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Abstract 
An ultrasound-based approach to characterize the fluid–structure interaction in large arterial vessels is presented. The ultra-
sound-based data are fed into a new dynamic model accounting for a two-dimensional (2D) stress state, which in turn provides 
a better estimate of the material elasticity under dynamic loading. In order to validate the semi-empirical model, a compliant, 
synthetic vessel was subjected to a range of pulsatile and steady flow profiles. Ultrasound imaging was used to capture the 
flow field through the compliant vessel and its change in diameter over time. Internal pressure was extracted from ultrasound 
image velocimetry using spatial integration of the Navier–Stokes equation, and used to find the pressure–area relationship. 
Two constitutive laws describing a one-dimensional expansion of a cylindrical vessel, the Laplace law and one from Olufsen 
(Am J Physiol-Heart Circul Physiol 276(1):H257–H268, 1999), were also used to estimate the instantaneous elastic modulus. 
A uniaxial tensile test of the vessel material was performed to provide validation criteria. Under steady flow, the Laplace 
law predicted the elasticity of the vessel material with 255% error and the results from Olufsen (Am J Physiol-Heart Circul 
Physiol 276(1):H257–H268, 1999) had an error of 99%. In contrast, our developed 2D stress model predicted the elasticity 
with less than 10% error. The Laplace law and the Olufsen (Am J Physiol-Heart Circul Physiol 276(1):H257–H268, 1999) 
model were revealed to be flow-dependent such that the trend of the resultant elastic modulus varied for each pulsatile flow 
case. However, the 2D stress model showed no flow dependency, presenting consistent elasticity results across all test cases.

Graphic abstract

1 Introduction

The mechanical properties of aortic tissue are of significant 
interest since diseases affecting the integrity of the vessel 
wall, such as aortic aneurysms, are associated with a high 
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mortality risk when rupture occurs (Abdulameer et al. 2019). 
The arterial wall is challenging to characterize (particularly 
in vivo but even ex vivo) due to the hyperelastic and vis-
coelastic nature of the material (Amabili et al. 2019). To 
completely understand the complexity of the arterial wall 
and the mechanisms that may lead to cardiovascular compli-
cations, the fluid–structure interactions (FSI), for example, 
coupling of local hemodynamics and surface deformation 
of the arterial walls, alongside wave propagation within the 
walls, should be considered. Prolonged periods of turbu-
lent blood flow can result in abnormal aortic FSI, leading 
to progressive mechanical deterioration linked to aneurysm 
initiation (Stein and Sabbah 1976). In patients with aortic 
valve disease, mechanical bi-leaflet replacement valves can 
cause higher prevalence of 3D flow behaviour within the 
ascending aorta by generating three interacting jets (Lim 
et al. 1998; Balducci et al. 2004; Sigüenza et al. 2018). It 
is of great interest to understand flow characteristics that 
accelerate disease initiation and progression (i.e. aneurysm 
severity, atherosclerosis development), and the relation of 
these characteristics to the hyperelastic, viscoelastic aortic 
wall (Hamadiche and Gad-El-Hak 2001; Canic et al. 2006). 
As such, the fluid flow through compliant vessels in the 
context of arterial mechanics has been studied extensively 
through numerical simulations and experimental methods. 
Having a model to extract vessel-wall properties successfully 
in vivo (under dynamic loading) would assist both numerical 
and experimental studies in modelling the FSI behaviour 
more accurately. The vessel elasticity is irrefutably linked 
to the wall motion from fluid forcing and the resulting wall 
stresses (Usmani and Muralidhar 2016). Therefore, numeri-
cal methods make use of available material models or data 
from experimental investigations to passively impose vessel-
wall motion and set the appropriate boundaries (Jin et al. 
2003; Borghi et al. 2008).

Numerical simulations of arterial FSI are beneficial 
since they allow thorough investigation of the relevant flow 
mechanics, such as temporal wall shear stress (WSS) and 
velocity of wave propagation (Park and Payne 2011; Papada-
kis and Raspaud 2019), some of which are difficult to meas-
ure experimentally, specifically in vivo. WSS in particular 
is recognized as an important quantity in understanding car-
diovascular disease development (Malek and Alper 1999; 
Jayendiran et al. 2018). The magnitude of WSS has been 
shown to be related to the vessel stiffness (Qian et al. 2014; 
Pielhop et al. 2015). Additionally, significant differences 
have been observed between the flow fields in flexible and 
rigid aneurysmal wall models subjected to turbulent pulsatile 
flow (Khanafer et al. 2009). Büsen et al. (2017) developed an 
in vitro setup to observe the effect of changing wall compli-
ance on the pulsatile flow patterns within a silicone model of 
the ascending aorta. Their results indicate that lower compli-
ance (increased stiffness) is associated with an increase in 

the temporal pressure gradient, higher mean velocities, and 
decreased vortex formation.

