV), the baseline Reynolds stress tensor is calculated [Eq. (3)] and
decomposed into its eigenvalue and eigenvector matrices [Eq. (28)]. If
Mk is involved, perturbation to the turbulence kinetic energy will be
performed [Eq. (38)]. The perturbed eigenvalue and eigenvector
matrices are recomposed into a perturbed Reynolds stress tensor for
each CV [Eq. (30)], which then is used to compute the perturbed
velocity field and the perturbed turbulent production to advance each
node to the next time step. At convergence, the Reynolds stress also
converges to its perturbed state.
III. FLOW DESCRIPTION AND NUMERICAL METHOD
The RANS simulation of an air stream past over a SD7003 airfoil
was performed. The flow underwent transition to turbulence on the
suction side of the airfoil. The airfoil has a high angle of attack (AoA)
of 8 to the freestream at the low Reynolds number based on the chord
length of Rec ¼ 60 000. In this study, the solution domain is a

FIG. 2. Flow chart showing the implementation of the eigenspace perturbation approach within the OpenFOAM framework with marker configuration involved.
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two-dimensional C-topology grid of 389 (streamwise)  280 (wallnormal)  1 (spanwise) control volumes, as shown in Fig. 3. The meshing is comparable to the case (768  176) of Ref. 50. Grid dependency
study was performed in the near-wall region to test the effect of grid resolution on the solution. It indicated that finer mesh did not yield more
accurate results: the effect on the prediction for the mean velocity profile
and the Reynolds shear stress profile was 1%, and often much less.
Therefore, in this study, the smaller grid (389  280) has been adopted
to calculate the simulation results. From the enlarged view shown in Fig.
3, detailed information about the airfoil (cord length c ¼ 0:2m) is given,
i.e., camber, suction side, and pressure side. At the inlet, a very low level
of freestream turbulence intensity was assumed and set equal to
Tu ¼ 0:03%. At the outlet, a zero-gradient boundary condition was
used for hUi i (hUi for x direction, hVi for y direction), k, x, and pressure. At the wall, a no-slip boundary condition was assumed. The first
grid node in the wall-normal direction was placed at yþ 1:0 in the
turbulent boundary layer, within which more than 20 control volumes
were placed.
The closure of the RANS-based transition model of Ref. 2 was
employed to close the governing Eqs. (1) and (2). Finite volume
method was used to discretize the transport equations on a staggered
mesh, with the second-order upwind scheme for the spatial discretization and the Gauss linear scheme for the gradients. In OpenFOAM,
the unsteady PIMPLE solver was used to couple the pressure field with
the velocity field. In this study, we set the maximum value of Courant
number equal to 0.6 for all simulations, although PIMPLE can deal
with large time steps and Courant number may be larger than 1.
OpenFOAM implicitly adjusts the time step to achieve the set maximum value of Courant number. In addition, both residuals and results
of lift and drag coefficients as a function of time (T) were used to track
the instant convergence status. At the convergence state when T 0:3
or normalized time T  ¼ TU1 =c ¼ 6:75, the residuals of energy and
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momentum dropped more than four orders of magnitude, and both
lift and drag coefficients almost stopped varying with time. A similar
behavior has been observed by Catalano and Tognaccini50 in their
numerical study for a low-Reynolds number flow over a SD7003 airfoil
at AoA ¼ 10 . Sampling was initiated at T ¼ 0.6 (double the time of
convergence) and ended at T ¼ 1.4, which required approximately
35 000 iterations for all simulations.
IV. REGRESSION MODEL FOR AMPLITUDE
PERTURBATION
An important and novel focus of this study is the development of
a marker function that modulates the degree of perturbations over the
entire flow domain. In this section, high-order regressions are constructed using MATLAB software in a least squares sense to fit both
the baseline RANS and in-house DNS datasets.
A. Example: A linear regression
The nth polynomial regression model that describes the relationship between a dependent y and an independent x can be expressed as
yðxÞ ¼ p1 xn þ p2 xn1 þ    þ pn x þ pnþ1 ;

(41)

where p ¼ 1; …; n þ 1 stands for the coefficients in descending
orders, and x is the independent variable. Figure 4 illustrates a firstorder or linear regression model on a random dataset. The errors
yi  ^y i between the predicted values ^y i and the actual data values yi
are referred to as residuals. Using MATLAB software, the least squares
method finds the coefficients pi that best fit this datasets by minimizing the sum of squared residuals, i.e.,
RSS ¼

n
X



yj  ^y j 2 ;

j ¼ 1; …; m;

(42)

j¼1

FIG. 3. SD7003 computational domain and boundary conditions: (red solid line) far field, (blue solid line) outflow, (black solid line), and no-slip walls. Depiction of the suction
side, camber, and pressure side of the SD7003 airfoil is displayed in the magnified plot. A three-dimensional version of the computational domain is provided with freestream
(U1 ) encountering the leading edge at 8 AoA.
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FIG. 4. Linear regression relation between x and y.

where RSS stands for residual sum of squares, yj is the jth actual value
of the dependent variable to be predicted, m represents the number of
points of the datasets, and ^y j is the jth predicted value of yj.
1. Define untrustworthy regions

To construct marker functions for k , first and foremost is to
identify the regions where the turbulent viscosity hypothesis becomes
invalid. For flow over an airfoil geometry, perhaps the local wall shear
stress and the local pressure are the most important parameters, which

ARTICLE

scitation.org/journal/phf

are used to identify the untrustworthy regions. Figures 5(a) and 5(b)
2
show the predicted skin friction coefficient Cf ¼ sw =0:5qU1
, where
sw is the wall shear stress, and the pressure coefficient Cp ¼ ðp
2
, where p is the undisturbed static pressure and p1 is
p1 Þ=0:5qU1
the static pressure in the freestream, respectively. According to the
technique described by Boutilier and Yarusevych,53 Fig. 5(a) shows
three “kinks” as representatives of the separation, transition, and reattachment points, denoted XS =c; XT =c, and XR =c, respectively.
Moreover, the size of the LSB is controlled by the XS =c and XR =c
points, which can be determined by finding the zeros of the skin friction coefficient.54 The two methods showed good agreement with each
other, and a summary of these important transition parameters are
tabulated in Table I. In this study, the LSB is treated to be composed of
a “fore” (from XS =c to XT =c) and an “aft” (from XT =c to XR =c) portion, followed by a fully turbulent region, as shown in Fig. 5(c). The
in-house DNS46 and implicit large eddy simulation (ILES) data of
Refs. 51 and 52 for Cf and Cp are included for comparison. In the fore
portion of the LSB, the predicted Cp profile shows relatively good
agreement with the ILES data of Ref. 52, while a clear discrepancy is
observed in the aft portion, where it gives a smaller value of Cp, i.e.,
indicated by the two headed arrow. This kind of discrepancy was
observed by Tousi et al.55 in their numerical study as well. On the
other hand, the predicted Cp shows good agreement with the reference
data for the turbulent region on the suction side as well as the entire
region on the pressure side. It is clear that most discrepancy is concentrated at the “trough” (aft portion of the LSB) as well as the “crest”
(turbulent boundary layer) in the Cf profile. This behavior has been

