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ABSTRACT
For a broad range of aerodynamic bodies, vortex structures arising from perturbations such as gusts cause characteristic surface pressure
signatures that are coupled to the observed aerodynamic loads. The present study evaluates the extent to which sparsely measured pressure
signatures can be used to identify the spatio-temporal evolution of vortex structures and, specifically, their relationship to the bulk aerody-
namic loads. A non-slender delta wing experiencing axial and vertical gusts under various initial stall conditions is selected as a test case.
Time-resolved loads, distributed surface pressures, and time-resolved flow fields (particle image velocimetry) are collected for a wide range of
parameters in a towing-tank facility. By linearly mapping the sparse pressure data to the aerodynamic loads, the spatio-temporal relation of
loads and pressure can be extracted. The static mapping coefficients are determined through linear regression at each incidence angle as well
as for an angle-independent (aggregate) case. Despite slightly larger errors when compared to the angle-specific fits, the aggregate method
maintains a good fit quality over all angles of attack and thereby provides a robust pressure-load mapping. Thus, the existence of a common
mechanism across gusts and angles of attack is identified despite the stark differences in flow conditions, i.e., light vs deep dynamic stall.
In addition, the lasso regularization used in the study provides valuable insight into sensor reduction. The distribution of fewer regression
predictors indicates specific pressure ports that capture the footprint of dominant flow features and thereby suggest sensitive locations for
future clusters of sensors.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0025860., s

I. INTRODUCTION

Advances in the optimization of sparse sensors have played a
central role in robust flight stabilization and maneuverability.1 Signif-
icant progress has been made in low-order aerodynamic load estima-
tion, but the evaluation of unsteady response on three-dimensional
planforms, using reduced-order modeling approaches, remains as
a major challenge. Some analyses have focused largely on using
reduced-order modeling approaches to examine the steady aerody-
namic loads.2 More recent works, however, focus on unsteady fluid
flows.3–6 Hemati, Dawson, and Rowley4 formulated a parameter-
varying low-order model to approximate the lift, drag, and pitching-
moment response of an airfoil to arbitrarily prescribed aggressive
ramp-hold pitching kinematics. Loiseau, Noack, and Brunton5 devel-
oped a general dynamic reduced-order modeling framework for

unsteady fluid flows that yields accurate nonlinear models and insight
into relevant flow structures. However, current dynamic models and
estimation strategies only focus on two-dimensional profiles at low
Reynolds numbers. Although such reduced-order models can pro-
vide important information about the structure and dynamics of
a vortex-dominated wake and the loads that are produced, three-
dimensional planforms can—and often do—represent greater com-
plexity through rich separation processes. A prominent example is
the non-slender delta wing, which is the test case under consideration
in the present manuscript. Due to vortex breakdown and dynamic
separation on non-slender delta wings, the unsteady aerodynamic
forces and moments cannot be accurately predicted by present the-
oretical models.7 It is hypothesized that surface pressure data are
necessary and, to a large extent, sufficient for establishing a successful
estimate of such unsteady aerodynamic loads.
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The identification of the dominant aerodynamic loads via a
sparse set of measurements (e.g., the implementation of strain sen-
sors throughout the aircraft structure) would be the first step for
next-generation control strategies.8,9 The minimum number and
specific location of the sparse measurements can have a signifi-
cant effect on the reconstruction of the reduced-order aerodynamic
system.10,11

Thus, the prediction of gust loads via distributed sensors is of
considerable interest. Adjacent to the interest in distributed sensors
is the importance of the relationship between surface pressure, aero-
dynamic loads, and flow topology. Recently, Le Provost et al.12,13

considered a rolling non-slender swept wing. They were able to cou-
ple empirical surface pressure with an extended Goman–Khrabrov
model to capture the fluctuating roll moment experienced by the
wing. While the model was found to be accurate for small inci-
dence angles (α < 10○), the separated flow at higher angles hindered
the accuracy of the predictive model. By additionally considering
the separated and vortex-dominated nature of such flows, it may
be possible to offer insight into complex unsteady events such as
gusts.

In the case of accelerating spheres, Fernando et al.14 identified
that the trailing vortex ring delayed flow separation, resulting in a
decrease in the separation region. Marzanek and Rival15 extended
these conclusions to non-slender swept wings for axial gusts and
concluded that the separation line moving downstream contributed
to increased lift and pitching moment. The force and surface pres-
sure results from these axial-gust cases were the genesis for the
present study. By directly mapping the surface pressure to the loads,
the present study explores to which extent it is possible to charac-
terize the system dynamics for highly separated, vortex-dominated
flows with sparse pressure measurements. In particular, the qual-
ity and load estimates from sparse pressure are assessed and the
influence of the pressure port position is discussed in detail.