Evidently, vessel compliance has an important effect on 
the resulting stresses within the vessel wall. Non-invasive 
methods for material property characterization can be of 
great use for understanding vascular mechanics and dis-
tribution of stiffness over the aortic wall (Boekhoven et al. 
2014). Ultrasound elastography, a non-invasive technique 
for strain imaging and assessment of the elastic properties 
of vessels, has recently been validated for ex vivo biological 
tissues by Lopata et al. (Lopata et al. 2014), though results 
were obtained under static inflation conditions. The need 
for a method that is capable of accurately characterizing the 
mechanical properties of the arterial wall within a dynamic 
setting similar to in vivo conditions is clear (Pejcic et al. 
2019). This is particularly important in light of the recent 
findings by Ferrari et al. (Ferrari et al. 2019), where they 
highlighted the difference in dynamic behaviour and viscoe-
lastic properties between the human aorta and the Dacron 
grafts used for aortic replacement surgeries. They conclude 
that the mismatched behaviour between the two materials 
may hinder heart function.

The response of an elastic (and viscoelastic) vessel to 
internal pressure, manifested through fluid loading, is quan-
tified by the wall motion and associated strain. Therefore, 
in order to describe the behaviour of arterial vessels, the 
relationship between the internal pressure and structural 
information (e.g. cross-sectional area or wall geometry) is 
needed (Bia et al. 2005; Courtial et al. 2015). If the vessel is 
also subject to external pressure, the transmural pressure is 
the important parameter. Once established, the pressure–area 
( p − A ) relationship can be used to deduce the elastic prop-
erties of the vessel material (Duclaux et al. 2010; Vappou 
et al. 2011). Note that most elastic (non-biological) materi-
als exhibit slightly nonlinear behaviour. To describe clas-
sical nonlinear elasticity, an instantaneous elastic modulus 
can be taken based on the Laplace law, which associates an 
infinitesimal change in the vessel radius, r, to the change in 
internal pressure, p:

where h is the thickness of the vessel wall, and r can be 
measured using an appropriate imaging technique (Fung 
1996). In Eq. (1), p can be obtained from pressure sensors 
or, given that the flow field can be measured, either through 
spatial integration of the Navier–Stokes equation or a Pois-
son solver (de Kat and van Oudheusden 2012; de Kat and 
Ganapathisubramani 2013). Pressure extraction from opti-
cal flow field techniques such as particle image velocimetry 
(PIV) has been explored for a wide variety of applications 
(van Oudheusden 2013); however, conventional PIV cannot 
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be used for studying flow inside arterial vessels due to their 
opacity. Use of ultrasound to obtain PIV data within opaque 
structures has rapidly increased in recent years (referred to as 
ultrasound imaging velocimetry, UIV) (Walker et al. 2014; 
Poelma 2017). The widespread availability of ultrasound 
in the medical community lends itself well for clinically 
focused fluid mechanics studies, allowing easy transition 
from in vitro studies to the in vivo environment. Ultrasound 
images obtained for UIV analysis also hold data pertaining 
to wall thickness, diameter, and surface deformation along 
a single plane.

Another common nonlinear p − A relationship is that 
introduced by Olufsen (1999):

where ro is the initial radius of the vessel at rest (i.e. no flow). 
Note that Olufsen (1999) and the Laplace law are similar in 
construction, and both describe a uniform, 1D expansion of 
the vessel, as depicted in Fig. 1a. More complex constitutive 
models take into account characteristics such as fibre orien-
tation (Holzapfel et al. 2000), residual stresses (Vaishnav 
and Vossoughi 1987), and viscoelastic behaviour (Bia et al. 
2005; Fung 1993). A comprehensive model capturing the 
full spectrum of arterial properties remains impracticable 
due to complexity of the interactions between mechanical 
and physiological factors governing FSI behaviour within 
arteries (Vito and Dixon 2003). Regardless, even with more 
accurate models available, a threshold diameter of 5.5 cm 
calculated from the Laplace law remains the basis for elec-
tive surgeries on aortic aneurysms (Kontopodis et al. 2016), 
though rupture has been known to occur below this diameter 
under varying hemodynamic demands. Figure 1b shows a 
non-uniform (2D) expansion of a cylindrical vessel having 

(2)E(t) =
3
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a finite length, which is a better approximation of in vivo 
conditions than the simplification shown in Fig. 1a, which 
only considers a uniform 1D expansion. Quantifying this 
stress state accurately may prove helpful in characterization 
of hyperelastic and viscoelastic materials such as the aorta.

