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ABSTRACT
The concept of added (virtual) mass is applied to a vast array of unsteady ﬂuid-ﬂow problems; however, its origins in potential-ﬂow theory
may limit its usefulness in separated ﬂows. A robust framework for modeling instantaneous ﬂuid forces is proposed, named Energized Mass.
The energized-mass approach is tested experimentally by acquiring the ﬂuid kinetic-energy history around an accelerating sphere at both
subcritical and supercritical terminal velocities. By tracking the energized-mass volume, the force response is shown to be related to changes
in shear-layer growth as a function of acceleration moduli and Reynolds number. The energized-mass framework is then used to develop a
low-order force model, requiring only body geometry and kinematics as input. An analytical expression for the instantaneous force on a
sphere due to energized-mass growth is derived based on shear-layer mass ﬂux arguments. Instantaneous forces determined experimentally,
and modeled using the energized-mass approach, show strong agreement with direct force measurements. The results of this investigation
thus demonstrate that the energized-mass framework provides a viable low-order modeling approach, and in tandem, can provide new
insights into the origin of forces on accelerating bodies.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0040061

I. INTRODUCTION
Classical force modeling techniques decompose the force
response of a body into acceleratory, quasi-steady, and history effects,
as demonstrated by Odar and Hamilton1 in their investigation of
unsteady forces on a sphere. Force generated during accelerations is
often attributed to the inviscid concept of added mass, deﬁned by
Lamb2 in terms of the kinetic energy added to the ﬂuid by an accelerating body in an inviscid ﬂow. The change in kinetic energy requires
work to be done on the ﬂuid, and thus a force additional to the body’s
inertia is required for motion. Acceleratory and quasi-steady components of the ﬂuid force have been described in terms of noncirculatory
and circulatory forces, where added mass comprises the noncirculatory component, while wake vorticity gives rise to the circulatory component.3 Such a breakdown has inspired contemporary models for the
estimation of forces in viscous ﬂows;4–6 however, the utility of this
decomposition to force modeling in separated ﬂow remains in question. Sections I A–I D outline the limitations of potential-ﬂow added
mass, highlight inspiration drawn from Darwinian drift, present the
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concept of energized mass, and ﬁnally introduce shear-layer mass ﬂux
based arguments to describe the origins and growth of energized mass
itself.
A. Limitations of classical added mass
The limits of added-mass theory for force estimation on accelerating bodies have recently been evaluated by Fernando et al.,7 who
experimentally investigated the force on a circular ﬂat plate for several
acceleration moduli at high Reynolds number. A discrepancy between
measured and analytically determined values, on the order of 40%,
was reported when comparing direct force measurements to forces
modeled by decomposing the drag into classical added mass and
quasi-steady drag. At the limit for impulsive motions, where potential
theory should be most applicable, the residual force (error) asymptoted to 20%. Materially similar discrepancies were independently
identiﬁed through experiments by Grift et al.8 for accelerating rectangular plates.
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Recently Corkery et al.,9 following the methods of Wu10 and
Eldredge,11 used the vorticity distribution along the surface of an accelerating ﬂat plate at low Reynolds numbers to determine the addedmass contribution to the total force. The measured vorticity was
decomposed into noncirculatory and circulatory components, comprised of the boundary-layer vorticity distribution and free-wake vorticity, respectively. Like in the Leonard and Roshko12 derivation of
added mass, by selecting only vorticity close to the body, the addedmass attributed vorticity was isolated. Identifying such boundary-layer
vorticity distinct from wake vorticity may prove challenging in ﬂows
that do not exhibit stable growth of coherent vortices. For example,
delineating boundary-layer and wake vorticity in the ﬂow around a
sphere would prove exceedingly difﬁcult due to the complex threedimensional exchange of vorticity between the body and its wake.
Thus, so-called free vorticity has a greater likelihood of contaminating
measurements of noncirculatory vorticity, limiting the applicability of
vorticity-based methods.
Figure 1(a) shows a subset of representative streamlines for the
potential-ﬂow solution of an accelerating sphere, a case for which
potential-ﬂow added mass accounts for all of the ﬂuid force on the
body. In a self-similar potential ﬂow, such as that past an accelerating
sphere, the added mass is invariant in time and may be expressed as a
function only of body geometry. On the other hand, for the case of a
separated ﬂow, as sketched in Fig. 1(b), where shear layer formation
and roll-up are key features, potential-ﬂow added mass is insufﬁcient
to describe the force response. Due to the viscous nature of shear-layer
growth, self-similarity does not hold.13 The transient separation line
and growth of a vortex ring, before eventual separation, poses a signiﬁcant challenge to identifying boundary-layer vorticity separate from
wake vorticity during the acceleration process. Therefore, as the motivation for the current study, we explore an alternative approach to
unsteady force modeling for systems involving separated ﬂow.
B. Classical added mass and Darwinian drift
Adjacent to the concept of added mass, Darwin14 proposed the
concept of the drift volume. Darwin deﬁned the drift as the volume
swept by a plane of particles displaced by a body moving steadily in an
inviscid ﬂuid. The mass contained within the drift-volume was equivalent to the added mass as derived in classical theory.2,15 The proposition of the drift-volume offered a Lagrangian approach to the
determination of added mass, and the interpretation of added mass as
a physical mass of ﬂuid worked upon by a translating body. Further
to this, Dabiri16 extended Darwinian drift to the viscous ﬂow of a
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self-propagating vortex ring, showing how the ring displaced the same
drift volume, and thus possessed the same added mass, as a solid body
of equivalent geometry. While the drift-volume approach is promising
and clearly identiﬁes a physical added mass, the inviscid nature of the
drift volume poses a challenge when considering separated ﬂows. A
single reference plane is insufﬁcient to capture the transient effects of
vortex growth and separation since these processes are not self-similar.
Speciﬁcally, additional work may be done upstream of the drift plane
over the course of vortex evolution.
C. Energized-mass approach
McPhaden and Rival17 applied Darwin’s drift-volume approach
to a rapidly accelerated body and related the timescale associated with
the growth of the drift volume to a time-varying added mass. In the
context of work done on the ﬂuid by the body, the displacement of
ﬂuid mass is directly proportional to the work and forces generated
during motion. Conceptually, a ﬂuid parcel that is worked upon contributes to the total effective inertia of the system by an amount proportional to its instantaneous kinetic energy. Now, additional to the
instantaneous inertia of the displaced ﬂuid, there exists a force due to
the time rate of change of effective mass. Time-varying added mass is
not constrained only to the drift-volume framework. For instance, a
force response of a rapidly deforming body was shown by Weymouth
and Triantafyllou,18 who observed a signiﬁcant force contribution due
to a time-varying added mass.
Within this variable-mass framework work is performed in two
manners: (i) the change in the kinetic energy of the surrounding ﬂuid
and (ii) the accretion of this energized mass. Hereinafter, added-mass
effects due to the transfer of kinetic energy will be referred to as energized mass in order to clearly differentiate from added mass derived
from classical potential-ﬂow theory. The development of energized
mass in time is conceptualized in Fig. 2 for the case of a sphere accelerated from rest to a terminal velocity. At the onset of body motion,
before viscosity can have any effect, the ﬂow is virtually potential, and
the energized mass originates as the ﬂuid displaced at the body surface.
As acceleration continues to terminal velocity, the volume of energized
ﬂuid grows while a shear layer over the body surface forms a wake.
Finally, once the body has reached its terminal velocity, the energized
mass encompasses the developing wake as it entrains ﬂuid and
stretches downstream.
To identify the energized mass of the system, denoted as me, the
total kinetic energy of the ﬂuid is scaled by the square of the body
velocity, shown here for an inﬁnitely large control volume:

FIG. 1. (a) Qualitative streamlines near an
accelerating sphere in a potential ﬂow.
Due to the absence of wake vorticity, the
added mass is invariant in time. (b)
Shear-layer formation and vortex roll-up
for an accelerating sphere in a viscous
ﬂow. The forces resulting from shear-layer
formation and eventual separation are not
captured by potential-ﬂow added mass
due to their time-varying nature and
Reynolds-number sensitivity.
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FIG. 2. Growth in energized mass (shown in blue) for a sphere started impulsively from rest at critical time steps: (a) at the instant of acceleration, t ¼ t0 where the ﬂow is still
attached and potential-like, the energized mass is limited to a small region close to the body; (b) the moment the body has completed its acceleration, t ¼ tcrit . The energized
mass has grown due to shear-layer feeding, but remains uniformly distributed about the body; and (c) sometime after the ﬂow has separated, t ¼ tn, the energized-mass volume stretches downstream as ﬂuid is entrained into the wake.

me ¼

q
U2

ððð

v 2 dV;

(1)

1

where v is the ﬂuid velocity, U denotes body velocity, and V is the ﬂuid
volume. Unlike potential-ﬂow added mass, energized mass is a timevarying quantity due to the temporal evolution of the shear layer over
the body surface.
By application of the Lagrange equations for a variable mass system (see Ref. 19) a general relation for force to the change in system
kinetic energy is expressed:
!
d @T @T
1 d @me
1 @me
2
ð
Þ
ðUÞ2 ;

¼Fþ
U
(2)

dt @ q_j @qj
2 dt @ q_j
2 @qj
where q is the generalized coordinate, T is the kinetic energy, F is the
force on the body, me is the energized mass of the system, and U is the
body velocity. In the energized-mass framework, the kinetic energy
supplied to the ﬂuid by the body is deﬁned as
1
T ¼ me U2 ;
2

(3)

which is equal to the conventional deﬁnition of kinetic energy, as used
in Eq. (1). Now considering the case of the translating sphere, Eq. (2)
may be simpliﬁed further by using body position as the generalized
coordinate and applying the appropriate kinematic relations (see the
Appendix):
_
F ¼ m_ e U þ me U:

(4)