Despite advancements in flight control and stabilization, the
understanding of optimized sensor placement is still far from com-
plete. Current analyses have focused largely on the optimization of
sparse sensor placement for fundamental flows such as cylinders in
cross flow. Bright, Lin, and Kutz10 reconstructed the full pressure
field and the resulting flow field around the cylinder through a data-
driven strategy from a sparse number of pressure measurements
on the cylinder. Manohar et al.11 investigated the performance of
a reduced number of sensors for the reconstruction of flows past a
stationary cylinder. Meena, Nair, and Taira16 developed a reduced-
order model from network communities to identify key interaction
dynamics in the vortex-dominated flows at low Reynolds numbers
for both the cylinder and the airfoil with a Gurney flap (Re = 100 and
Re = 1000, respectively). Recent work on a pitching flat plate demon-
strated how pressure measurements alone can accurately character-
ize separated flows by estimating the leading-edge suction param-
eter via machine-learning approaches.17 Moreover, Provost, Hou,
and Eldredge1 showed that the number of sensors needed for this
estimation can be dramatically reduced without significant loss of
accuracy.

The vortex-dominated flows generally admit recognizable pres-
sure signatures, which can be identified and mapped to the resulting
loads. If a data-driven approach is applied to the distribution of sur-
face sensors—in this case pressure, we speculate that it should be
possible to identify recurring clusters of sensors that are important

for estimating loads. The current paper aims to develop a linear
model to estimate unsteady aerodynamic responses from sparse sur-
face pressure sensors for three-dimensional planforms such as a
non-slender delta wing. At high Reynolds number, we evaluate the
extent to which flow separation may affect the robustness of a lin-
ear system approach and offer insight into sensor cluster locations
that improve predictive capabilities. To this end, the paper is struc-
tured as follows: Section II presents the data-driven process used to
obtain a linear model, first for a generic aerodynamic body and sub-
sequently for the chosen delta wing test case. Section III describes
the experimental parameters of the delta-wing test case for the axial
and vertical gusts. The results are presented Sec. IV, where the linear
models are assessed for angle-specific and angle-independent recon-
structions. Finally, Sec. V discusses key pressure ports in the context
of sensor sparsity and spatial insight into the flow.

II. LINEAR APPROACH
The aerodynamic loading on an immersed body is simply an

integral of the stresses—pressure and shear—at the body surface.
For experimental data, the natural extension of this premise is to
recover a best approximation of the forces and moments by a com-
bination of coarse point measurements at the surface. We propose
that many features observed in the loads can be recognized through
sparse point measurements at the surface. Assuming that the posi-
tions of the point measurements allow one to identify the signature
of relevant flow features, the loads could be estimated even if the
distribution of measurements is sparse. In separated flows, the loads
originating from pressure outweigh the shear stress contribution.
Therefore, in the present study, only pressure measurements are
considered.

A linear combination of the pressure time series measured
from N pressure ports. p1(t), . . ., pN (t) is considered to approximate
the time-varying pressure loads. For example, the approximated lift
coefficient, Ĉℓ(t), is given by

Ĉℓ(t) = βℓ,0 + βℓ,1p1(t) + ⋅ ⋅ ⋅ + βℓ,N pN(t), (1)

where the coefficients βℓ ,1, . . ., βℓ ,N are specific to each pressure port
and βℓ ,0 is a constant term. The linear combination for each load is
different, so the subscript ℓ in Eq. (1) denotes the associated load, i.e.
ℓ for lift, d for drag, and m for pitching moment.

Figure 1 summarizes the process and outcomes of the current
study as it pertains to the linear assumption given by Eq. (1). The
linear coefficients, βℓ ,i, are defined to be constant in time since any
temporal evolution of the loads is a result of, and completely cap-
tured by, the pressure time series. It is difficult to attribute direct
physical meaning to the coefficients, βℓ ,i. However, only the body-
specific and spatial aspects of the pressure distribution remain as the
temporal aspect of the current data is effectively decoupled. For a
known body geometry and configuration, the coefficients may offer
insight into features in the flow around the specific body shape (see
Sec. V).

