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Abstract 
This study demonstrates the feasibility of characterizing small-scale flow dynamics using path-specific Particle Residence 
Time (PRT). PRT, defined as the time a parcel of fluid spends in a region of interest, is a clear indicator of stagnation and 
recirculation. To test the concept, two-dimensional particle tracking velocimetry is used to measure a laminar separation bub-
ble (LSB) on the suction side of an SD7003 airfoil at Re = 60, 000 . Extended pathlines are calculated from the Lagrangian 
data such that fluid parcels entering the region of interest are tracked continuously. PRT is then directly calculated and used 
to quantify the entrainment process across the LSB. Using convential Eulerian quantities, the flow field around the LSB is 
divided into outer (free stream) and inner layers—separated by the local minimum velocity magnitude line. Entrainment, 
initiated by the formation of vortices near the reattachment point, is quantified according to the trajectories of fluid parcels 
crossing into the inner flow layer. The PRT values of entrained fluid parcels are significantly increased compared to the bulk 
flow. Variations of the mean PRT of entrained fluid reveal unsteady features, including the transition and reattachment of 
the LSB. The path-dependent indicators of separation, transition and reattachment are shown to closely agree with Eulerian-
based benchmark measurements.
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1 Introduction

A fluid parcel’s motion is inherently unstable owing to its 
sensitivity to local perturbations. As a result, directly map-
ping the trajectory of individual fluid parcels generates poor 
results (Haller 2015). The majority of current Lagrangian 
measurements feature fluid motion using Lagrangian coher-
ent structures (LCSs); see Shadden et al. (2006); Green et al. 
(2007); Mundel et al. (2014); Haller (2015). LCSs are usu-
ally defined as ridges in a finite time Lyapunov exponent 
(FTLE) field, which represent the regions of greatest attrac-
tion, repulsion, or shearing. However, FTLE fields do not 
contain information describing the time history of individual 
fluid trajectories. Inspired by flow-map compilation tech-
niques (Brunton and Rowley 2010; Raben et al. 2014), Rosi 
and Rival (2018) developed an algorithm to extend short 
Lagrangian pathlines beyond their original measured length. 
The history of path-dependent flow quantities can be tracked 
along the extended pathlines, which is particularly useful 
when investigating problems where the source of a fluid 
track is required. For instance, Rosi and Rival (2018) char-
acterized the entrainment in a vortex ring behind an accel-
erating circular plate by categorizing the fluid parcels based 
on their source of enstrophy. In a similar fashion, Zhang 
et al. (2019) revealed vortex-ring-induced mass transport by 
directly mapping fluid parcels according to their origins and 
interactions with the near-wall region.

Jeronimo et al. (2019) further extended this work to 
directly measure Particle Residence Time (PRT) by tag-
ging fluid parcels over long trajectories. PRT is defined as 
the length of time a fluid parcel remains within a region 
of interest and is extracted directly from a fluid parcel’s 
path length, as illustrated in Fig. 1. This path-dependent 
quantity is an integration over time of fluid parcels in a 
given flow region, and thus is insensitive to fluctuations in 
the Lagrangian data. Other flow quantities, like enstrophy 
and LCSs, are typically more sensitive and, additionally, 
have strict requirements regarding the original Lagrangian 
data, such as particle density and pathline length (see Rosi 
et al. (2015)), which in turn can only be met using sophis-
ticated measurement techniques such as Shake-The-Box 
(STB); see Schanz et al. (2016). In contrast, direct meas-
urement of PRT can be achieved via two-dimensional par-
ticle tracking velocimetry (2D-PTV) with proper control 
of the particle density. This makes the PRT measurement 
applicable to a wide range of flows that are not amenable 
to three-dimensional PTV or STB. For example, Jeronimo 
(2020) successfully applied direct PRT measurements 
using ultrasound-based echo-Lagrangian particle tracking 
to quantity flows through a generic stenosis model.