FIG. 5. Distribution of (a) pressure coefficient and (b) skin friction coefficient over the SD7003 airfoil at Rec ¼ 6  104 and AoA ¼ 8 . Two headed arrow is added to indicate
the untrustworthy region. (c) Schematic of transitional and turbulent regions over a SD7003 airfoil with important transitional parameters highlighted.
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TABLE I. Comparison of transition parameters.

Method

XS =c

XT =c

XR =c

SSTLM (baseline)2
In-house DNS46
Garmman ILES51
Galbraith & Visbal ILES52

0.03
0.02
0.02
0.03

0.15
0.16
0.16
0.18

0.29
0.27
0.27
0.27

observed by other researchers as well, e.g., see Refs. 50, 55, and 56.
Consequently, it can be concluded that the region for 0:14 x=c
0:6, as indicated by the double headed arrow shown in Fig. 5(b),
should be identified as the untrustworthy region where perturbations
need to be introduced.
The untrustworthy region is further divided into the ab, cd, em,
and mf zone to effectively capture the transition process on the suction
side, as shown in Fig. 6. Correspondingly, four bars of distinct colors
are used to indicate the regions in which the turbulence kinetic energy
perturbation should be injected. The mean velocity profiles are
included for reference, which are shifted down to the origin of y/c,
denoted y=cjo ¼ ðy  yw Þ=c, for better contrast. From Fig. 6, it is clear
that the effect of perturbation for each zone has permeated the entire
outer boundary layer for 0 < y=cjo < 0:05, although the boundary
layer thickness increases as the flow develops in the streamwise
direction.
2. Polynomial regression for DNS/RANS turbulence
kinetic energy datasets

In this study, MATLAB software was used to fit a set of seventhorder polynomials to both the RANS predictions and in-house DNS
datasets for turbulence kinetic energy normalized with the freestream
2
velocity squared k=U1
, as shown in Figs. 7(a) and 7(b). Lowering
the order of the polynomials led to a deviation from the in-house
DNS data. We deliberately used high-order polynomials aiming to
capture the true discrepancy between the RANS prediction and the
in-house DNS data. This directly incorporates the information of the

FIG. 7. (a) Regression-based profile (red dashed, green dashed, and blue dashed)
of normalized turbulence kinetic energy for the baseline RANS and (b) in-house
DNS datasets (gray lines with open circles) along the suction side of the SD7003
airfoil (geometry depicted by gray line): from left to right are zone ab, zone cd, and
zone ef.

high-fidelity data into a marker function, while the apparent weakness
is lack of generality. For flows past over a different shape of airfoil
undergoing laminar-turbulent transition, the regression based framework will still work to construct a new marker function as long as the
corresponding high-fidelity data are available. Then the ab, cd, and
ef zone can be identified, and appropriate coefficients of the marker
function need to be assigned and adjusted accordingly.
2
profiles are equally spaced for the ab and
In this study, the k=U1
cd zone, with x=c ¼ 0:01. As the flow proceeds further downstream in
the ef zone, a uniform spacing of x=c ¼ 0:02 is used. It should be
2
profiles are more densely packed for the ab and
noted that the k=U1
cd zone, where the LSB evolves and, thus, complex flow features form.
From Figs. 7(a) and 7(b), it is interesting to note that the RANS predictions in general exhibit a similar behavior as that for in-house DNS,
2
as both datasets show a gradual increase in the k=U1
profile in the ab
and cd zone, followed by a reduction of the profile further downstream
in the ef zone.
2
3. Spatial discrepancies in k=U‘
regressions
from DNS/RANS comparison

FIG. 6. Injection of uncertainty into the untrustworthy zones: zone ab, zone cd, zone
em and zone mf. The outer edge of the boundary layer (OBL) (dashed circle) at seven
locations
I ¼ x=c ¼ 0:02; II ¼ x=c ¼ 0:03; III ¼ x=c ¼ 0:04; IV ¼ x=c ¼ 0:06; V
¼ x=c ¼ 0:08; VI ¼ x=c ¼ 0:10; andVII ¼ x=c ¼ 0:12 selected on the suction side
are provided for reference. OBL represents the location where the flow velocity has
reached 99% of the freestream velocity.
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2
Figures 8(a) and 8(b) show the regression-based k=U1
profiles
for RANS and in-house DNS, respectively. These profiles for both
cases are shifted down to the origin of the x/c and y/c axes for purpose of comparison. In addition, the RANS and in-house DNS datasets (gray curves with open circles) are also included for reference,
whereas they are only shifted to the origin of the x/c axis to be distinguished from their regression lines. In Fig. 8(a), for each zone the
2
profiles increase in magnitude as the
regression-based RANS k=U1
flow moves further downstream, which is qualitatively similar to
the corresponding in-house DNS profiles. From Figs. 8(a) and 8(b),
2
the comparison shows the regression-based k=U1
profiles for RANS
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2
profiles for both RANS and in-house DNS
regression-based k=U1
show a gradual and comparable decrease in magnitude as the flow
proceeds further downstream.