A. Defining the regression
The coefficients, βℓ ,i, can be recovered from measurements

using data-driven techniques. The linear form of Eq. (1) lends
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FIG. 1. Generalizable process used toward a linear reconstruction of loads from
surface measurements such as pressure. For the current study, a non-slender
delta wing encountering gusts is used as a test case.

itself immediately to iterative linear regression, using sparse point-
measurements of pressure [pi(t)] as predictors and the real measured
loads (Cℓ, Cd, Cm) as the response. Specifically, we can define the
predictor matrix as

P =

⎡⎢⎢⎢⎢⎢⎢⎣

∣ ∣ ∣
1 p1(t) . . . pN(t)
∣ ∣ ∣

⎤⎥⎥⎥⎥⎥⎥⎦

(2)

and the response matrix for load j = {ℓ, d, m} as

Lj =

⎡⎢⎢⎢⎢⎢⎢⎣

∣
Cj(t)
∣

⎤⎥⎥⎥⎥⎥⎥⎦

. (3)

The linear regression is an optimization problem seeking to
minimize the residuals between the true response, Lj, and the

approximation from the predictors denoted as L̂j. Following from
Eq. (1), we have

Lj ≈ L̂j = PBj, (4)

where Bj is a column matrix of the coefficients, βj ,1, . . ., βj ,N . The
optimization is achieved by minimizing a cost function of the form

J(Bj) =
1

2T
((Lj − L̂j)

⊺(Lj − L̂j) + λ
N

∑
k=0
∣βj,k∣), (5)

where λ is the regularization parameter. Regularization is a tech-
nique used to reduce any spurious magnitudes in the coefficients
and is necessary to further mitigate over-fitting. We used Lasso (L1)
regression, which imposes a penalty equal to the absolute value of
the coefficients βk ,j. Lasso regression was chosen because it results
in sparse models with reduced number of active coefficients if large
values for λ are chosen. Larger λ enforce coefficient values closer to
zero, which is ideal for reducing the number of pressure ports.

From the extracted coefficients, the approximated loads, L̂j, can
be estimated using Eq. (1). The estimated values are then compared
to the true loads to assess the goodness of fit based on the root-mean-
squared error (RMSE) and adjusted coefficient of determination, R2.
RMSE and R2 are defined as follows:

RMSE =
√

1
T
(Lj − L̂j)

⊺(Lj − L̂j) (6)

and

R2 = 1 − ( T − 1
T −N

)
(Lj − L̂j)

⊺(Lj − L̂j)
(Lj − L̄j)

⊺(Lj − L̄j)
, (7)

where T is the number of points in the time series and L̄j is the mean
of Lj. RMSE is a measure of the residuals, whereas R2 assesses the
extent to which the variance is captured by the fit. The adjusted R2

used in this study corrects the coefficient of determination for the
effect of multiple predictors.

B. Process specific to the delta wing test cases
The regression is defined specific to the non-slender delta wing

cases with the following notation. For each incidence angle, α, we
denote Pα to be the T × N matrix of phase-averaged pressure
measurements and Lj ,α to be the T × 1 matrix of phase-averaged
measurements for load j = {ℓ, d, m}.

We will also consider an aggregate matrix for the pressure and
loads, respectively. Pagg and Lj ,agg arise as the concatenation of the
angle-specific matrices such that each have 3T rows,

Pagg =

⎡⎢⎢⎢⎢⎢⎢⎣

P10

P20

P30

⎤⎥⎥⎥⎥⎥⎥⎦3T×N

, Lj,agg =

⎡⎢⎢⎢⎢⎢⎢⎣

Lj,10

Lj,20

Lj,30

⎤⎥⎥⎥⎥⎥⎥⎦3T×1

. (8)

The MATLAB function fmincon is used to solve for Bj by
minimizing the cost function [J(Bj), Eq. (5)] with regularization
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parameter λ. The regularization parameter, λ, was optimized to the
value λ = 2−3 (the elbow point in the L-curve) for the experimental
test cases after conducting a sweep from λ = 2−6 to λ = 25. Larger val-
ues for λ heavily dampen any spurious regression coefficients while
reducing the goodness of fit of the resulting reconstruction. The final
value was chosen such that it had no effect on the reconstruction
while remaining as large as possible. As per convention, the pre-
dictor and response matrices are normalized such that all entries lie
between −1 and 1 when calculating the coefficients.

III. EXPERIMENTAL METHODS
Two similar, yet distinct types of gusts are investigated to

explore if and how the linear mapping changes for different test
cases. First, axial gusts as investigated by Marzanek and Rival15 are
addressed. Second, a series of vertical gusts were performed. The
present section outlines the experimental methods used to gather the
respective datasets.