Equation (4) reduces the ﬂuid-body system to a singular mass
moving with the body acceleration and body velocity, in the same
manner that classical added mass is added to the body inertia. The
energized-mass approach takes the total change in ﬂuid kinetic energy
and determines an equivalent mass relative to the body kinetic energy.
In effect, this approach allows the body to accumulate the ﬂuid mass
for which there is a transfer of energy. The additional work associated
with mass accumulation is captured by the ﬁrst term on the righthand side of Eq. (4), the force associated with a change in system
mass. For a potential-ﬂow case, the energized mass is exactly the classical added mass and is invariant in time, leaving only the familiar second term of Eq. (4). In the current study, the concept of energized
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mass has been demonstrated considering a single degree of freedom
motion. However, it should be noted that the approach may be
extended to general rigid-body motion by manipulation of Eq. (2).
D. Shear-layer mass flux
A main contributor to energized-mass growth is associated with
shear-layer feeding. Unsteady ﬂows, such as those past an accelerating
sphere, commonly feature shear layer roll-up and eventual separation.
The mass of ﬂuid trapped by the forming vortex (a vortex ring for the
case of an accelerating sphere) is advected along with the body,
increasing the amount of work required for motion, compared to
attached or potential ﬂow. Kaden20 proposed a model for the growth
of a two-dimensional vortex via transport of vorticity-containing mass
across a shear layer of ﬁnite thickness. Through conservation of mass,
and by assuming negligible viscous diffusion, the mass ﬂux through
the shear layer was related to the mass ﬂux into the forming vortex,
modeled as a circular ﬁeld with time-dependent radius. The method of
Kaden20 was extended to a two-dimensional line vortex by Sattari
et al.21 who predicted the vortex size and circulation using an empirically determined shear-layer thickness and tangential velocity. For the
case of the three-dimensional ﬂow around a ﬂapping ﬂat plate, Wong
et al.22 adapted the mass-ﬂux method to account for both shear-layer
feeding and spanwise-vorticity transport in a leading-edge vortex,
validating modeled circulation against experimental results. In a similar fashion, the ﬂux of kinetic energy, and thus energized mass, drawn
into a forming vortex, can be predicted based upon the mass ﬂux
through a shear-layer when the effects of viscous diffusion are relatively weak. While the transfer of kinetic energy that occurs in the
shear-layer contributes to the bulk of the energized mass, additional
mass is accumulated due to mixing not modeled by simple mass-ﬂux
arguments.
In order to demonstrate and test the concept of energized mass, a
canonical accelerating-sphere test case has been selected. The separation mechanics of a sphere exhibit a Reynolds-number dependency
across the critical regimes, as shown in Fernando et al.,23 where
increasing acceleration modulus was shown to push the separation
line downstream from the classical steady-state position. An
accelerating-sphere test case provides sufﬁciently variable conditions
to examine how separation impacts the transfer of kinetic energy from
the body to the ﬂuid wake. Furthermore, the lack of simple coherent
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structures during shear-layer growth and separation provides a good
test case in which the energized-mass approach is likely more robust
than delineating noncirculatory and circulatory effects.
II. ANALYTICAL MODEL FOR ENERGIZED MASS
At Reynolds numbers much greater than unity, the mechanism
driving energized-mass growth from potential-like initial conditions,
to a volume stretching downstream, is the feeding shear-layer and vortex roll-up in the wake. Recent studies have shown wake formation
has signiﬁcant impact on the generation of forces in separated and
accelerated ﬂows.24–28 The acceleration period, and the time over
which the wake relaxes to steady conditions, is of particular interest
due to the challenges associated with force prediction.
In Sec. II, a low-order model is developed for the sphere test case
based on principles of shear-layer mass ﬂux in order to demonstrate
how the energized-mass framework can be applied as a force modeling
tool. While this particular application uses arguments speciﬁc to the
geometry of the sphere, a similar approach may be taken to develop
models for other bodies of interest. The following model approach
assumes a ﬂow regime in which a shear layer feeds the growth of a distinct region of vorticity aft of the body, prior to full separation. Unlike
for Stokes ﬂow, the energized-mass approach has been developed for
high Reynolds number regimes, on the order of Re > 1000 for a
sphere, where the vortex ring is shed before steady wake development.29–31 Modeling methods for the Stokes-ﬂow regime, and relatively low Reynolds number regimes, are well documented in the
literature (see Refs. 32 and 33). For example, such models have been
applied to the dispersion of inertial particles for Stokes numbers much
less than one.34 Alternatively, the energized-mass framework would be
applicable for modeling the motion of inertial particles in relatively
high Reynolds number, non-Stokesian regimes.
Sketched in Fig. 3, the energized-mass volume of the sphere is
increased by the formation of a vortex ring. The ring grows, encapsulating additional ﬂuid, thus increasing work done on the ﬂuid via
advection upstream. The net ﬂux of power into the vortex ring and
growing shear layer is proportional to the mass ﬂux into the feeding
side of the ring and its convective velocity. By deﬁnition, the rate of
change of energized mass is proportional to the rate of change of system power scaled by the body velocity squared and thus, for a uniform
oncoming ﬂow, the energized mass growth due to the forming shear
layer and vortex ring can be modeled as
m_ e ¼ qr2pRU;