PRT has historically been an invaluable tool in hemo-
dynamics studies due to its ability to highlight regions of 

recirculation and stagnation within a fluid flow. Consid-
ered an important variable in cardiovascular flows, PRT 
is widely applied in diseased arterial flows to indicate the 
influence of biochemical transport on thrombogenesis and 
atherosclerosis (Tambasco and Steinman 2003; Rayz et al. 
2010; Suh et al. 2011; Reza and Arzani 2019). Residence 
time is also a critical quantity in environmental flows and 
various industrial applications. The residence time of dis-
solved or suspended materials is recorded to monitor the 
level of eutrophication and water quality in estuaries and 
coastal seas (Meyers and Luther 2008; Liu et al. 2011; 
Defne and Ganju 2015). Furthermore, the control of PRT 
is instrumental to the operation of internal combustion 
engines (Hardalupas et  al. 1992), dryers (Alvarez and 
Shene 1994) and gasification equipment (Hernández et al. 
2010). While PRT can be applied to any recirculating flow 
with a wide range of scales, from ocean currents to arterial 
flows, a Lagrangian approach to elucidate entrainment in 
separated flows using PRT has not yet been explored.

The objective of the current study is, thus, to demonstrate 
the feasibility of direct Lagrangian PRT measurements to 
elucidate entrainment in flow separation processes. As a 
test case, path-dependent PRT was measured across a lami-
nar separation bubble over an SD7003 airfoil. LSB exist at 
Reynolds numbers of O(104−106) and are rich in complex 
flow structures, including laminar layer separation, transi-
tion to turbulence, and reattachment (Gaster 1967). These 
flow structures elicit a broad distribution of residence times. 
2D-PTV is used to generate a Lagrangian dataset around 
the LSB and, using an experimental PRT measurement 
technique (Jeronimo et al. 2019), path-specific PRT is cal-
culated along each fluid parcel’s trajectory. Characteristic 
processes of the LSB are then revealed by variations in the 
calculated PRT values. Section 2 details the 2D-PTV setup 
and the methods used to process Lagrangian data, including 

Fig. 1  The pathline of a fluid parcel is drawn for its movement across 
the surface of an airfoil from the moment it enters the measure-
ment domain (dashed box) at t1 and until it exits at t

n
 . The pathline 

is colored according to its growing Particle Residence Time (PRT), 
which describes the length of time the fluid parcel has spent in the 
domain. In this study, PRT = t

n
− t1 is extracted directly from the 

each individual pathline and then used to characterize entrainment 
across a laminar separation bubble (LSB)
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pathline extension and PRT calculation. In Sect.  3, the LSB 
processes obtained from the bulk PRT value are illustrated 
and compared to conventional Eulerian results.

2  Experimental method

This section outlines the experimental facility used to inves-
tigate entrainment dynamics from a Lagrangian perspective. 
In Sect.  2.1, an airfoil setup and imaging equipment used to 
track fluid parcels across a LSB are described. Section 2.2 
then demonstrates how short fluid pathlines are extended to 
reveal their entire trajectory. The PRT of each fluid parcel is 
then directly extracted from the pathlines.

2.1  Experimental setup

An LSB was created by towing an SD7003 airfoil through 
a water-filled, optical towing tank with dimensions of 
1 m × 1 m × 15 m , as depicted in Fig.  2. The airfoil 
model, with a chord length of c = 20 cm, was mounted at 
an angle of attack of 8◦ and towed at a constant speed of 
Uc = 0.3 m/s. Based on chord length, the Reynolds number 
was Re = 60, 000 . The transitional separation bubble over an 
SD7003 airfoil has been well documented (Burgmann et al. 
2008; Zhang et al. 2008; Hain et al. 2009; Nati et al. 2015). 
In the current study, roll-up of the laminar shear layer in the 
reattachment region of the LSB generates a quasi-periodic, 
two-dimensional vortex (Hain et al. 2009). The two-dimen-
sional vortex will eventually shed and drift downstream, and 

undergo three-dimensional breakdown to turbulence. The 
vortex evolution process creates a wide range of residence 
times and is the ideal test case for the current study.