A non-slender delta-wing model (with NACA 0012 cross sec-
tion) was selected as a generalized case for non-slender swept wings,
as shown in Fig. 2. The wing has a sweep angle of Λ = 45○ and a
centerspan chord of c = 0.3 m. The model was selective laser sin-
tered (SLS) printed in a nylon plastic material, allowing for internal
tubing to the pressure taps. The model’s exterior was treated with
cyanoacrylate to seal the porous material. Measurements took place
for three angles of incidence: α = 10○, 20○, and 30○.

The experiments were conducted in the 15 m-long optical
towing-tank facility at Queen’s University. The tank with a 1 × 1 m2

cross section has a ceiling to minimize free-surface effects, admitting
an opening only large enough for the sting of a motorized traverse.
The steady-state speed was set to U∞ = 1 m/s, yielding a Reynolds
number defined at the centerline chord of Re = 300 000.

A. Gust kinematics
Gusts were simulated by accelerating the wing in the stream-

wise or vertical direction so as to represent axial and vertical gust
cases, respectively. The kinematics are presented in Fig. 3. The
axial acceleration to Ufinal = 1.5 m/s is performed over distances
g∗ = sgust/c ∈ {1, 2, 3, 4, 6} (Fig. 3), as described in Marzanek and

FIG. 2. An array of 16 pressure taps span the suction side of the non-slender
delta-wing model. The load (force) sensor position is shown alongside the internal
pressure tap tubing.

FIG. 3. (a) Axial gust velocity profiles of accelerations 1 ≤ g∗ ≤ 6. (b) Vertical
gust velocity profiles where v is the vertical gust velocity and h∗ = Δh/c is the
normalized vertical displacement.

Rival.15 The vertical accelerations to simulate vertical gusts were
achieved through a linear actuator performing a plunging motion.
Leung et al.18 discuss the validity of using wing kinematics to repli-
cate the effects of a vertical gust on the body. The kinematics of
this study are within the parameter range, where the gust effects
can be simulated. The vertical motion is derived from a sinusoid
velocity profile (Fig. 3) of the form v(t) = A(1 − cos(Ωt)), as pro-
posed by Leung et al.18 The gust simulation is performed over a
fixed distance (sgust = 1.5 m) corresponding to five chord lengths
traveled (g∗ = s/c = 5). During the vertical gust, the delta-wing
model was driven by a linear actuator along the y-axis, as shown
relative to the model in Fig. 4. The gust intensity is varied via the
normalized vertical distance of travel, h∗ = Δh/c ∈ {0.25, 0.5}. Defin-
ing a reduced frequency as k = πc/sgust , the vertical motion yields
k = 0.63.

B. Loads and pressure
The aerodynamic loads were measured with an ATI Nano 25

six-component force/moment sensor mounted at the center chord
along the wing centerspan position, as presented in Fig. 2. The sen-
sor resolves forces and moments with increments of 0.125 N and
0.0015 N m, respectively.

The sparse pressure measurements are performed with 16 pres-
sure taps arranged in an array spaced 0.2c in the chordwise direction
and 0.1c in the spanwise direction (see Fig. 2). The apex port (most
central and upstream) is located 0.1c from the symmetry plane and
0.2c from the leading edge. The taps were designed based on guide-
lines found in the study of Tropea, Yarin, and Foss,19 resulting in a
tap diameter of 1.6 mm and a tap depth of 3.2 mm. Five taps were
measured simultaneously using four Omega PX409 bi-directional
differential pressure transducers and one Omega PX419 absolute
vacuum transducer. The tubing was arranged such that the differen-
tial pressure was measured between taps and the absolute pressure
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FIG. 4. Schematic of the towing-tank facility with multiple high-speed cameras and
a high-speed laser, the actuator system, and the three PIV-plane placements along
the wing span.

was measured at the first in the chain. Three groupings of taps were
used such that 14 and 15 taps (axial and vertical cases, respectively)
were measured overall. To quantify any phase lag caused by the
tubes, we measured the phase lag between the outlet and the inlet
pressure of the tubing. The results indicate that the phase lag caused
by the tubes was negligible for the cases tested in water (where phys-
ical time scales are relatively small).20 In the axial gust cases with

α = 10○, no pressure data were collected. Therefore, the α = 10○ axial
gust cases are omitted from the following results.

The loads and pressures were sampled at 1000 Hz. The time-
resolved measurements were averaged across 15 runs. A second-
order Savitzky–Golay filter was applied to each signal to smooth
vibrational noise at frequencies that are not relevant to the mean
flow behavior (>100 Hz). For the regression analysis, the datasets
were further filtered using low-pass filters at 32 Hz and 8 Hz for loads
and pressure, respectively.