4. Marker for k 

As noted earlier, few methods have focused on developing
marker functions, e.g., see Refs. 5 and 36. These marker functions can
be classified into two categories: (1) spatially varying magnitude of DB
and (2) identifying regions that deviate from parallel shear flow. All of
these methods essentially use only one explanatory variable to predict
the error in RANS model predictions. In this study, a novel
regression-based method is used to develop a switch marker function
for k . It uses a set of explanatory variables dedicated to the identified
untrustworthy zones.
2
As representative of the regression-based k=U1
profile, the average of these regression profiles for each zone is computed as follows:
n
 
P
Pi yc jo

i¼1
kave
RANS=DNS jzone ab=cd=ef ¼

n

;

(43)

where i represents the ith location on the suction side of the SD7003
airfoil (there are 32 selected locations), Pi represents the polynomial
regression at the ith location, and n is the number of locations for each
zone. Detailed information is summarized in Table II.
In Figs. 9(a)–9(c), the solid lines with filled markers indicate the
average relation for RANS and in-house DNS using Eq. (43). The discrepancy between these two average relations marks the degree of
untrustworthiness in the y=cjo direction, and it can be used as an
approximation to a marker function. This study defines a correction
factor based on the discrepancy, which can be written as follows:
Averaged DNS
:
Averaged SSTLM

CFk ¼

(44)

In Eq. (44), CFk is constantly positive, which satisfies the physical realizability constraint, i.e., k  0. From Figs. 10(a)–10(c), the
marker function can be constructed by fitting an appropriate relation to the CFk data for each zone using MATLAB software, i.e., a
polynomial for the ab and ef zone, and a Fourier series for the cd
zone. Note that Fourier series is a sum of sine and cosine waves. It is
of great importance in both theoretical and applied mathematics.
Fourier series can be used to approximate periodic and complexvalued functions.57 We noticed that the discrepancy data for the cd
zone vary in a manner similar to a sinusoidal function and, thus,
Fourier series is adopted. Therefore, a switch marker function can be
defined as follows:

FIG. 8. (a) Regression-based profile of normalized turbulence kinetic energy for
baseline RANS and (b) in-house DNS for zone ab (red dashed dotted), zone cd
(green dashed dotted), and zone ef (blue dashed dotted). Actual datasets (gray
lines with open circles) for baseline RANS and in-house DNS are provided for
reference.

increase in a somewhat larger magnitude than that for in-house
DNS in the ab zone; however, as the flow moves further downstream
in the cd zone, the profiles for RANS are significantly reduced in
magnitude compared to that for in-house DNS. The reduction is
around 50%, meaning most inaccurate RANS prediction is concentrated in this zone (aft portion of the LSB). In the ef zone, the
TABLE II. Zone ranges for the untrustworthy region.

Zone ab
x/c
y/c
Number of locations
Spacing of x/c

0:14
yw
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x
c
y
c

Zone cd
0:18 < xc

0:18
0:1

yw

5

y
c

12
0.01

Zone em
0:3

0:1

Zone mf

0:3 < xc

0:4

0:4 < xc

0:6

yw

0:1

yw

0:1

y
c

y
c

15
0.02
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FIG. 9. Mean of regression lines for normalized turbulence kinetic energy of both baseline RANS (line with green squares) and in-house DNS (line with red circles). (a) zone
ab; (b) zone cd; and (c) zone ef. Also included are profiles of baseline RANS (gray-dashed) and in-house DNS (gray-solid) for reference.

FIG. 10. Defining the marker function for (a) zone ab, (b) zone cd, and (c) zone ef based on the corresponding discrepancy data.
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FIG. 11. Defining the marker function for subzone mf.

in-house DNS profile across the mf subzone is observed, as shown in
Fig. 11. The discrepancy is significant in the vicinity of the wall, i.e., at
y=cjo ¼ 0:004, which corresponds to an approximate value of 2.8 for
CFk in Fig. 10(c). For sake of simplicity, the uniform value of 2.8 for
Mk is employed for the mf subzone in Eq. (45).
We visualize the spatial variation of the magnitude of Mk from
the contours of 0 < Mk < 1 and 1 < Mk < 10, as shown in Figs. 12(a)
and 12(b), respectively. It is clear that the magnitude of 0 < Mk < 1 is
more prevalent in the ab zone, and in the upper portion of the cd
zone. In Fig. 12(a), an overall decreasing trend of Mk in magnitude
with y/c is observed for the ab zone. On the other hand, the Mk

where a0, a1, a2, a3, a4, a5, a6, a7 represent the polynomial coefficients; and a0, a1, b1, a2, b2, w represent the Fourier coefficients. As
the result, the perturbed turbulence kinetic energy, k , is given by
k ¼ kMk :

(46)

It is worth noting that the development of spatial variations in
Mk, are what the turbulence machine learning efforts are focused on.
Because when a neural network model is developed to predict the perturbation in the flow, this neural network model will not predict the
same perturbation at all points in the flow domain. Instead, it will naturally lead to a non-uniform perturbation. The key differences
between our work and the work based on machine learning is two
pronged: (1) the choice of the model and (2) the choice of the modeling basis (or the explanatory variables utilized to predict the perturbation). We have used a seventh-order regression, the work based on
machine learning uses a random forest or neural network. We have
utilized a small set of explanatory variables in Mk that is developed
based on physics arguments and prior experience. The work based on
machine learning utilize a large set of explanatory variables (called features) that is almost 100 in number and includes invariants of the
mean velocity field, scaled distance from the wall.
If a uniform value of Mk is used, then Eq. (46) becomes
k ¼ kDk ;

(47)

where k is the perturbed turbulence kinetic energy from the previous
time step, and Dk represents a uniform value of Mk. The value of Dk
must be larger than zero to satisfy physical realizability. Due to airfoil
curved surfaces, an appropriate value of yw should be set as small as
possible for each zone to ensure that the realizability constraint of
Mk  0 is satisfied. As noted earlier in Fig. 6, the ef zone is composed
of two subzones, i.e., em and mf, as illustrated in Fig. 11. It is clear that
a similar level of discrepancy between the regression-based RANS and
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FIG. 12. Contours of Mk [Eq. (45)] for (a) 0 < Mk < 1 and (b) 1 < Mk < 10 in an
xy plane. The dashed lines in (a) and (b) denote the actual locations on the suction
side of the airfoil, which are used to separate the ab, cd, em, and mf zone.
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V. RESULTS AND DISCUSSION
A. Sensitivity to Dk
1. Skin friction coefficient

FIG. 13. Skin friction coefficient distributions over the suction side of the airfoil with
enlarged regions at the trough and the crest. Displayed are k  perturbations with uniform
Dk: Dk < 1 (Dk ¼ f0:1; 0:25; 0:5; 0:75g) and Dk > 1 (Dk ¼ f2; 4; 6; 8g); increasing values indicated by lighter to darker hues. Red solid arrows (!) are provided to indicate increasing magnitude of Cf with Dk; the red dashed arrow (!) is provided to
indicate the shift of the reattachment point with Dk. Note that the value of Dk must be
larger than zero to satisfy realizability. The baseline prediction is provided for reference.

magnitude for both the cd and em zone varies with y/c in a fashion
consistent with the behavior observed in Figs. 10(b) and 10(c).
Moreover, a uniform magnitude of Mk is observed for the ef zone,
which confirms the uniform magnitude of 2.8.