This work presents a novel ultrasound-based approach 
to calculate the elasticity of a compliant vessel under fluid 
forcing resulting in a 2D, dynamic stress state. Ultrasound 
imaging is used to obtain the time-resolved velocity fields 
(from UIV) and compliant vessel-wall deformation simul-
taneously. The planar pressure field is extracted from the 
UIV results, which, in combination with the wall deforma-
tion, is then used within a new 2D stress model to calcu-
late the longitudinal and circumferential wall stresses. The 
resulting stresses from the model can be used to calculate 
intrinsic material properties such as the instantaneous 
elastic modulus of the vessel wall by applying an appro-
priate stress–strain relationship. Time-dependent viscoe-
lastic properties can also be obtained (i.e. dynamic storage 
modulus and loss modulus) as they depend on the instan-
taneous elastic modulus (Amabili et al. 2019). As such, 
the 2D stress model can be applied to any elastic material, 
including those that exhibit viscoelasticity. In this study, 
we validate the outlined approach for a nonlinear elas-
tic, opaque vessel made out of latex under a generalized 
dynamic non-uniform loading scenario. At this stage, we 
use this simplified (synthetic) vessel to check the validity 
of the current technique with the subsequent goal to apply 
this novel approach to real vessels ex vivo.

(a) 1D stress (Laplace law) (b) 2D stress

Fig. 1  a The Laplace law assumes a one-dimensional stress state for 
an infinite pipe undergoing an axisymmetric, uniform expansion. 
The term uniform refers to the assumption that r1 solely describes 
the expansion along the length of the pipe, Lo . The force exerted on 
the walls of the pipe can be related to internal pressure by the area, 

A = 2r1 Lo . b For a finite pipe length with boundaries fixed to rigid 
sections and no absolute longitudinal movement, the expansion may 
be axisymmetric, though it will not be uniform due to bulging. This 
results in a 2D stress state, where r2 varies with the length of the pipe
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2  Methodology

An experimental setup compatible with ultrasound imag-
ing was designed to study axisymmetric 2D loading on 
opaque compliant vessels in order to characterize mate-
rial properties and obtain the elasticity of a known (syn-
thetic) reference material. This section details the setup, 
the processing of the ultrasound data, and the derivation 
of a semi-empirical model for elasticity.

2.1  Mock circulatory loop

Experiments were performed using a custom flow loop 
incorporating an opaque latex phantom as the compliant 
(synthetic) vessel. Figure 2a shows a schematic of the 
straight, compliant vessel. In order to allow uninhibited 
transmission of the ultrasound waves, the vessel was sub-
merged in water. The water introduced an external pres-
sure of 1.3 kPa on the vessel, which was considered in 

the calculation of the transmural pressure. The vessel was 
secured with hose clamps such that the length of the com-
pliant section between the supports was 55 mm. The rigid 
boundaries impose a 2D stress state within the compli-
ant vessel when the vessel is subject to internal pressure 
through fluid flow, similar to the state described in Fig.1b. 
A bi-leaflet mechanical valve (commonly used in valve 
replacement surgeries) with a diameter of 25 mm, was 
located 50 mm upstream from the start of the compliant 
vessel. The orientation of the imaging plane was chosen 
to be perpendicular to the rotational axis of the leaflets, 
as illustrated in Fig. 2b. It has previously been shown 
that the orientation of a mechanical bi-leaflet valve has 
a significant effect on the local hemodynamic conditions 
within the ascending aorta due to the curvature of the aorta 
(Gülan and Holzner 2018). Since the test vessel is straight, 
altering the orientation of the valve does not introduce 
any wall stress concentrations (Marassi et al. 2004). The 
upstream pipe diameter prior to the valve was 31.8 mm, 
the vessel’s inner diameter, d, was 25.4 mm at rest, and 
the entrance length was 27d. The vessel diameter was cho-
sen to be within the normal size range for adult aortas in 
order to allow easy transition to future ex vivo experiments 
(Roman et al. 1989). A fully programmable pump (MCP-Z 
Process, Ismatec) was used to generate flow, where the 
working fluid was water. The pressure upstream and down-
stream of the compliant vessel was measured at 1000 Hz 
using Omega PX409 sensors. The pump and pressure 
sensors were controlled by a custom LabVIEW program. 
The entire setup during a cyclic expansion can be seen in 
Online Resource 1.