C. Particle image velocimetry
To capture the fluid response to the sudden accelerations, par-

ticle image velocimetry (PIV) was applied. The PIV setup followed
the approach used by Marzanek and Rival15 for the axial gust exper-
iments. An additional experimental campaign was conducted with
a similar setup to characterize also the vertical gusts, as shown in
Fig. 4. PIV measurements were performed at three span-wise planes
located at z/c = 0.1, 0.3, and 0.5. The images were captured at 600 Hz
using two Photron FASTCAM SA4 cameras with 1024 × 1024 pixel2

resolution. The field of view was ∼0.35 × 0.35 m2, capturing slightly
more than one chord length of travel per camera. A 40 mJ/pulse
Photonics laser was used to generate the light sheet with 2 mm
thickness. To obtain a higher level of statistical convergence, all PIV
measurements were repeated 20 times and phase-averaged.

IV. LOAD ESTIMATES FROM SPARSE PRESSURE DATA
Compared to loads during steady motion, significant load vari-

ations (Cℓ, CD, and Cm) were measured for both axial and vertical

FIG. 5. Lift (Cℓ), drag (Cd ), and pitching moment (Cm) responses at three incidence angles for (a) axial and (b) vertical accelerations. Solid lines correspond to the strongest
simulated gusts, whereas dotted lines represent weaker simulated gusts.
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gusts (see Fig. 5). For the most rapid gust (g∗ = 1) at α = 30○, the axial
acceleration case shows a significant lift increase over an extended
time period. The sustained lift increase is in contrast to behav-
ior at smaller α and/or larger values of g∗, where the lift collapses
quickly. As described by Marzanek and Rival,15 the phenomenon of
sustained lift and drag following the axial g∗ = 1 gust only prevails for
the weaker g∗ ≥ 2 gusts at α = 30○, but not for α = 20○ [see Fig. 5(a)].
Similarly, the vertical gust experiments reveal a resurgence in lift,
drag, and moment following the larger h∗ = 0.5 acceleration at the
high angles, but not after the weaker h∗ = 0.25 acceleration nor for
the smaller α = 10○ case [see Fig. 5(b)]. When the wing approaches
static stall (α = 20○), the flow is susceptible to strong gusts, whereas
small angles and weak gusts result in less significant (if any) flow
separation and thus in smaller load variation. The present section
assesses the linear mapping approach of pressure to loads for strong
and weak gusts and at various incident angles (α) to investigate the
robustness of the linear mapping against drastically different loads
and flow physics.

A. Axial gusts
The mapping coefficients (Bj ,α and Bj ,agg , see Sec. II) are cal-

culated from the time-series matrices (Pα, Pagg and Lj ,α, Lj ,agg) cor-
responding to incidence angles of α = 20○ and α = 30○ and from
the aggregate matrix. In Fig. 6, the result of the reconstructions
(Ĉj) are compared to the measured forces (Cj). While the α-specific
coefficients allow for accurate approximation of the respective loads
(L̂j,α = PαBj,α), the aggregate coefficients lead to slightly larger errors
when applied to the respective cases (L̂j,agg = PαBj,agg).

To quantify the errors of the approximated loads, Fig. 7
presents RMSE and R2 [see Eqs. (6) and (7)] when applying the

FIG. 6. Approximations (Ĉℓ and Ĉd) of (a) the lift coefficient (Cℓ) and (b) the drag
coefficient (Cd ) for the g∗ = 1 axial gust at two angles of attack (20○ and 30○). The
mapping coefficients B for the approximations were either obtained for each angle
specific case (Bα, α-specific fit) or for a dataset consisting of all axial gusts (Bagg,
aggregate fit).

FIG. 7. R2 (higher is better) and RMSE (lower is better) for lift reconstruction
approximations Ĉℓ of the g∗ = 1 axial gusts applying each of the three sets of
coefficients (rows: Bagg, B20, and B30) on the three datasets (colored bars: Pagg,
P20, and P30). When considering all cases, an aggregate fit maintains lower error
and better R2 than the angle-specific fits.

different sets of lift coefficients (rows, Bℓ ,α, Bℓ ,agg) to the various
datasets (Pα, Pagg). The angle-specific fits (Bℓ ,α) only provide accu-
rate load estimates within their domain (same α), suffering greatly
when used to estimate the loads of other cases. However, with Bℓ ,α
representing the best possible linear combination of pressure data to
estimate the loads for the respective case (smallest RMSE), the angle-
specific metrics can be used as the baseline to evaluate the accuracy
of the aggregate fit. As already presented in Fig. 6, the aggregate fit
performs remarkably well for all cases, with only minor losses in
goodness of fit (RMSE and R2) when compared to the baseline of
the angle-specific fits (Fig. 7). The existence of an aggregate fit, which
delivers a decent load estimate, reveals that there exists a commonal-
ity across angles in the link between the point pressures and the loads
despite the significant differences in the flow evolution (evidenced
by the trends in force/moments).