Uniform turbulence kinetic energy perturbations, denoted Dk, are
presented in Fig. 13. The increasing value of Dk is indicated by lighter
to darker hues, and the red solid arrows are added to indicate the trend
of Cf with increasing Dk, and the regions that contain a negative peak
(trough) and positive peak (crest) value are enlarged to distinguish the
clusters of Cf profiles. In Fig. 13, the magnitude of Cf profiles increases
with Dk < 1 (Dk ¼ f0:1;0:25;0:5;0:75g) and Dk > 1 (Dk ¼ f2;4;6;8g),
respectively. It shows a monotonic increase at the trough (around XT).
In the aft portion of the LSB, the magnitude of Cf tends to decrease
monotonically when the value of Dk is increased; as the flow proceeds
further downstream of XR, a monotonic increase with Dk again occurs.
It is interesting to note that the Cf profiles tend to converge and collapse
onto a single curve when Dk is increased. The baseline prediction is well
enveloped in between the Dk < 1 and Dk > 1 perturbations. Compared
to the baseline prediction, increases are rather subtle for Dk < 1, as contrasted with the noticeable increases for Dk > 1. This indicates that the
simulation’s response to the injection of the Dk perturbation is more
dependent on Dk > 1 than Dk < 1. This behavior is clearly highlighted
in the enlarged trough and crest regions. In addition, the dashed red
arrow is added along the line of zeros of Cf to indicate the tendency of a
shift of XR in the upstream direction when the value of Dk is increased.
2. Mean velocity field

Contours of the mean velocity normalized with the free stream
velocity, hUi=U1 from the baseline, Dk perturbations, and in-house
DNS of Ref. 46 in an xy plane are shown in Fig. 14. The streamlines

FIG. 14. Contours of hUi=U1 with different values of Dk: Dk < 1 (Dk ¼ f0:1; 0:25; 0:5g) and Dk > 1 (Dk ¼ f4; 6; 8g) in an xy plane. Baseline prediction is provided for
reference, and in-house DNS data are included for comparison. Streamlines show the size of the LSB on the suction side of the airfoil.
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for depicting a large recirculation vortex within the LSB, characterized by
the region of reverse flow (hUi=U1 < 0),58 are included as well. This
large recirculating region contains large-scale events (coherent structures), which are at low-frequency fluctuations due to very-large scale of
unsteadiness of the recirculating region itself.59 As a consequence, the
hUi=U1 contours exhibit a LSB surviving after time-averaging, as
shown in Fig. 14. This behavior has been observed in the experimental
measurements of Ref. 60, RANS analysis of Ref. 50, and ILES data of
Refs. 51 and 52. From Fig. 14, the baseline prediction for the LSB clearly
shows a comparable length to that for in-house DNS; however, the LSB’s
height is under-predicted. This under-prediction alters the effective shape
of the airfoil, hence inaccuracy in the solution.61,62 Compared to the
baseline prediction, rather subtle responses to the Dk < 1 perturbations
(Dk ¼ 0:1;0:25;0:5) are observed, which confirms the behavior shown
in Fig. 13. On the other hand, noticeable changes are observed with the
Dk > 1 perturbations (Dk ¼ 4;6;8), i.e., a clear suppression of the LSB
length; in addition, it is clear that the magnitude of mean velocity
increases downstream of the LSB within the attached turbulent boundary
layer, characterized by the more clustered streamlines compared to the
baseline prediction. This confirms the reduced Cf in magnitude in the aft
portion of the LSB, as shown in Fig. 13. There are two monotonic behaviors: first, the size of the recirculating region deceases monotonically with
Dk (shallower region of streamlines), showing a tendency of deviating
from the in-house DNS contour; second, the magnitude of hUi=U1
monotonically increases with Dk in the attached turbulent boundary
layer (more densely clustered streamlines), showing a tendency of
approaching closer to the in-house DNS contour.
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perturbations, and in-house DNS of Ref. 46 in an xy plane are presented in Fig. 15. Also included are the streamlines for the depiction of
the recirculating vortex region. Overall, the baseline prediction for
Reynolds shear stress gives a smaller value than that for in-house
DNS, especially in the LSB. It should be noted that the contour plots
2
and hUi=U1 are similar in terms of lack of sensitivof hu1 u2 i=U1
ity to the Dk < 1 (Dk ¼ 0:1; 0:25; 0:5) perturbations, while rather
strong sensitivity to the Dk > 1 (Dk ¼ 4; 6; 8) perturbations. In addition, the Reynolds shear stress exhibits a larger overall response to Dk
than the mean velocity. From Fig. 15, the Dk < 1 perturbations give a
2
somewhat larger value of hu1 u2 i=U1
than the baseline prediction,
while the Dk > 1 perturbations do the opposite. In addition, the
2
Dk < 1 perturbations slightly reduce the magnitude of hu1 u2 i=U1
when the value of Dk is increased. On the other hand, the Dk > 1 per2
turbations significantly reduce the magnitude of hu1 u2 i=U1
. It is
clear that the bright yellow region, where the recirculating region is
present, gradually shrinks when Dk is increased. This indicates the
reduced Reynolds shear stress in magnitude within the LSB, and this
behavior is blatant for Dk > 1. The suppression of the recirculating
region results in a decrease in the turbulence kinetic energy.63 In
Fig. 15, the Dk > 1 perturbations show a tendency of approaching
closer to the in-house DNS data in the turbulent boundary layer, while
the Dk < 1 perturbations tend to approach toward the in-house DNS
data within the LSB.
B. Comparison between uniform Dk and Mk
1. Skin friction coefficient and pressure coefficient

3. Reynolds shear stress

Contours of the Reynolds shear stress normalized with the free2
from the baseline, Dk
stream velocity squared, hu1 u2 i=U1

Distributions of the skin friction coefficient and the pressure
coefficient, Cf and Cp, are shown in Figs. 16(a) and 16(b). The inhouse DNS46 and ILES data of Refs. 51 and 52 are included for

2
FIG. 15. Contours of hu1 u2 i=U1
with different values of Dk: Dk < 1 (Dk ¼ f0:1; 0:25; 0:5g) and Dk > 1 (Dk ¼ f4; 6; 8g) in an xy plane. Baseline prediction is provided
for reference, and in-house DNS data are included for comparison. Streamlines show the size of the LSB on the suction side of the airfoil.
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At the flat spot and the kink (XR), the uncertainty bound generated from the Mk perturbation is encompassed by the Dk ¼ 8 perturbation, as shown in the enlarged regions in Fig. 16(b). In addition, the
Dk ¼ 8 and Mk perturbations approach toward the in-house DNS46
and LES data of Ref. 51 at the flat spot and the kink. Interestingly, the
Dk ¼ 0:1 perturbation tends to approach to the ILES data of Ref. 52.
In the turbulent boundary layer on the suction side, both Dk ¼ 0:1
and 8 perturbations are almost negligible in effect, i.e., a collapse onto
the baseline prediction. The collapsing behavior is observed on the
entire pressure side as well, which indicates a low level of the modelform uncertainty in these regions.
2. Mean velocity field