Eighteen pulsatile cases were recorded, for which the 
flow rate followed a cosine waveform described by three 
parameters: mean Reynolds number ( Rem = Umd∕� ), 

Fig. 2  a Close-up of the compliant vessel within the flow loop. The 
vessel is submerged within a tank of water, in order to provide exter-
nal pressure to mimic in vivo conditions, and allow transmission of 
the ultrasound waves. Pressure sensors are installed right before and 
after the compliant vessel attachments, with the valve located 50 mm 

upstream from the start of the compliant vessel. The y- and x- lengths 
are normalized by d/2, where y = 0 is at the centreline. The flow is 
seeded with micro-bubbles that reflect the ultrasound waves. b The 
probe is oriented with respect to the valve such that the imaging plane 
is perpendicular to the open leaflets

Table 1  Non-dimensional parameters for the 18 pulsatile cases as 
well as the 3 steady cases

The Strouhal and Reynolds numbers are calculated based on the mean 
flow velocity, U

m
 . The amplitude ratio, � , is defined as the ratio of the 

difference in peak Reynolds number and the mean Reynolds number, 
to the mean value. The frequency of the cosine waveform is repre-
sented by f

Parameter Definition Values

Rem U
m
d∕� 800, 1000, 1200

Stm fU
m
∕d 0.1, 0.2, 0.3

� Repeak−Rem

Re
m

0, 0.5, 1
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Strouhal number ( Stm = fUm∕d ), and amplitude ratio, rep-
resented by � and defined as � = (Repeak − Rem)∕Rem . For 
each Rem a steady flow case was recorded (represented by 
� = 0 ), resulting in a total of 21 cases, with 18 pulsatile 
flows and 3 steady flows. Table 1 lists the values of each 
non-dimensional parameter for the test cases. The range of 
corresponding heart rates across the test cases was 32 beats 
per minute (bpm) up to 190 bpm. The variation of trans-
mural pressure over one cycle matched the typical pressure 
variation observed in vivo during a cardiac cycle (i.e. a 40 
mm Hg difference between systole and diastole) for all three 
cases described by � = 1.0, Stm = 0.2.

2.2  Ultrasound image velocimetry

In order to perform ultrasound particle image velocimetry 
(UIV), the flow was seeded with Definity contrast agent (per-
flutren injectable suspension), referred to as micro-bubbles. 
Ultrasound micro-bubbles are an effective means of visualiz-
ing flow as they are designed to have a high acoustic imped-
ance, resulting in high-contrast images. The neutrally buoy-
ant micro-bubbles have a diameter between 1 and 10 microns 
and, at a concentration of approximately 1% by volume, 
are assumed to follow the fluid flow without introducing 
any changes to said flow. B-mode ultrasound images were 
acquired using a SonixTouch Q+ (Research) ultrasound 
machine with a L14-5/38 linear probe. Ultrasound settings 
(i.e. dynamic range, gain, power, frequency) were adjusted 
to obtain high-contrast images without bursting the micro-
bubbles. The rejection setting in ultrasound imaging was set 
to zero, and gain was adjusted to be 20%. To achieve a high 
frame rate only 50% of the sector was used, resulting in 125 
frames per second with a line density of 192 and depth of 
4.2 cm. This was the minimum depth that allowed the entire 
vessel to be in view during the highest flow rate. To ensure 
good spatial resolution, particle displacement should not 
exceed 20 pixels per time step. Therefore, at the maximum 

framerate, the flow was limited to a peak Reynolds number 
of 2500. The highest Re values seen in the ascending aorta 
cannot be studied with this experimental setup due to the 
frame rate limitation of the ultrasound system. The flow pro-
files presented in Sect. 2.1 are, however, analogous to flow 
velocities in the abdominal aorta. To validate our ultrasound 
and UIV setup, a fully developed laminar flow in a rigid 
pipe was tested first and these results were compared with 
the theoretical Hagen–Poiseuille velocity profile, as shown 
in Fig. 3a. A good match (within 5%) between experimental 
and theoretical velocities was observed.