B. Vertical gusts
Figures 8 and 9 present the load estimates during the vertical

gust (h∗ = 0.5) at three angles of attack. Similar to the axial gusts,
the angle-specific fits are only accurate within their domain, but
the goodness of fit metrics are used as a baseline for the aggregate
case. During the vertical gust, the aggregate-fit lift varied in a pattern
largely consistent with the values measured at a low angle of attack
(α = 10○). However, the aggregate fit is increasingly less effective as
the angle increases. The reconstructed lift at high angles of attack
(α = 20○ or 30○) tends to fluctuate erratically during the vertical gust.
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FIG. 8. Approximations (Ĉℓ and Ĉd) of
(a) the lift coefficient (Cℓ) and (b) the
drag coefficient (Cd ) for vertical gusts
with a vertical displacement of h∗ = 0.5
at various angles of attack (10○, 20○,
and 30○). The mapping coefficients B for
the approximations were either obtained
for each angle specific case (Bα, α-
specific fit) or for a dataset consisting of
all vertical gusts (Bagg, aggregate fit).

FIG. 9. R2 (higher is better) and RMSE (lower is better) for lift approximations (Ĉℓ)
of the h∗ = 0.5 vertical gusts applying each of the four sets of coefficients (rows:
Bagg, B10, B20, and B30) on the four datasets (colored bars: Pagg, P10, P20, and
P30).

We speculate that the severe fluctuations of lift are related to the
complex unsteady flow caused by the deep dynamic-stall process.

Regarding the reconstructed drag, considerable differences
between the aggregate fit and the measured values are observed espe-
cially at low angles of attack (α = 10○). These findings are some-
what surprising given the fact that the aggregate fit provides the best
reconstruction for the lift at 10○. Although the exact mechanism for
this discrepancy remains unknown at this point, we speculate that
the skin friction drag likely plays an important role in the total drag
at 10○. In such cases where the tangential shear rather than the nor-
mal pressure component dominates, the limitations of a pressure-
based mapping become obvious. Shear-stress measurement on the
non-slender delta wing is thus required to verify this hypothesis in
the future work.

With regard to the load estimation based on linear regression,
some limitations need to be acknowledged. First, the linear regres-
sion may not be applicable to the non-linear aerodynamic behavior
during deep stall. Second, in contrast to the reconstructed lift, the
reconstructed drag tends to perform poorly at low angles of attack
(α = 10○) where the flow remains attached.

V. IDENTIFYING KEY PRESSURE REGIONS
After assessing the potential to gather accurate approximations

(Ĉi) with sets of linear coefficients from either aggregate fits (Bagg) or
angle-specific fits (Bα), the present section elaborates on what can be
learned from the linear regression in terms of pressure sensor place-
ment. We strive to determine to which extent the number of sensors
can be reduced and, in particular, where sensors should be placed to
obtain the best possible load approximation.

Before discussing spatial distributions of the key identified
ports, it is necessary to acknowledge the relationship between ports.
It is clear that as the wing encounters a gust, every pressure port
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will register the change to some extent such that no port is com-
pletely statistically independent from another. Toward the goal of
reducing the linear model’s complexity, it would be preferable to
use a set of orthogonal basis functions instead (ubiquitous through-
out various decomposition-based approaches; see the work of Taira
et al.21) as fewer functions would be needed to reconstruct an accu-
rate load estimate. While this can reduce the computational com-
plexity of the model, a reduction in the number of sensors is not
as obvious since the orthonormal functions are typically generated
from all observations.

The correlation between predictors introduces multicollinear-
ity, a regular phenomenon observed in multivariate regression mod-
els. Multicollinearity does not affect the precision of the predictions
and the goodness-of-fit statistics. However, multicollinearity poses
a problem to interpreting coefficients and reduces the ability to
identify independent variables that are statistically significant.