Particle-tracking velocimetry measurements were per-
formed using a Photron SAZ camera at 4000 Hz at full 
resolution of 1024 × 1024 pixels. The high-speed cam-
era was fitted with a Sigma lens with a focal length of 
150 mm and a minimum f-number of 2.8. Illumination 
was provided by a high-speed laser (Photonics DM40-
527), and the light sheet was positioned 25 cm from the 
tank wall. Specifically, the output energy was 17 mJ/pulse 
at a 4000 Hz repetition rate. The tank was seeded with 
neutrally buoyant fluorescent particles (Cospheric FMR-
1.3, particle size 1 − 5μ).The tracers fluoresce at a peak 
wavelength of 605 nm, producing red light. A long-pass 
filter is used to allow the transmission of fluorescent 
light and to prevent the scattering of light from the air-
foil surface. The field of view (FOV) for the measurement 
was 28 × 28 mm ( 0.14 c × 0.14 c ), and the scan distance 
was 160 mm ( 0.8 c ) long (Fig. 2b). PTV measurements 
were recorded and repeated 50 times. The raw images 
were imported into Davis 8.4.1 (LaVision) and processed 
using the time-series PTV tracking algorithm. Particle 
images detected at each time step are directly matched 
from frame-to-frame and connected to form tracks that 
contain the time-resolved position and velocity of every 
detected tracer. When matching particles, each displace-
ment vector that represents a single time-step is limited to 
an allowable velocity range and checked against its neigh-
bors (within a 20 pixel radius) for spatial coherence. The 

Fig. 2  a Experimental setup in the towing tank and PTV measure-
ment system. A laminar separation bubble is generated by towing an 
SD7003 at 8◦ and Re = 60, 000 . The dynamics of the LSB are cap-
tured with 2D-PTV measurements. The high-speed laser and camera 
are kept stationary and create an extended scan of flow fields over 
the SD7003 airfoil as the model is towed through the field of view 

(FOV). b Schematic of the measurement FOV and scanning distance 
for the PTV measurements. The image domain of the PTV system 
has a width of 0.14 c and a scanning distance of 0.8 c . The scanning 
area is large enough to capture unsteady reattachment of the LSB, and 
the generation and shedding of vortices
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complete tracks are filtered a final time to ensure consec-
utive displacements do not differ by more than 50%; i.e., 
the maximum relative acceleration is dV∕V = 0.5 , where 
V is some displacement and dV is the difference between 
that displacement and the following one. The resulting 
pathlines are short but contain the position and velocity 
data of each detected tracer particle. The velocity data 
are not required for PRT measurements, but it is further 
processed to generate a set of Eulerian flow fields to be 
used as a benchmark reference case.

2.2  Pathline extension and PRT calculation

The time-resolved history of each tracer particle was then 
revealed by extending the short pathlines produced by 
PTV tracking beyond their measured length. The pathline 
extension method employed here is described in Rosi and 
Rival (2018) and based on flow-map compilation tech-
niques (Brunton and Rowley 2010; Raben et al. 2014). 
For each time step, forwards and backwards, a flow map is 
fit to the relevant measured Lagrangian particle displace-
ments using a locally weighted, scatter-plot smoothing 
algorithm (LOWESS within MATLAB 2018a). Forwards- 
and backwards-time flow maps are surface-fit functions 
describing the displacement a fluid parcel will experience 
at any position within the measurement domain. The flow 
maps were fit using measured particle displacements: for 
each known displacement the surface was fit by consider-
ing the displacement of the nearest 1.2% of detected trac-
ers at that time step, weighted by their distance from the 
original. The span of 1.2% corresponds to approximately 
20 neighboring particles and an effective search radius of 
0.006 c . The span was carefully chosen; too low and the 
flow-map surface is spikey and extended motion becomes 
erratic, while a large span smooths out physics. As a result, 
flow features smaller than 0.012 c are lost during path-
line extension. This loss was deemed acceptable for this 
study, which is not concerned with the small-scale dynam-
ics of the system. Using the flow maps, each pathline was 
extended from its measured length back to its source and 
forwards to its terminal position within the measurement 
domain. As introduced by Jeronimo et al. (2019), PRT 
relates directly to the length of each particle’s trajectory 
and can be directly extracted from the extended pathlines, 
as depicted in Fig. 1. PRT depends on a particle’s transit 
time, not on its position, and, hence, is not affected by 
the small-scale smoothing introduced by pathline exten-
sion – particularly when statistically averaging PRT, as 
described in Sect. 3.3. The trajectory and PRT of each 
fluid parcel can then be used to categorize each pathline 
and illustrate the complex dynamics of the LSB including 
the entrainment process itself.