FIG. 16. (a) Profile of skin friction coefficient and (b) pressure coefficient with enlarged
regions at the flat spot and the kink. Displayed are envelopes for uniform k  perturbations: Dk ¼ 0:1 (red envelope), Dk ¼ 8 (gray envelope), and Mk (blue envelope). The
baseline prediction is provided for reference. in-house DNS data.46

The hUi=U1 profiles across the entire boundary layer on the suction side of the airfoil are plotted in Fig. 17. Overall, the baseline prediction is encompassed by the Dk ¼ 0:1 and 8 perturbations. The baseline
prediction for the hUi=U1 profile at x=c ¼ 0:15 (XT) matches the inhouse DNS profile of Ref. 46, except in the regions y=cjo < 0:007 (next
to the wall) and y=cjo > 0:011 (upper portion of the boundary layer),
where it gives slightly smaller values of hUi=U1 , as shown in Fig. 17.
At x=c ¼ 0:2 (in the aft portion of the LSB), the baseline prediction for
the hUi=U1 profile shows good agreement with the in-house DNS
profile in the region of reverse flow y=cjo < 0:011, with a somewhat
reduction in the predicted hUi=U1 profile in the upper portion of the
boundary layer 0:011 < y=cjo < 0:027. Within the attached turbulent
boundary layer, the baseline predictions for the hUi=U1 profiles at
x=c ¼ 0:3; 0:4, and 0.5 give smaller values of hUi=U1 compared to
that for in-house DNS, and the discrepancies are comparable to each
other.
Figure 17 shows that the Dk ¼ 0:1 perturbation under-predicts
the baseline prediction, and the simulation’s response to the Dk ¼ 0:1
perturbation is negligibly small within both the transitional and turbulent boundary layer. This well confirms the behavior of the Dk ¼ 0:1
perturbation in the Cf distribution, as shown in Fig. 16(a). As the flow
proceeds downstream from x=c ¼ 0:15 to 0.3, the uncertainty bounds
generated from the Dk ¼ 0:1 perturbations gradually increase in size,
although the increase is rather subtle. This confirms the slightly
increased Cf in magnitude compared to the baseline prediction in the

comparison. In Figs. 16(a) and 16(b), an enveloping behavior with
respect to the baseline prediction is observed. Figure 16(a) shows that
the effect of Mk is more prevalent in the aft portion of the LSB
0:25 < x=c < 0:28, as well as in the region downstream of the LSB
0:28 < x=c < 0:6. This reflects the effect of spatial variability in Mk.
In addition, the uncertainty bound generated from the Mk perturbation is well encompassed by the Dk ¼ 0:1 and Dk ¼ 8 perturbations,
and it almost sits within the gray envelope generated from the Dk ¼ 8
perturbation. At the trough shown in Fig. 16(a), the Dk ¼ 8 perturbation gives a larger magnitude of Cf, sitting below the baseline prediction and showing a tendency to approach toward the in-house DNS46
and ILES51 data. In addition, the reattachment point is well encompassed by the Dk ¼ 8 perturbation. Further downstream of reattachment point, the Dk ¼ 8 and Mk perturbations tend to approach closer
to the in-house DNS46 and the ILES data of Refs. 51 and 52, while the
Dk ¼ 0:1 perturbation under-predicts the baseline prediction and
deviates from the reference data.

FIG. 17. Streamwise mean velocity profiles in the aft portion of the LSB
(x=c ¼ 0:15 and 0.2) and in the attached TBL (x=c ¼ 0:3; 0:4, and 0.5). From left
to right are x=c ¼ 0:15; 0:2; 0:3; 0:4, and 0.5, respectively. Displayed are envelopes for two extreme Dk perturbations considered in this study: Dk ¼ 0:1 (red
envelope), Dk ¼ 8 (gray envelope), and Mk (blue envelope). The baseline prediction is provided for reference. in-house DNS data.46
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aft portion of the LSB. As the flow moves further downstream
from x=c ¼ 0:4 to 0.5 (in the attached turbulent boundary layer), the
Dk ¼ 0:1 perturbation becomes less effective, showing a reduction in
the size of the uncertainty bound at a decreasing rate. This reflects the
damping effect due to the positive values of Cf on the mean flow.
On the other hand, the Dk ¼ 8 perturbation over-predicts the
baseline prediction, exhibiting noticeable uncertainty bounds, as
shown in Fig. 17. As the flow proceeds from x=c ¼ 0:15 to 0.3, it is
interesting to note that the uncertainty bounds generated from the
Dk ¼ 8 perturbations increase blatantly in size, showing a clear tendency to approach toward the in-house DNS data. The effect of the
Dk ¼ 8 perturbation in general becomes more prevalent in the nearwall region, which well confirms the significantly reduced Cf in magnitude compared to the baseline prediction, as shown in Fig. 16(a). As
the flow proceeds further downstream from x=c ¼ 0:4 to 0.5, the
uncertainty bounds become larger in the upper section of the mean
velocity profiles, while remain at a relatively small magnitude in the
near-wall region due to the large positive values of Cf at the crest, as
shown in Fig. 16(a). This reflects the weakening propagation of the
effect of the positive Cf values deeper into the outer boundary layer.
Unlike the uniform Dk ¼ 0:1 and 8 perturbations, Mk is aimed
to inject perturbations into the untrustworthy regions. In Fig. 17, Mk
perturbations in general over-predict the baseline prediction, and sit
within the uncertainty bounds generated from the Dk ¼ 8 perturbations. It is clear that the sole effect of the Mk perturbation on the predicted mean velocity profile is rather small. In Sec. V C, the Mk
perturbation is augmented with the eigenvalue perturbations (1c, 2c,
3c) to construct more effective uncertainty bounds.
3. Reynolds shear stress