For the approximations Ĉi presented in Sec. IV, the regular-
ization parameter λ = 2−3 was selected to obtain the best predic-
tive and fitted model. Figure 10 shows the RMSE and the num-
ber of nonzero coefficients for each regularization parameter. While
λ = 2−3 provides a small error, a large number of nonzero coefficients
(βℓ ,i) results in a high degree of multicollinearity. Therefore, the
individual coefficients (βℓ ,i) obtained by the regression are not sta-
tistically significant, making any interpretation of their magnitude
impracticable. The lasso regression used in this study [see Eq. (5)]
can be utilized to reduce multicollinearity. For larger values of λ, the
lasso regression can force certain coefficients to be set to zero, effec-
tively choosing a simpler model that enhances interpretability, while
reducing the accuracy of the approximation Ĉi.

In the following, we analyze the influence of increasing λ on
the reduction of nonzero coefficients (βℓ ,i) and how this reduces

multicollinearity. In addition, the position of pressure ports that
correspond to nonzero coefficients for large λ are compared to the
PIV data of their respective flows, and critical events in the flow evo-
lution are correlated with the port selection. In the present study,
the variance inflation factor (VIF) is used to determine the degree
of multicollinearity. The VIF is the quotient of the variance in a
model with multiple terms to the variance of a model with one term
alone.22 The VIF provides an index that estimates how much the
variance of a regression coefficient is increased as a consequence of
collinearity. A VIF of 5 or 10 and above indicates a multicollinearity
problem.23

Figures 11 and 12 present the VIF distribution of aggregate fits
for an axial (g∗ = 1) and a vertical gust (h∗ = 0.5), respectively, for
various values of λ. When the regularization parameter sweeps from
λ = 2−6 to λ = 25, the number of nonzero coefficients (βℓ ,i) is reduced
from 14 to 4 for the aggregate fit of the axial gusts, while it is reduced
from 15 to 3 for the aggregate fit of the vertical gusts. For small
regularization parameters (λ = 2−5) in both cases, a high degree of
multicollinearity is detected. However, the VIF shows significantly
larger values for the axial gusts [O(106)] than for the vertical gusts
[O(102)]. Comparing the evolution of normalized spanwise vorticity
(ω∗z ) during the axial and the vertical gusts reveals significant differ-
ences between the separated flows and thereby explains the different
VIF values at small λ. In the axial case, the formation of a coher-
ent vortical structure can be observed [see Fig. 13(a)]. The coherent
structures lead to a high degree of correlation between neighbor-
ing pressure ports and thus large VIFs. In contrast, Fig. 14 shows
a highly separated flow structure during a vertical gust. Even in the
early stages of the gust (s∗ = 1.5), no coherent vortical structure is
apparent. The vertical acceleration of the wing increases the effective
angle of attack and leads to a fully stalled flow. Thus, we speculate

FIG. 10. Root-mean-square error
(RMSE) (left y-axis) and number of
nonzero coefficients (right y-axis) for the
aggregate lift fit: (a) an axial gust (g∗

= 1) and (b) a vertical gust (h∗ = 0.5).
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FIG. 11. Variance inflation factor (VIF) for the aggregate lift fit during an axial gust (g∗ = 1). Magnitudes of VIF are varied to reveal the significant multicollinearity reduction:
(a) λ = 2−5, (b) λ = 2−2, (c) λ = 2, and (d) λ = 24. Gray color indicates the zero coefficients (βℓ , i = 0).

FIG. 12. Variance inflation factor (VIF) for the aggregate lift fit during a vertical gust (h∗ = 0.5). The spacings between regression predictors significantly increase as the
regularization parameter λ increases: (a) λ = 2−5, (b) λ = 2−2, (c) λ = 2, and (d) λ = 24. Gray color indicates the zero coefficients (βℓ , i = 0).

that the lack of a coherent vortex explains the smaller VIF values for
the vertical gust cases.

With increasing λ, more coefficients (βℓ ,i) are set to zero, while
multicollinearity is successfully decreased to O(101) (Figs. 11 and
12). At λ = 24, four nonzero coefficients prevail for the axial and
vertical gusts, respectively. The positions of the respective pressure
ports [Figs. 11(d) and 12(d)] are similar, yet distinct. Interestingly,
the spatial distribution of the ports strongly correlates with the crit-
ical flow events of the gusts. In both gust cases, the coefficient of
the apex port is nonzero. Near midspan, the wing is least recep-
tive to flow separation, as supported by Figs. 14(a) and 14(b). At z/c
= 0.1, the flow remains attached during the 20○ vertical gust, while
in the other measurement planes, the shear layer is fully separated.