3  Results and discussion

The following sections outline the use of path-specific 
PRT to characterize entrainment across a LSB and to com-
pare the results to reference measurements. In Sect. 3.1, 
velocity fields interpolated from PTV measurements are 
processed to provide benchmark measurements describ-
ing the characteristic dynamics of the LSB. In Sect. 3.2, 
extended particle tracks are categorized depending on their 
trajectory and whether they are entrained into the inner 
flow layer. The PRT value of the entrained and unentrained 
fluid parcels is presented in Sect. 3.3 and differences in the 
PRT values are shown to reveal separation, transition and 
reattachment within the LSB.

3.1  Eulerian flow field

Figure 3 shows instantaneous velocity fields that capture 
the dynamics of a laminar separation bubble on the suc-
tion side of an SD7003 airfoil, measured using 2D-PTV. 
The (x,y) coordinates are normalized by the chord length 
of the airfoil and denote the streamwise and vertical direc-
tions, respectively. An average of 1200 fluid parcels were 
tracked at each time step and produced pathlines with a 
mean length of four time steps. The origin (0, 0) of the 
field is located at the leading edge of the airfoil, and the 
velocity is normalized by the towing speed, u∗ = u∕Uc . 
The recording time, t, is normalized by the towing speed 
and the chord length of the airfoil, t∗ = tUc∕c . In Fig. 3a 
flow is still attached to the leading edge of the airfoil. A 
region of retrograde flow (blue vectors) reveals flow sepa-
ration near x∕c = 0.05 (Fig. 3b). Subsequently, an elon-
gated recirculation layer and the formation of a vortex are 
observed at the backside of the laminar separation bubble 
in Fig.3c. The vortex then sheds from the laminar sepa-
ration bubble and passes along the length of the airfoil, 
as shown in Fig. 3d. The phenomena observed in Fig. 3, 
including the formation of a large recirculation region and 
vortex, are well-documented for the selected airfoil and 
angle of attack (Ol et al. 2005; Hain et al. 2009).

By interpolating the instantaneous PTV tracking results 
onto a rectilinear grid with a spacing of x∕c = 0.0025 , the 
mean velocity and Reynolds stresses were calculated using 
an ensemble-average of 50 experiments. Figure 4a displays 
the normalized, streamwise, Eulerian velocity field, plot-
ted on the same coordinate system as Fig. 3. The separa-
tion point, xs = 0.05 c , is defined as the location where 
the near-wall mean velocity is U∗ = 0 . Due to the vor-
tices formed at the backside of the laminar separation 
bubble (illustrated in Fig. 3d), the length of the bubble 
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is not constant, i.e., the reattachment point fluctuates up- 
and downstream along the airfoil. Following the method 
described in Ol et al. (2005), the reattachment point can 
be defined as the location where the near-wall velocity 
magnitude increases. The reattachment length for the cur-
rent study is xr = 0.22 c . Figure  4(b) shows the distribu-
tion of Reynolds stresses, where values of −u�v�∗ < −0.001 
are shown—values above this threshold are assumed to be 
laminar. The transition point, where the Reynolds stress 
begins to increase, is easily identified as xt = 0.146 c . Note 
that the peak Reynolds stress observed in Fig.   4(b) is 
caused by the onset of vortex shedding.