(5)
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where U is the body velocity, r is the inner radius of the vortex ring,
and R is the radius of the body. When the effects of viscous diffusion
are small, energized mass growth can be attributed solely to the growth
of the vortex ring. The approach of Wong et al.22 has been extended
here to the case of kinetic energy ﬂux for a vortex ring forming in the
wake of a sphere. To predict the size of the vortex ring, conservation of
mass is applied, where the mass ﬂow into the shear layer is equal to
the mass ﬂow to the vortex. The outer radius of the vortex ring has
been approximated using the body radius as a simpliﬁcation, albeit an
overestimation, of the growth process. Thus, the mass ﬂux into the
shear-layer can be approximated as
ðt
(6)
mðtÞ ¼ 2pRq dðtÞuðtÞdt;
0

where m(t) is the mass of ﬂuid in the shear layer, u is the shear-layer
velocity, d is the shear-layer thickness, and t is the period of interest.
To avoid complications associated with predicting the velocity gradient within the shear layer, u is assumed to be equal to the surface
velocity of the sphere. Note that this assumption does not apply for
the cases of an oncoming shear ﬂow or body spin, where axisymmetry
of the shear layer cannot be assumed.35 The shear-layer thickness, d,
can be expressed in terms of a Reynolds number scaling36 for a lami1
nar boundary layer of length 12 pR, where d / 12 pRRe2 . Reynolds
q2RU
number is deﬁned as Re ¼ l , where l is the dynamic viscosity and
U is the relative velocity between the body and the ﬂuid (the body
velocity for a quiescent ﬂow). For a turbulent boundary layer, the
1
power-law scaling of d / 12 pRRe5 can be used.37 The mass entering
the shear layer can now be equated to the mass of the forming vortex
ring as follows:
ðt
(7)
2pRq dðtÞuðtÞdt ¼ 2pRqprðtÞ2 ;
0

in which d is replaced by the Reynolds number scaling for shear-layer
thickness, and u is assumed to be the body velocity, U:
8 ðt
1
>
1
>
>q
pRRe 2 Udt sub–critical
<
2
0
qprðtÞ2 ¼
(8)
ðt
>
>
> q 1 pRRe 15 Udt super–critical;
:
02
where the vortex-ring mass per unit depth is equal to the mass per
unit depth entering the shear layer. By isolating for r in Eq. (8), and
substituting into Eq. (5), the energized-mass ﬂow rate becomes

FIG. 3. (a) The separation line on a sphere is time-varying during the unsteady motion, contributing to the timescale over which the feeding shear-layer rolls up into a vortex
ring. The mass ﬂux into the forming ring can be approximated using the inner and outer radii of the ring and the body velocity. (b) The mass available to the forming ring is
determined by the shear-layer thickness. The radius of the vortex ring is time-dependent as mass is accumulated throughout the motion.
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sub–critical
(9)
super–critical;

and can be integrated with respect to time to obtain an expression for
the energized mass:
8
ðt
2
3
1
>
1
>
>
< pﬃﬃﬃ qpR 2 Us 2 Re 4 dt sub–critical
2
0
(10)
me ¼
ðt
>
2
3
1
1
>
>
: pﬃﬃﬃ qpR 2 Us 2 Re 10 dt super–critical;
2
0
which, in turn, can be nondimensionalized by the displaced ﬂuid mass
(q 43 pR3 for a sphere) to produce
8 ðt
3
>
1
1
>
>
< 2R Us 2 Re 4 dt sub–critical
0
me ¼
(11)
ð
>
3 t 1  1
>
>
Us 2 Re 10 dt super–critical;
:
2R 0
where s ¼ s=2R is the normalized displacement.
Initial and steady boundary conditions must be set before Eq.
(11) can be used to predict forces. As shown in Fig. 2(a), the energized
mass volume originates as the potential-ﬂow added mass, which can
be derived algebraically for the sphere.15 Once the body has reached
steady-state and the forming vortex has separated, the shear-layer
feeding model no longer applies. For the case of the sphere, the energized mass can then be approximated using the steady-state drag coefﬁcient as the rate at which kinetic energy is being supplied to the ﬂow.
Using the subcritical case to demonstrate, a complete function for the
energized mass evolution can now be expressed:
8
ð
3 t 1 1
3
>
>
>
_ e ðtÞ <¼ Cdss
< K þ 2R Us 2 Re 4 dt if m
8
0
me ¼
(12)
ðt
>
3
U
>
>
dt otherwise t > s;
: me jt¼s þ Cdss
8
s R
where K is the potential-ﬂow added-mass coefﬁcient of the body, Cdss
is the Reynolds-number-dependent steady-state drag coefﬁcient,
deﬁned as Cdss ¼ Fd = 12 qU 2 pR2 , and s is the period over which the
rate of change of energized mass reaches steady state. Cdss is set to 0.5
and 0.1 for subcritical and supercritical cases, respectively. Energized
mass increases monotonically for a body doing work on a ﬂow, a quality that can be used to enforce the separation condition. Once the slope
of the energized mass curve reaches the magnitude of the empirically
determined steady-state drag coefﬁcient, the vortex is assumed to have
detached. By Eq. (5), a constant drag force during steady translation
suggests constant energized mass growth proportional to the drag
coefﬁcient.
Due to the inherently complex nature of the entrainment process and its dependencies on both acceleration and Reynolds number, energized mass due to entrainment has not been modeled
analytically in this study. Instead, the effects of entrainment may be
included by an empirical term, e, as a contribution to the energized
mass additional to that of the feeding shear layer. Equation (12) is
now written as
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8
ð
3 t 1 1
3
>
>
>
_ e ðtÞ <¼ Cdss
< K þ 2R Us 2 Re 4 dt þ e if m
8
0
me ¼
ðt
>
3
U
>
>
dt
otherwise t > s;
: me jt¼s þ Cdss
8
s R