FIG. 13. (a) Normalized spanwise vorticity (ω∗z = ωzc/U∞) and (b) pressure sig-
nature (Cp) at mid-gust (s∗ = 0.5) during a rapid axial gust (g∗ = 1). The shear
layer from the leading edge stagnates on the wing surface, causing a local pres-
sure increase. Reproduced with permission from M. F. Marzanek and D. E. Rival,
“Separation mechanics of non-slender delta wings during streamwise gusts,” J.
Fluids Struct. 90, 286–296 (2019). Copyright 2019 Elsevier.

As the flow separates later (at the midspan position), the apex port
provides a unique pressure signature. Therefore, the respective coef-
ficient remains nonzero at λ = 24 for both gust types. In the axial
case, a strong emphasis is placed on the mid-chord region, where
two of the four nonzero coefficients are located [see Fig. 11(d)]. Due
to the coherent flow structure depicted in Fig. 13(a), the flow stag-
nates mid-chord, causing a local increase in the pressure, as shown
in Fig. 13(b). This reattachment does not take place during the verti-
cal gusts, where the flow is stalled in a large fraction of the wing (see

FIG. 14. [(a) and (c)] Normalized spanwise vorticity (ω∗z = ωz ⋅ c/U∞) and [(c)
and (d)] normalized streamwise velocity (u/U∞) at s∗ = 1.5 during vertical gusts
(h∗ = 0.5) at α = 20○ [(a) and (b)] and α = 30○ [(c) and (d)], respectively.
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Fig. 14). As such, the regression with a large regularization parame-
ter (λ = 24) leads to a uniform distribution of the ports with non-zero
coefficients on the wing surface [Fig. 12(d)]. Thus, in conclusion, the
distribution of fewer regression predictors indicates specific pres-
sure ports that capture the footprint of dominant flow features and
thereby suggest sensitive locations for future clusters of sensors.

VI. CONCLUSIONS
The present study assesses the potential as well as the lim-

itations of unsteady load reconstructions on aerodynamic bodies
from a linear combination of sparse pressure measurements. A non-
slender delta wing experiencing gusts at a high Reynolds number
was selected as a test case and its unsteady aerodynamic response
was measured via a force/moment transducer and 15 pressure taps
on the suction side of the wing. To explore a large variety of differ-
ent flow-separation processes on the wing, axial and vertical gusts of
varying strength and with various angles of attack were tested.

Subsequently, the linear coefficients, βj ,i, that are needed to
reconstruct a load estimate from the pressure measurements were
fitted via linear regression and a lasso (L1) regularization. The qual-
ity of the load reconstruction is then assessed by comparing the
estimate to the measured loads.

Angle-specific fits provide baselines exhibiting a suitable
reconstruction accuracy at small angles and qualitatively agree
with force/moment measurements at higher angles. An angle-
independent aggregate case was derived to yield a more robust
reconstruction across all angles with goodness of fit metrics com-
parable to the angle-specific fits. It was evident that fewer sensors
would still produce acceptable reconstructions.

In cases where the tangential shear rather than the normal pres-
sure component is known to dominate (Cd, especially at low angles),
the limitations of a pressure-based mapping become obvious. Addi-
tionally, the strong flow separation can result in a large prediction
error especially when the delta wing experiences maximum vertical
gust velocity. However, the outlined process offers good estimates
of the general trends in lift, drag, and pitching moment during axial
and vertical gusts over a broad range of angles of attack. Deriving
more insight into the PIV data can reinforce the connection between
surface pressure, unsteady loads, and dramatic responses in the
flow.

We used lasso regularization to enhance prediction accuracy
and interpretability of the linear regression model. The VIF results
confirm that the lasso regularization can reduce the number of vari-
ables and reduce multicollinearity. Furthermore, the comparison of
PIV data (vorticity field) with the spatial distribution of the VIF val-
ues reveals that the predictors with small VIF values are assigned to
locations where critical flow events take place.

Although the work reported here only focuses on a static map,
a dynamic model is the next step to generate a more robust dynamic
estimation at high angles of attack. Although the present method
has its limitations, this study represents a first step toward load
estimates from pressure for complex three-dimensional geomet-
rics. Angle-specific weights suggest that the relative behavior of
the pressure ports can be exploited to determine which gust case
is currently present on the wing. Furthermore, the static mapping
applied here can be improved by considering also the pressure his-
tory and thereby can account for the dynamic flow features existent

in such flows. In addition, future research could consider alternative
strategies for predictive models based on sparse pressure data.
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