3.2  Categorizing particle tracks

The separation, transition and reattachment points measured 
from the interpolated Eulerian velocity fields closely match 
existing experimental results (Ol et al. 2005). However, 
Eulerian field measurements, like those shown in Fig. 4a, b, 
are unable to reveal interactions between the laminar sepa-
ration bubble and the bulk free-stream flow. Instead, new 
Lagrangian measurement techniques (Rosi and Rival 2018; 
Jeronimo et al. 2019) that reveal the unique trajectory of 
each fluid parcel must be implemented to highlight entrain-
ment initiated by the LSB. First, the flow field was sepa-
rated into inner and outer layers according to the minimum 
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Fig. 3  Instantaneous tracer position and velocities along the length 
of an SD7003 airfoil captured using 2D-PTV measurements. Follow-
ing separation, a relatively long LSB ( L∕c ∼ 0.2 ) is observed. Further 
downstream, quasi-periodic roll-up of the shear layer and vortex for-

mation occur near the reattachment region. As a result, the instanta-
neous reattachment point fluctuates and the separation length is not 
constant
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velocity magnitude line shown in Fig.   5. For the range 
0.05 < x∕c < 0.15 , the separation line follows the centreline 
of the thin shear layer that divides the outer laminar layer 
from the recirculation region. Further downstream, where 
vortex roll-up occurs, the minimum velocity magnitude line 
represents the mean vortex core trajectory of the shedding 
vortices formed at the backside of the LSB. The separa-
tion line will be used to identify entrained fluid parcels. The 
region of interest used in this study was selected to ensure 

that the entire vortex could be observed during the experi-
ments, whilst avoiding 3D instabilities that were seen to 
initiate at x∕c = 0.35 . As a result, the measurement domain 
ranges from 0 < x∕c < 0.35 and −0.02 < y∕c < 0.08 , as 
shown in Fig. 5.

Using the pathline extension method described in 
Sect.  2.2, the pathlines of each fluid parcel that entered 
the domain were extended forwards until they convected 
out of the region of interest or crossed the boundary of the 
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(a) Ensemble-averaged velocity field
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Fig. 4  a An ensemble-averaged Eulerian velocity field reveals sepa-
ration and reattachment points of the LSB ( x

s
= 0.05 c, x

r
= 0.22 c ) 

using local minimum velocity magnitudes. b Reynolds stress is plot-

ted for −u�v�∗ < −0.001 and the transition point ( x
t
= 0.146 c ) is 

identified as the point where u′v′ begins to increase

Fig. 5  Schematic of the extended pathlines and minimum velocity 
magnitude line that is used to identify entrained fluid. Extended tra-
jectories that begin within the designated entrance region are colored 
according to their interaction with the inner flow layer. Unentrained 
(red) fluid parcels remain in the outer flow layer, while entrained fluid 

(blue) crosses the minimum velocity magnitude line into the inner 
flow layer. The dashed green box represents the field of view (FOV) 
at a given scanning time step, t = t

i
 . The pathline extension calcula-

tion was limited to x∕c < 0.35 , where the shedding vortex was still 
two dimensional
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measurement window at the current time step (dashed green 
window in Fig.  5). The pathlines are sorted into two catego-
ries: entrained and unentrained. Referring to Fig. 5, red fluid 
parcels are those that enter the domain within the entrance 
region (red dash box in Fig. 5) and remain in the outer flow 
layer—this fluid is considered unentrained. Blue fluid par-
cels also enter the field of interest within the entrance region, 
but are entrained into the inner flow layer at some point after 
separation occurs. Figure 6a shows that both the red and blue 
parcels follow the minimum velocity magnitude line before 
the transition point ( xt = 0.146 c ). This behavior signifies 
that the shear layer remains stable in the laminar region, 

and thus continues to divide the laminar separation bub-
ble from the free-stream flow. Consequently, no interaction 
between the two flow layers is observed prior to transition. 
In Fig. 6b, the inner and outer flow layers begin to interact 
and the entrained particles cross the separation line near the 
reattachment point. Subsequently, Fig. 6c, d show that the 
roll-up of entrained fluid into a vortex as more and more blue 
fluid parcels enter the inner flow layer. The entrained fluid 
is then propagated downstream by shedding vortices, such 
that no apparent reverse flow layer is observed. The particle 
trajectories depicted in Fig. 6 demonstrate that entrainment 
caused by the LSB is initiated by the first vortex generated 

Fig. 6  Instantaneous fluid 
parcel locations at four time 
steps. (a) Initially, all particles 
remain in outer flow layer. (b) 
Fluid entrainment (blue tracers) 
is initiated by (c) the formation 
of vortex near the reattach-
ment point of the LSB and (d) 
is enhanced as the vortex drift 
downstream. The dashed line 
represents the separation line 
between the inner and outer 
flow layers
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near the reattachment point and further enhanced by the 
spreading of this shedding vortex.