(13)

where e is entrained mass, which may be a function of time. e has not
been included in the steady-state equation due to the drag coefﬁcient
governing the global energized mass ﬂux, inclusive of entrainment
effects. In this complete model, the energized mass and resultant force
response are determined using only parameters due to body kinematics, geometry, and Reynolds number regime.
A MATLAB algorithm was used to evaluate the model based on
the experimental conditions described in Sec. III. The predictions of
Eq. (12) are presented against experimental results in Sec. IV A. Note
that determination of e was beyond the scope of this study and was
omitted from model predictions. In future studies, quantiﬁcation of
energized mass due to entrainment would assist in identifying its relative contribution alongside the bulk shear-layer mass ﬂux.
III. EXPERIMENTAL METHODS
Sections III A and III B describe the test article used for the investigation, the experimental methods employed, and the facility in which
the measurements were carried out.
A. Test article
The sphere used in this study has a diameter (D) of 25 cm, a wall
thickness of 6 mm, and two internal ribs for structural support. The
test article was 3D-printed out of acrylonitrile butadiene styrene (ABS)
plastic, which is approximately 4% less dense than water at room temperature. The sphere has a blockage of approximately 5% relative to
the cross-sectional area of the towing tank, which is described in
Sec. III B.
B. Force and particle tracking velocimetry
measurements
Experiments were performed in the optical towing tank facility at
Queen’s University. The facility has a cross-sectional area of 1 m2, and
total length of 15 m. The sphere was towed through the tank using a
horizontally mounted cylindrical sting, which has a diameter of 0:1D
and a nominal length of 2:4D. As per previous studies,23 minimal
interaction between the sting and separation point on the sphere was
observed and nominal system vibration was not a signiﬁcant source of
uncertainty. An encoder system was used to ensure the mechanical
traverse matched the programed motion and no signiﬁcant deviations
were observed. The traverse exhibited a maximum error of 10 mm,
resulting in an uncertainty of 4% for the normalized position. A gap of
at least ﬁve minutes was held between runs to ensure the ﬂuid returned
to rest and did not affect the subsequent trial. The model was translated from rest to ﬁnal subcritical and supercritical Reynolds numbers
of 50 000 and 275 000, with terminal velocities, Uf, of 0.2 m/s and
1.1 m/s, respectively. Acceleration moduli, a ¼ a 12 D=Uf2 , where a is
body acceleration, of 0.5, 1, and 2 were tested, shown in Fig. 4(c). The
selected motions are representative of large amplitude and rapid velocity perturbations, which allow for the isolation of Reynolds number
and inertial effects. The displacement was normalized using the following relation:
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FIG. 4. (a) Sphere mounted on sting in the towing-tank facility. The inset shows the location of the force/moment transducer. (b) Experimental setup showing the location of
three high-speed cameras, laser sheet, and ﬁeld of view (FoV). (c) Velocity proﬁles for the three acceleration moduli studied for both subcritical and supercritical Reynolds
numbers.

s ¼ X=D;

(14)