The predicted profiles for the Reynolds shear stress normalized
2
with the freestream velocity squared, hu1 u2 i=U1
are shown in
Fig. 18. Again an enveloping behavior with respect to the baseline prediction is observed. Figure 18 shows that the baseline prediction for
2
profile at x=c ¼ 0:15 is significantly more than the
the hu1 u2 i=U1
in-house DNS profile. This marks an over-prediction for the momentum transfer due to Reynolds shear stress. In the aft portion of the LSB
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(x=c ¼ 0:2 and 0.3), both the baseline prediction and the in-house
DNS profile exhibit a bell shape. Further downstream of the LSB, the
2
profiles at x=c ¼ 0:4 and
baseline predictions for the hu1 u2 i=U1
0.5 (in the attached turbulent boundary layer) show overall good
agreement with the in-house DNS data.
In Fig. 18, the Dk ¼ 0:1 perturbation increases the magnitude of
2
the hu1 u2 i=U1
profile compared to the baseline prediction, exhibiting an overall insignificant effect compared to the Dk ¼ 8 perturbation. In the aft portion of the LSB (x=c ¼ 0:15; 0:2, and 0.3), the
Dk ¼ 0:1 perturbations peak around the values of y=cjo ¼ 0:0125, 0.2,
and 0.2, respectively. The Dk ¼ 0:1 perturbation tends to approach
closer to the in-house DNS data except x=c ¼ 0:15, where a deviation
from the in-house DNS data are observed. As the flow proceeds further downstream within the attached turbulent boundary layer
(x=c ¼ 0:4 and 0.5), the effect of the Dk ¼ 0:1 perturbation gradually
deteriorates, with some of the in-house DNS data being encompassed.
On the other hand, the Dk ¼ 8 perturbation significantly
2
profile compared to the
decreases the magnitude of the hu1 u2 i=U1
baseline prediction. Figure 18 clearly shows simulation’s much stronger response to Dk ¼ 8 than Dk ¼ 0:1. In the aft portion of the LSB
(x=c ¼ 0:15; 0:2; 0:3), the Dk ¼ 8 perturbation significantly reduces
2
profile in magnitude, showing a deviation from the
the hu1 u2 i=U1
in-house DNS data except x=c ¼ 0:15 at which the Dk ¼ 8 perturbation tends to approach toward the in-house DNS profile that is
much less than the baseline prediction. Within the attached turbulent boundary layer (x=c ¼ 0:4 and 0.5), an important observation
for the Dk ¼ 8 perturbation is that the uncertainty bounds retain a
value of zero not only at the wall but also extending for some distance above the wall, which violates the “rule” that all Reynolds
stresses decrease to zero at the wall surface due to the no-slip wall
condition.64 This marks the behavior of “over perturbation” with
Dk ¼ 8, and is not physically realizable. Since few studies have
been conducted to determine the upper bound of k , this study
here sheds light on a possible way of determining the upper bound
of k based on Reynolds shear stress.
The Mk perturbation in general under-predicts the baseline prediction across the suction side. It sits overall within the gray envelope,
with a tiny portion sitting in the red envelope in the lower section of
the Reynolds shear stress profiles at x=c ¼ 0:2 and 0.3. Within the
attached turbulent boundary layer (x=c ¼ 0:4 and 0.5), the uncertainty bounds generated from the Mk perturbation remain constantly
below the baseline prediction, which confirms the uniform magnitude
of Dk ¼ 2:8. Importantly, the Mk function successfully avoids overperturbations and, thus, ensures that only the physically realistic perturbations are considered.
C. Augmenting Mk with 1c, 2c, and 3c
1. Skin friction coefficient

FIG. 18. Reynolds shear stress profiles in the aft portion of the LSB (x=c ¼ 0:15
and 0.2) and in the attached TBL (x=c ¼ 0:3; 0:4, and 0.5). From left to right are
x=c ¼ 0:15; 0:2; 0:3; 0:4, and 0.5, respectively. Displayed are envelopes for two
extreme Dk perturbations considered in this study: Dk ¼0:1 (red envelope), Dk ¼8
(gray envelope), and Mk (blue envelope). The baseline prediction is provided for reference. in-house DNS data.46
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Distributions of Cf and Cp are shown in Figs. 19(a) and 19(b),
respectively. Also included are the in-house DNS46 and ILES data of
Refs. 51 and 52 for comparison. The uncertainty bounds generated by
augmenting Mk with eigenvalue perturbations (1c, 2c, 3c) are denoted
1c Mk ; 2c Mk , and 3c Mk . Also included are the eigenvalue perturbations (1c and 3c) as a reference. For the aft portion of the LSB, the
1c Mk and 2c Mk perturbations lead to reduced Cf in magnitude compared to the baseline prediction, as shown in Fig. 19(a). As the flow
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Figure 19(b) enlarges the region of the flat spot and the kink (XR)
to highlight the perturbation effect. Both the 1c Mk and 2c Mk perturbations sit above the baseline prediction at the flat spot, approaching
toward the in-house DNS46 and ILES data of Ref. 51. However, both
perturbations are encompassed by the 1c perturbation and hence no
synergy behavior at the flat spot. At the kink, the 1c Mk and 2c Mk
perturbations under-predict the baseline prediction and show a trend
of approaching closer to the reference data. Again the 3c Mk and 3c
perturbations are almost indistinguishable sitting slightly below the
baseline prediction at the flat spot, showing a tendency to approach
toward the ILES data of Ref. 52; in addition, the 3c Mk and 3c perturbations almost collapse onto the baseline prediction. From Fig. 19(b),
it is clear that most uncertainty is concentrated at the flat spot and the
kink. Comparing Cp to Cf, simulation is less sensitive to the
1c Mk ; 2c Mk , and 3c Mk perturbations. This is because the wall pressure is determined by the freestream, which is only modified minutely
by the eigenvalue perturbations.5
It should be noted that because 3c perturbation retains the isotropic nature of the turbulent viscosity model, it yields limited influence
on the perturbed results.34 This is reflected by the smaller size of the
uncertainty bound generated from the 3c perturbation compared to
the 1c perturbation. Such inefficacy of 3c perturbation has been
observed by Emory et al.5 as well. Importantly, this inefficacy persists
when being augmented with Mk, which might partly explain the collapsing behavior of 3c Mk and 3c shown in Figs. 19(a) and 19(b).
2. Mean velocity field