3.3  PRT across the LSB

The Particle Residence Time of each fluid parcel is calcu-
lated using the method developed by Jeronimo et al. (2019). 
The amount of time ( tp ) each fluid parcel remains in the 
region of interest is normalized by the chord length and tow-
ing speed of the airfoil such that PRT = tpUc∕c . The PRT of 
a fluid parcel is a fixed value that directly correlates with the 
defined region of interest and the parcel’s trajectory through 
it. The scatter plots in Fig.  7 show the motion of tracked 

fluid parcels colored by PRT. Figure 7a reveals the source 
of high- and low-PRT fluid, alike, as well as a monotonic 
decrease in PRT with initial y position. The highest PRT 
fluid occupies the region that is closest to the laminar sepa-
ration bubble. The thin layer of high-PRT fluid parcels are 
the same parcels that were categorized as entrained fluid and 
colored blue in Fig.  6. As shown in Fig. 7b–d, the high-PRT 
fluid is indeed entrained into the inner layer and composes 
the shedding vortex. In effect, entrainment significantly 
increases PRT.

To identify the characteristic processes of the LSB, such 
as locating the transition and reattachment points, the PRT 
of unentrained and entrained fluid is averaged within the 

Fig. 7  Instantaneous fluid par-
cel locations at four time steps 
colored by their PRT. Fluid 
parcels with the highest PRT 
values are seen to entrain into 
the inner layer and are involved 
in the roll-up and shedding of 
vortices. Entrainment is respon-
sible for dramatically increasing 
PRT
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sub-regions along the length of the airfoil. Fig. 8 shows the 
mean PRT plotted against x/c for the two fluid categories. 
Each data point represents the mean PRT in a given sub-
region (green boxes in Fig. 8) and is averaged across 15 
independent runs. The sub-region has a width of x∕c = 0.05 
and is scanned across the range 0 < x∕c < 0.35 with 80% 
overlap. The unentrained PRT (red markers) is relatively 
constant across the measurement domain: The free-stream 
flow has no dramatic effect on PRT and any variance is 
inversely proportional to the mean velocity of the outer layer 
flow. The mean PRT values of the entrained fluid parcels 
(blue markers), however, gradually increase from x∕c = 0 
to x∕c = 0.16 , before sharply rising.

For a LSB, transition is initiated by the roll-up of the lam-
inar shear layer and is enhanced by the subsequent forma-
tion of a vortex. Figure 7 demonstrates that vortex formation 
significantly increased PRT and thus, a sudden increase of 
the local mean PRT can be considered an indicator of transi-
tion. Transition, according to the sharp increase in the mean 
PRT of entrained fluid, begins at xt = 0.16 c in Fig. 8, which 
closely matches the transition point obtained from the Reyn-
olds stress field, xt = 0.146 c (see Fig. 4b). As described in 
Sect.  2.2, flow features smaller than 0.012 c cannot be rep-
resented by the pathline extension algorithm, such that the 
initial roll-up of the laminar shear layer is captured by the 
following PRT calculation. Therefore, the transition point 
indicated in Fig. 8 is larger than the transition point from the 
Reynolds stress field. The accuracy of the PRT measurement 
could be improved using the advanced particle-tracking 
techniques (e.g., Shake-The-Box; see Schanz et al. (2016)), 
which could significantly increase the particle image den-
sity of the measurement. Following transition, vortex growth 

entrains fluid and steadily increases the mean PRT. When 
reattachment of the LSB occurs, vortex growth is interrupted 
and the mean PRT peaks and then decreases as the bulk flow 
reattaches to the airfoil. The reattachment point, according to 
the mean entrained PRT and Fig.  7, appears at x∕c = 0.23 . 
The Eulerian velocity field presented in Fig. 4a showed the 
LSB reattaching at x∕c = 0.22 . Lagrangian measurements 
of entrained fluid and its associated PRT reveal the transi-
tion and reattachment of a LSB, and identify the transition 
and reattachment points in close agreement with Eulerian 
reference values.