where X is the distance traveled. The force was measured using a sixcomponent, ATI Nano force/moment transducer, mounted on the leeward side of the sphere, as shown in Fig. 4(a). The transducer has a
static resolution of 0.125 N and was operated at a sampling rate of
1000 Hz. All data sets were averaged over 30 runs.
Time-resolved, planar particle tracking velocimetry (PTV) was
used to measure the kinetic energy of the ﬂuid displaced by the sphere
on its plane of symmetry. Three Photron SA4 high-speed cameras,
with resolution of 1024  1024 px2, were used to capture the ﬂow ﬁeld,
operated at frame rates between 500 and 1000 Hz. A 40 mJ-per-pulse
Photonics neodynium-doped yttrium lithium ﬂuoride (Nd:YLF) highspeed laser was used to produce an approximately 2 mm-thick laser
sheet. 60 lm polyamide particles were used as seeding. Using f¼ 60
mm Nikon lenses, the ﬁeld of view (FoV) for each individual camera
measurement was 1:2D  1:2D in size, situated at the horizontal midspan of the sphere along the lower half of the sting, as shown in Fig.
4(b). The FoVs were stitched together for a combined FoV of
3:6D  1:2D in size. An edge-detection algorithm was used to subtract
the sphere and the sting from the recorded images.
Particle tracks were obtained using LaVision’s DaVis 8.4.0 2DPTV algorithm. Particle images were identiﬁed at each time step using
Gaussian ﬁt peak detection. Peak matching was then used to ﬁnd each
particle images’ match in the subsequent time step.38 Displacement
vectors were then calculated for each matched particle and veriﬁed by
determining the spatial coherence of the local vector ﬁeld. For particle
images of 5 px, the displacement error associated with a 2D
Gaussian ﬁt is on the order of 0.01 px, resulting in an uncertainty of
2% for the normalized velocity ﬁeld.39 Particle positions were linked
through time to produce particle tracks. Resultant track lengths below
ﬁve timesteps were discarded to reduce error due to out-of-plane
motion. Axis-symmetry was assumed, with negligible out-of-plane
velocity, allowing the FoV to be revolved axially to obtain a
pseudothree-dimensional volume. In the following section, results
from the illuminated half of the sphere have been mirrored to qualitatively show the wake structure. This is a reasonable assumption during
the early stages of vortex growth, as was determined in the studies by
Fernando and Rival40 and Fernando et al.23
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IV. RESULTS AND DISCUSSION
Sections IV A–IV C present measurements of the kinetic energy
and energized-mass volume, as well as forces predicted using the
energized-mass approach. Effects of wake separation on energized
mass are discussed, and the relationship between entrainment and
energized mass is explored.
A. Kinetic energy, energized-mass volume, and forces
The time-dependent growth of the energized-mass volume is
shown in the video for a single (instantaneous) run of the a ¼ 0:5,
Re ¼ 50 000 case. Video has been captured statically in Fig. 5, which
presents the region of energized ﬂuid around the sphere at three
instances in time (Multimedia view). For brevity, snapshots of the ﬁve
other cases have been omitted. As described conceptually in Fig. 2, the
energized mass evolves from a near-symmetric volume around the
body before stretching downstream as the wake develops. Note how
the energized mass upstream of the sphere ﬂuctuates little during
translation, maintaining a hemispherical topology while the ﬁeld aft
transforms throughout the motion. Post-acceleration, the development
of the energized-mass volume is only dependent upon changes in the
shear layer, evident in the following energy histories.
The time trace of the ﬂuid kinetic energy
Ð Ð Ð is2 shown in2 Figs. 6(a)
v dV=Vb Uf , where
and 6(b), normalized as KE ¼
Vb ¼ 4=3pðD=2Þ3 is the body volume. The rate of change of kinetic
energy scales with the body acceleration before converging to a rate of
change dependent upon Reynolds number. However, the time evolution of the energized mass, shown in Figs. 6(c) and 6(d), exhibits no
dependence on a before transitioning to the same Reynolds number
dependency as observed for kinetic energy. The independence from a
and Reynolds number during acceleration (s  0:5) is strongly correlated with similarities in the ﬂow topology prior to shear-layer roll up,
which occurs over a longer timescale (s > 0:5). The Reynolds-number-dependent separation point can be related to differing rates of
change of energized mass, as discussed further in Sec. IV B.
The energized-mass time history predicted by Eq. (12) for the
subcritical and supercritical cases is presented in Figs. 6(c) and 6(d),
respectively. Agreement is observed between modeled and experimentally measured energized mass, suggesting shear-layer mass ﬂux is the
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FIG. 5. Tracked particles colored by instantaneous kinetic energy normalized by body kinetic energy show the energized mass of ﬂuid growing around the sphere, shown for
Re ¼ 50, 000 with a ¼ 0:5. From left-to-right: the energized-mass volume forms around the sphere during the acceleration phase before stretching downstream as the steady
wake forms. Multimedia view: https://doi.org/10.1063/5.0040061.1

dominant mechanism by which energized mass accumulates. Due to
the acceleration-modulus independence, the energized-mass model
has only been plotted once for each Reynolds number case.
Discrepancies between model and experimental energized mass

beyond s ¼ 0:5 are attributed to the moving separation line on the
sphere. Starting from the aft stagnation point, the separation line
travels upstream to the steady-state position as the ﬂow relaxes postacceleration. The circumference of the vortex ring is time-dependent

FIG. 6. Normalized kinetic energy for (a) Re ¼ 50 000 and (b) Re ¼ 275 000. Post-acceleration convergence is observed, with a clear dependence on Reynolds number during
steady translation. Normalized energized mass for (c) Re ¼ 50 000 and (d) Re ¼ 275 000. Potential-ﬂow added mass coefﬁcient shown for reference. Energized mass collapses with acceleration modulus, but the Reynolds-number dependency remains post-acceleration. Modeled energized mass was calculated using Eq. (12) and agrees with
experimental measurements. Due to a independence, only one curve is required for the modeled results.
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as the moving separation line changes the area over which the vortex
ring can form. Separation-line motion was not accounted for in the
applied vortex-growth scheme, and as a result, the growth rate of the
energized mass was underpredicted in the post-acceleration phase.
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Further, the discrepancies seen for the supercritical case are likely a
result of the boundary-layer thickness approximation, which does not
capture the transition and growth that would be seen during the acceleration phase.