FIG. 19. (a) Profile of skin friction coefficient and (b) pressure coefficient with
enlarged regions at the flat spot and the kink followed by a sharp drop of Cp.
Displayed are uncertainty bounds for 1c Mk ; 2c Mk , and 3c Mk perturbations (red
envelope). DB1 stands for DB ¼ 1:0. Profiles of baseline prediction and eigenvalue
perturbations (1c and 3c) are provided for reference. in-house DNS data.46

proceeds downstream of XR, the 1c Mk and 2c Mk perturbations lie
significantly above the baseline prediction. Interestingly, this promising increase associated with the 1c Mk and 2c Mk perturbations is not
a simple sum of the Mk and 1c/2c perturbations up, but a “synergy”
has developed. Consequently, both perturbations successfully encompass the high-fidelity data for XR. In particular, the 1c Mk perturbation
encompasses the steep rise followed by XR, as well as the significant
gap at the crest for 0:3 < x=c < 0:4. In addition, both perturbations
tend to retain a similar shape of the baseline prediction at the crest.
This confirms the effect of spatial variability in Mk. As the flow proceeds further downstream 0:4 < x=c < 0:6, both perturbations show
a rapid collapse, which confirms the uniform magnitude of Mk ¼ 2.8
determined for this region. On the other hand, the profiles for both
3c Mk and 3c perturbations show a collapse and sit slightly below the
baseline prediction. This indicates simulation’s low sensitivity to Mk
being augmented with 3c.
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Contours of the mean velocity normalized by the freestream velocity, hUi=U1 in an xy plane are shown in Fig. 20. From Fig. 20, all of
the hUi=U1 contours show a recirculating region, i.e., the eye-like
green region, where the negative value of velocity is present. The Mk
perturbation results in a shorter LSB, followed by slightly increased
hUi=U1 in magnitude further downstream in the turbulent boundary
layer. The prediction for the 1c and 2c contour reduces the length of the
LSB compared to the baseline prediction, accompanied by an increase
in the mean velocity downstream of the LSB, while the 3c perturbation
does the opposite. When Mk is augmented with 1c and 2c, the prediction for the 1c Mk and 2c Mk contour reduces the LSB to a smaller
length. For the region in the turbulent boundary layer, the 1c Mk and
2c Mk perturbations increase the mean velocity to a larger magnitude
compared to the 1c and 2c perturbations, approaching toward the inhouse DNS data. On the other hand, the 3c Mk perturbation remains
nearly at a same magnitude as that for the 3c perturbation, which confirms the collapse of 3c Mk and 3c, as shown in Fig. 19(a).
Figure 21 enlarges the region of reverse flow to highlight the flow
behavior in the recirculating region. In comparison to the in-house
DNS contour, the baseline prediction shifts the recirculating region in
the upstream direction. The velocity vectors for the 1c and 2c perturbations indicate a clear suppression in the reverse-flow field and hence a
shorter LSB, while the opposite is true for the 3c perturbation.
Compared to 1c and 2c, velocity vectors for the 1c Mk and 2c Mk perturbations clearly show a stronger suppression of the recirculating
region, followed by an enhanced increase in the mean velocity downstream in the turbulent boundary layer. On the other hand, the 3c and
3c Mk perturbations are comparable in the recirculating region, while
the velocity vectors indicate slightly increased mean velocity magnitude
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FIG. 20. Contours of hUi=U1 with 1c Mk ; 2c Mk ; 3c Mk , 1c, 2c, 3c, and Mk perturbations in an xy plane. Isolines of the mean streamwise velocity are superimposed on the
contour plots. The contour of baseline prediction is provided for reference, and the contour of in-house DNS data46 is included for comparison.

for 3c Mk compared to 3c further downstream in the turbulent boundary layer.
Figures 22(a)–22(e) present the predictions for the mean velocity
profiles normalized by U1 , i.e., hUi=U1 . The in-house DNS data of
Ref. 46 is included for comparison. Also included are the 1c and 3c
perturbations as a reference. From Figs. 22(a)–22(e), the baseline prediction is enveloped by the three perturbations, i.e., the 1c Mk and
2c Mk perturbations more than the baseline prediction, while the
3c Mk perturbation less than it. This compares favorably with the 1c
and 3c perturbations in the numerical study for a turbulent flow over a

backward-facing step by Luis et al.11 In addition, the 3c and 3c Mk
perturbations collapse onto a single profile, which is consistent with
the behavior shown in Fig. 20. At x=c ¼ 0:15 (XT), the 1c Mk and
2c Mk perturbations for the mean velocity increase in both the region
of reverse flow (U=U1 < 0) for 0 < y=cjo < 0:007 and the upper
portion of the boundary layer for 0:011 < y=cjo < 0:023, showing a
tendency to approach closer to the in-house DNS data. In the region
for 0:007 < y=cjo < 0:011, these three perturbations and the baseline
prediction collapse onto the in-house DNS data of Ref. 46, showing
good agreement with the reference data. This reflects relatively high

FIG. 21. Contours of normalized mean velocity hUi=U1 with in-plane velocity vectors superimposed in an xy plane. The region in the vicinity of the wall is enlarged to highlight the flow behavior in the LSB as well as in the turbulent region downstream of the LSB. A focus on a portion of the airfoil suction side is considered: 0:14 < x=c < 0:44.
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FIG. 22. Profile of hUi=U1 in the aft portion of the LSB for (a) x=c ¼ 0:15 and (b) x=c ¼ 0:2; and profile of hUi=U1 in the attached turbulent boundary layer for (c)
x=c ¼ 0:3, (d) x=c ¼ 0:4, and (e) x=c ¼ 0:5. Displayed are uncertainty bounds for 1c Mk ; 2c Mk , and 3c Mk perturbations (red envelope). DB1 stands for DB ¼ 1:0.
Profiles of baseline prediction and eigenvalue perturbations (1c and 3c) are provided for reference. in-house DNS data.46
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trustworthiness in this region. At x=c ¼ 0:2, the 1c Mk and 2c Mk
perturbations in general over-predict the baseline prediction, and
approach closer to the in-house DNS data in the upper portion of the
boundary layer. In addition, the 1c Mk perturbation over-predicts the
1c perturbation except in the region for 0:007 < y=cjo < 0:011, which
reflects the effect of spatial variability in Mk. At x=c ¼ 0:3 (downstream of the LSB near XR), x=c ¼ 0:4 and 0.5 (in the reattached turbulent boundary layer), the 1c Mk and 2c Mk perturbations overall
approach closer to the in-house DNS data, while the effect gradually
deteriorates further downstream. The deterioration confirms the gradual reduction of Cf in the region downstream of XR, as shown in Fig.
19(a). From Figs. 22(a)–22(e), it is interesting to note that the 1c and
2c perturbations respond favorably to Mk, while the 3c perturbation
remains almost immune to it, which is consistent with the behavior
shown in Fig. 20.
3. Reynolds shear stress