4  Conclusions

The current study demonstrates the use of a direct Lagran-
gian method to characterize entrainment in flow separation 
via path-specific Particle Residence Time (PRT). PRT is 
defined as the time a fluid parcel spends in a region of inter-
est, and highlights regions of high shear, recirculation and 
stagnation. By tracking fluid parcels and extracting their 
PRT, entrained fluid is used to identify separation, transi-
tion and reattachment points. A laminar separation bubble 
over an SD7003 airfoil is selected as a test case to explore 
the capabilities of the method. 2D-PTV measurements were 
performed to generate flow maps near the laminar separa-
tion bubble. Eulerian flow fields derived from the flow maps 
provide benchmark information used to characterize LSB 
dynamics, which include separation, transition and reattach-
ment, as well as vortex formation and evolution. Pathlines 
are extended to reveal their entire trajectory, and can be used 
to isolate entrained fluid from the outer flow. The length of 
each pathline is used to calculate PRT and streamwise varia-
tions in the PRT of entrained fluid parcels accurately predict 
the transition and reattachment points of the LSB. The key 
points can be summarized as follows.

To start, an SD7003 airfoil, towed at an angle of attack 
of 8◦ and Reynolds number of Re = 60, 000 , generates a 
laminar separation bubble on the suction side of the airfoil. 
Using 2D-PTV, short pathlines describing the fluid motion 
around the LSB are measured. By extending these pathlines, 
following a method described by Rosi and Rival (2018), the 
trajectory of each flow tracer can be drawn from its source 
to terminus. A line of minimum velocity magnitude sepa-
rates the inner and outer flow layers over the surface of the 
airfoil, and is used to categorize LSB-induced entrainment: 
Fluid that crosses from the outer layer to the inner is consid-
ered entrained, while fluid that remains in the outer layer is 
unentrained. The extended pathlines reveal that the LSB is 
isolated from the outer flow layer in the laminar flow range, 
and entrainment into the inner layer is initiated and enhanced 
by the formation of vortices near the reattachment point.

Fig. 8  The mean PRT of unentrained (red markers) and entrained 
(blue markers) fluid is calculated in a sub-region (green box) that is 
scanned across the domain from x∕c = 0 to x∕c = 0.35 . The unen-
trained PRT is relatively constant over the range, but the entrained 
fluid changes significantly and reveals the transition ( x

t
 ) and reattach-

ment ( x
r
 ) points
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Subsequently, the PRT of the entrained and unentrained 
fluid parcels is directly extracted from the extended path-
lines (Jeronimo et al. 2019). The PRT of the entrained 
fluid parcels is found to be significantly higher than that 
of the unentrained parcels. Mean PRT values for the 
entrained fluid are calculated within narrow sub-regions 
( 0.05 c wide) to reveal mean PRT variance along the air-
foil. Transition is seen to begin at xt = 0.16 c , where the 
mean PRT suddenly rises, and the subsequent inflection 
point ( xr = 0.23 c ) corresponds to flow reattachment. This 
PRT-based method is validated by comparing to Eulerian 
reference measurements. Using the same Lagrangian data, 
Eulerian mean velocity and Reynolds stress fields are cal-
culated and used to predict transition at xt = 0.146 c and 
reattachment at xr = 0.22 c , which closely match the PRT-
based results.

The ability to directly extract the dynamics of entrain-
ment using PRT measurements, as demonstrated here, will 
provide novel insight to a wide range of applications. The 
method is inherently suited to lifting surfaces or bluff bod-
ies with transitional boundary layers, such as on unmanned 
aerial vehicles (Michelson 2010). As a means of identifying 
mixing and mass transport, path-specific PRT can be used to 
evaluate the film cooling efficiency of turbine blades (John-
son et al. 2014). This efficiency is particularly useful when 
evaluating methods of mixing enhancement, such as dimpled 
surfaces and shaped hole designs (Zhou and Hu 2016; Zhou 
et al. 2016, 2019). The authors foresee the current method 
being applied to many other challenging flows that feature 
separation, recirculation or mixing regions.
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