FIG. 7. Drag history for Re ¼ 50 000 [(a), (c), and (e)] and Re ¼ 275 000 [(b), (d), and (f)] cases. Agreement is observed between direct-force measurements (direct), forces
estimated using the energized-mass (EM) approach, and EM model predictions. (a) Re ¼ 50 000, a ¼ 0.5, (b) Re ¼ 275 000, a ¼ 0.5, (b) Re ¼ 275 000, a ¼ 0.5,
(d) Re ¼ 275 000, a ¼ 1, (e) Re ¼ 50 000, a ¼ 2 and (f) Re ¼ 275 000, a ¼ 2.
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To validate the energized-mass approach, ﬂuid forces were calculated using Eq. (4), as shown by the solid lines in Fig. 7. The energizedmass approach agrees well with direct force measurements, providing
a complete estimate of ﬂuid forces. Force data beyond s ¼ 1:0 has
been omitted due to experimental limitations in the optical setup.
Speciﬁcally, the current optical setup was optimized in order to extract
the accelerating phase and relaxation to steady state.
The modeled drag force time-histories, calculated using Eq. (12)
and normalized by the dynamic pressure, are presented in Fig. 7 by
the square markers and dashed lines. Again, good agreement between
the model and experiment is observed, with the same minor discrepancies as discussed prior for the energized mass predictions. Note how
the energized-mass-based model captures both the effects of acceleration and ﬂow relaxation, accounting for the timescale over which mass
ﬂows into the forming shear-layer and is advected along with the
body.
Figure 8 presents a breakdown of the total force into the contribution from each term of Eq. (4) for both subcritical and supercritical
Reynolds numbers at a ¼ 0:5. The other acceleration cases were
omitted for clarity since similar trends were observed. During the
acceleration phase, the forces due to the instantaneous energized mass
tend to be greater, while those due to the rate of change of energized
mass become more signiﬁcant as the ﬂow relaxes to steady state. In the
context of future force modeling, with body kinematics known a priori, only the energized mass itself requires prediction. Understanding
the mechanisms of energized-mass evolution provides the framework
upon which models can be constructed for other geometries.
B. Identification of wake structure using energized
mass
The dependency of energized mass on Reynolds number postacceleration is a result of the development of the shear layer and
progression to a steady wake. Video shows the evolution of the
energized-mass volume for the subcritical and supercritical Reynolds
number cases across two acceleration moduli, captured as snapshots
in Figs. 9 and 10 (Multimedia view). Figure 9 shows the sphere at
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s ¼ 0:5, where the energized-mass volumes for each case are indiscernible from each other preseparation. Post-separation, as shown in
Fig. 10, a narrowing of the wake region in the transverse-direction is
observed at the supercritical Reynolds number.
For uniform inﬂow conditions, the body drag is a direct result of
the wake topology and separation point.41 By Eq. (4), the drag is solely
proportional to the rate of change of energized mass during steady
body translation. Thus, the magnitude of separation in the wake is
directly correlated with the slope of the energized-mass history, making the geometry- and Reynolds number-dependent separation point
a key parameter in energized-mass evolution.
C. Energized mass and entrainment
Entrainment can be attributed to energized-mass growth by considering the motion of ﬂuid parcels in a Lagrangian framework. The
entrainment process has been described as a combination of smallscale “nibbling” and large-scale “entanglement,”42 where nibbling is
responsible for imparting vorticity to irrotational ﬂuid,43 while entanglement tends to dictate the overall entrainment rate by convection of
irrotational ﬂuid.44 During steady translation, as the shear layer transitions to a fully separated wake, entrainment is the mechanism by
which kinetic energy is transferred to nonenergized ﬂuid.
Rosi and Rival45 showed how a Lagrangian framework can be
used to characterize entrainment. A similar approach has been taken
here, where pathlines of the energized-mass volume have been used to
identify entrainment into the separated wake and the inﬂuence of
entrainment on energized-mass growth. In Fig. 11, ﬂuid particles have
been colored by their total path length normalized by terminal body
displacement as an assessment of the work done over the motion
(Multimedia view). There is a comparatively greater number of highly
displaced ﬂuid particles at subcritical Reynolds numbers, correlated
with the wider wake, as shown in Fig. 10.
Fluid parcels with longer paths require more work, and the particles with the longest paths tend to reside in the shear layer and recirculation zone. Multimedia view shows the majority of the highly
displaced ﬂuid parcels originating upstream of the body and being

FIG. 8. Total drag decomposed into the two contributing terms from Eq. (4) for (a) Re ¼ 50 000 and (b) Re ¼ 275 000 cases at a ¼ 0:5. The other acceleration cases have
been omitted for clarity. Instantaneous energized mass is most signiﬁcant during the acceleration phase while the rate of change of energized mass term provides a greater
contribution during relaxation to steady state.
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FIG. 9. Energized-mass ﬁelds are qualitatively similar preseparation at s ¼ 0:5 for subcritical (left) and supercritical (right) Reynolds numbers. Collapse of the energizedmass history up to s ¼ 0:5 corresponds to the similar evolution of the energized-mass volume.

entrained into the wake. The supercritical regime contains fewer
highly displaced particles since the separation point is further aft along
the surface. Fewer ﬂuid parcels interact with the wake and less work is
done. Thus, cases with a greater amount of entrained ﬂuid must also
exhibit a greater entrainment rate, as each case has translated the same
distance. Therefore, the rate of change of energized mass, and the
advection of the energized mass volume into the wake, are strongly
correlated with the entrainment rate.