Contours of the Reynolds shear stress normalized by the free2
stream velocity squared, hu1 u2 i=U1
in an xy plane are shown in
2
Fig. 23. In addition, all of the hu1 u2 i=U1
contours peak around XT,
i.e., the bright yellow region. The Mk perturbation leads to reduced
2
hu1 u2 i=U1
in magnitude compared to the baseline prediction
across both the transitional and turbulent boundary layer. In comparison to the 1c and 2c perturbations, it is clear that the 1c Mk and 2c Mk
2
perturbation results in further reduced hu1 u2 i=U1
in magnitude,
which shows overall closer agreement with the in-house DNS data. On
the other hand, the 3c Mk perturbation remains at a nearly same magnitude as that for the 3c perturbation. The predicted profiles for the
Reynolds shear stress normalized by the freestream velocity squared,
2
hu1 u2 i=U1
, are shown in Figs. 24(a)–24(e). Also included are the
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in-house DNS data of Ref. 46 for comparison, as well as the 1c and 3c
eigenvalue perturbations used as a reference for the 1c Mk ; 2c Mk and
3c Mk perturbations. Figures 24(a)–24(e) show that the baseline prediction is well enveloped by the uncertainty bounds generated from
the 1c Mk ; 2c Mk , and 3c Mk perturbations. In addition, the 1c Mk
and 2c Mk perturbation reduces the magnitude of the predicted
2
profiles compared to the baseline prediction, while the
hu1 u2 i=U1
3c Mk perturbation does the opposite. A similar behavior of the 1c
and 3c perturbations with respect to the baseline prediction was also
observed by Luis et al.11 in their numerical study for a turbulent flow
over a backward-facing step. Figures 24(a)–24(e) show that the simulation’s sensitivity to the 3c Mk perturbation is rather low, with the
3c Mk profile nearly collapsing onto the 3c profile. A similar behavior
is also observed in Figs. 22(a)–24(e). At x=c ¼ 0:15 (XT), Fig. 24(a)
shows that the 1c Mk perturbation results in a significant reduction in
2
across the entire boundary layer compared to the basehu1 u2 i=U1
line prediction, showing a tendency to approach toward the in-house
DNS data, whereby a synergy behavior is observed. On the other
hand, the 3c Mk perturbation tends to deviate from the in-house DNS
data, indicating a weak response to the Mk perturbation.
As the flow moves further downstream to x=c ¼ 0:2 (the aft portion of the LSB) and x=c ¼ 0:3 (downstream of the LSB near XR), the
2
than
1c Mk perturbation leads to a further reduction in hu1 u2 i=U1
the 1c perturbation in the outer portion of the boundary layer, deviating from the in-house DNS data, as shown in Figs. 24(b) and 24(c).
On the other hand, the 3c Mk and 3c perturbations collapse onto a
single curve, which approaches toward the in-house DNS data at
x=c ¼ 0:2 and 0.3. At x=c ¼ 0:4 and 0.5 (in the attached turbulent
boundary layer), a synergy behavior is again observed for the 1c Mk
perturbations across the entire boundary layer, which enhances the
deviation from the in-house DNS data at x=c ¼ 0:4, while

2
FIG. 23. Contours of hu1 u2 i=U1
with 1c Mk ; 2c Mk ; 3c Mk , 1c, 2c, 3c, and Mk perturbations in an xy plane. Isolines of the Reynolds shear stress are superimposed on
the contour plots. The contour of baseline prediction is provided for reference, and the contour of in-house DNS data46 is included for comparison.
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2
2
FIG. 24. Profile of hu1 u2 i=U1
in the aft portion of the LSB for (a) x=c ¼ 0:15 and (b) x=c ¼ 0:2; and profile of hu1 u2 i=U1
in the attached turbulent boundary layer for
(c) x=c ¼ 0:3, (d) x=c ¼ 0:4, and (e) x=c ¼ 0:5. Displayed are uncertainty bounds for 1c Mk ; 2c Mk , and 3c Mk perturbations (red envelope). DB1 stands for DB ¼ 1:0.
Profiles of baseline prediction and eigenvalue perturbations (1c and 3c) are provided for reference. in-house DNS data.46
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encompasses the in-house DNS data at x=c ¼ 0:5. On the other hand,
the 3c Mk and 3c perturbations show a collapse, which together with
the 2c Mk perturbation, successfully encompass the in-house DNS
data in the lower portion of the attached turbulent boundary layer,
although a small discrepancy is present in the region next to the wall.
Therefore, the synergy behavior seems only active when Mk is augmented with the 1c and 2c perturbations.
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VI. CONCLUSIONS

The data that support the findings of this study are available
from the corresponding author upon reasonable request.

Unsteady transitional flow over a cambered SD7003 airfoil
(AoA ¼ 8 and Rec ¼ 60 000) has been investigated using a
correlation-based transition model configured for estimating the
model-form uncertainty using the eigenspace perturbation method of
Emory et al.43,44 This study focuses on investigating the model-form
uncertainty by injecting perturbations to the predicted turbulence
kinetic energy, whereby a new regression-based marker function has
been developed.
In this study, the eigenspace perturbation is implemented within
the OpenFOAM framework. Hence, this approach is applied to the
transitional flows over an SD7003 airfoil, while compared to the inhouse DNS data of Ref. 46. Uncertainty bounds are affected by the turbulence kinetic energy perturbation as well as the type (1c, 2c, or 3c) of
the injected eigenvalue perturbation. A monotonic behavior of the
magnitude of the predicted bounds is exhibited with a set of uniform
turbulence kinetic energy perturbations being injected. It shows that
simulation is rather sensitive to the Dk > 1 perturbations: the size of
the LSB is reduced significantly. When augmenting the Mk function
with the eigenvalue perturbations (1c, 2c, or 3c), a synergy behavior is
exhibited. It results in a dramatic increase in the uncertainty bound for
Cf that can successfully encompass the reference data. For Cp, most
uncertainty is concentrated at the flat spot and the reattachment point.
It is interesting to note that the 1c and 2c eigenvalue perturbations
respond favorably to Mk, while the 3c perturbation remains almost
immune to Mk. Consequently, the size of LSB is further reduced by the
1c Mk and 2c Mk perturbations compared to the 1c and 2c perturbations, whereas the 3c Mk perturbation is almost comparable to the 3c
perturbation. This may be attributed to the isotropic nature of the 3c
perturbation. The augmented perturbation confirms the effect of spatial variability in Mk and, thus, successfully avoids over-perturbation
to the predicted turbulence kinetic energy.
Future work will focus on the development of different types of
marker functions based on a variety of transitional flow scenarios.
Eigenvector perturbations to the Reynolds stress tensor should also be
conducted to complete the full range of the model-form uncertainty in
the Boussinesq turbulent viscosity models. Also a wider range of
RANS-based transition models will be tested using the eigenspace perturbation framework with marker involved.
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