V. CONCLUSIONS
The present work demonstrates the novel concept of energized
mass as an alternative framework for the modeling of forces in separated ﬂows, where traditional approaches, such as potential-ﬂow
added mass, may not apply. In order to illustrate the concept of energized mass, the ﬂow around a canonical test case, a sphere accelerated
from rest, was measured. Subcritical and supercritical Reynolds number regimes were tested, each at three acceleration moduli.

FIG. 10. As the wake relaxes to steady state at s ¼ 1:5, a relative narrowing of the energized-mass volume is observed for supercritical Reynolds numbers, corresponding to
the slopes of the respective energized-mass histories. Multimedia view: https://doi.org/10.1063/5.0040061.2
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FIG. 11. Particles colored by normalized path length at subcritical and supercritical Reynolds numbers for a ¼ 0:5, at two sphere positions. At Re ¼ 50 000, a greater number
of highly displaced particles (dark red) are visible in the wake, corresponding to the wider energized-mass wake shown in Fig. 10. Multimedia view: https://doi.org/10.1063/
5.0040061.3

Instantaneous ﬂuid forces estimated using the energized-mass
approach exhibited good agreement with direct force measurements,
validating the method for the selected test case. Thus, the energizedmass approach provides a force estimation technique that does not
require pressure estimation or vortex identiﬁcation strategies.
Energized-mass growth, and thus the force response, was shown to be
strongly correlated with the evolution of the shear layer, exempliﬁed
on the sphere by the effect of separation point location on the rate of
change of energized mass. Pathlines of the energized-mass volume
showed how ﬂuid parcels upstream of the body were entrained into
the wake at a rate dependent on the Reynolds number, increasing the
ﬂuid displacement and total energized mass.
Within the energized-mass framework, a low-order force
model was developed for the sphere test case using only kinematics, Reynolds number, and geometry-based inputs. Instantaneous
energized mass was predicted based upon a shear-layer feeding
approach, accumulating energized mass in a forming vortex ring.
Modeled energized mass and forces agreed well with measurements, suggesting energized mass is predicted well via shear-layer
mass ﬂux, correlating to experimental observations. The Reynoldsnumber-dependent boundary layer thickness was a key parameter
in energized-mass growth as a result of its control over the mass
available to the forming vortex ring. Therefore, energized-mass
growth is dictated by parameters inherent to geometry, Reynolds
number, and kinematics, thus providing a robust framework for
low-order force modeling.
Going forward, the modeling approach may be adapted to other
bodies and motions through consideration of shear-layer evolution.
With the aim of applying the energized-mass framework to more
complex systems, additional studies may be required to identify key
model parameters for more complex geometries or three-dimensional
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ﬂows. With an estimate of boundary-layer thickness and vortex volume, both dependent upon features of the body geometry, the energized mass and thus, the associated forces, can be modeled
accordingly.
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APPENDIX: DERIVATION OF ENERGIZED-MASS
FORCE
Beginning from Eq. (2),
d @T @T
1 d @me 2

¼Fþ
U
dt @ q_j @qj
2 dt @ q_j

!


1 @me 2
U;
2 @qj

(A1)

the energized-mass-based deﬁnition of kinetic energy, T ¼ 12 me U2 ,
is substituted in and terms are expanded to obtain
1d
@U2
me
2 dt
@ q_j

!
þ

1 d @me 2
U
2 dt @ q_j

1 d @me 2
¼Fþ
U
2 dt @ q_j

!


!


1 @me 2 1 @U2
U  me
2 @qj
2
@qj

1 @me 2
U:
2 @qj

(A2)
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Setting the generalized coordinate, qj, to body position and recognizing q_ j is the body velocity, allows for expansion of the ﬁrst term
of Eq. (A2) by evaluation of the time derivative:
!
1
d
@m
1 @me 2 1 @U2
e
2
U 
U  me
m_ e U þ me U_ þ
2 dt @ q_j
2 @qj
2
@qj
!
1 d @me 2
1 @me 2
¼Fþ
U 
U:
(A3)
2 dt @ q_j
2 @qj
Now, Eq. (A3) can be evaluated for the case of the translating
sphere, with the generalized coordinate set to body position, P, and
executing the remaining derivatives. With this we obtain Eq. (4):
_
F ¼ m_ e U þ me U:

(A4)
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