The field of view (FOV) for the compliant pipe is shown 
in Fig. 3b. An example of the raw ultrasound data is pro-
vided as Online Resource 2. Due to wall motion in pulsatile 
flows, a MatLab script was first used to detect the elastic 
wall in each frame and automatically mask the images to 
enhance the background subtraction during the image pro-
cessing step. The edge detection code begins by splitting 
each image into 4 areas—areas 2 and 4 contain the upper and 
lower edges, respectively. All pixels in these two areas are 
checked for a certain luminosity threshold, and if a pixel, in 
addition to at least two of its neighbours, is above a specified 
threshold, the pixel is identified as part of the outer vessel 
wall. Any gaps in the detected edge are filled in by spline 
interpolation. Any pixels above the upper edge or below the 
lower edge are assigned a value of 0. The acquired images 
were then processed using Davis 8.4 (LaVision) to obtain 
velocity maps. Background noise was reduced by subtract-
ing a Gaussian sliding average filter. Subsequently, the PIV 
sliding sum-of-correlation algorithm was used, for which 
a multi-pass option with decreasing window size (from 64 
to 24 pixels with 75% overlap in the last step) was chosen. 
Since the primary motivation for obtaining velocities was to 
extract pressure, which requires velocity gradients, a 75% 
overlap was used in the last step to increase spatial resolu-
tion of the velocity vectors and thereby the resolution of 
the second-order central difference derivatives. In the vector 

Fig. 3  a Steady velocity profile 
verification of UIV within a 
rigid pipe. b Raw ultrasound 
image of steady flow from left 
to right within the compliant 
vessel (Re = 2400), where the 
width of the FOV is 19.2 mm 
and is centred away from the 
rigid boundaries
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post-processing step, allowable displacement range, corre-
lation peak ratio, and median filters were applied. Velocity 
results were also smoothed using a 3x3 smoothing function.

The instantaneous diameter, d = 2r , is calculated at the 
middle of the ultrasound’s FOV (assumed to be the maxi-
mum diameter at the furthest point from the rigid boundary 
conditions) through edge detection. Error in detection of d 
was ±1 mm. There is a trade-off between accuracy in edge 
detection and image quality for UIV, as ideal ultrasound set-
tings for particle detection (i.e. gain, rejection number) are 
not the ideal settings for wall thickness detection. Thus, the 
instantaneous wall thickness (h) could not be resolved from 
the ultrasound images and was assumed to be fixed over 
each cycle.

2.2.1  Pressure‑Field Extraction

The pressure field was extracted from the UIV results with 
integration of the Navier–Stokes equation, where viscous 
terms were found to be negligible:

where � is the density of the working fluid. Extraction of 
pressure from the instantaneous velocity fields is described 
in (de Kat and van Oudheusden 2012; de Kat and Ganapa-
thisubramani 2013; van Oudheusden 2013). Here, since only 
the spatially averaged pressure field was required, we used a 
spatial integration method for its simplicity instead of a Pois-
son solver. As such, for all test cases the pressure along the 
centreline of the area of interest (AOI) was first established 
using �p∕�x , with the reference pressure obtained from the 
upstream sensor. The pressure in the y-direction along each 
column was then found through integration of �p∕�y start-
ing from the centre line. The AOI for the pulsatile cases was 

(3)∇ p = −�
[
d�

dt
+ � ⋅ ∇�

]
,

found for each frame based on the area of the instantaneous 
velocity map. The average pressure over the entire AOI was 
taken as the extracted pressure at each instant in time. The 
resulting waveform was then filtered using a Savitzky–Golay 
filter. Figure 4b shows the pressure results for all test cases 
with Stm = 0.2 plotted against the circumferential strain, 
�1 = (r − ro)∕(ro).

2.3  Semi‑empirical model for elastic modulus

Figure 5a illustrates a cross section of an axisymmetric com-
pliant vessel in a 2D stress state, representative of the condi-
tions found in the current experimental setup. The 2D stress 
state is also a better approximation to in vivo conditions than 
the two commonly used p − A relationships (i.e. Laplace and 
Olufsen) discussed previously, which only describe uniform, 
1D free-end cylindrical expansion.

When subjected to fluid forcing, the elastic vessel experi-
ences longitudinal and circumferential stress, labelled �L and 
�C , respectively. The circumferential stress is effectively acting 
in the y-direction, while the longitudinal stress originates from 
the force of tension, T, acting tangent to the wall, such that 
T = �Lr d� h , where � is the angle describing the circumferen-
tial position from the centreline of the vessel. Figure 5b shows 
a differential element within the vessel wall and the forces 
acting on said element. The pressure acting on the differential 
area is shown to be balanced with the in-plane tension at one 
instance in time, yielding an x-direction force balance, and 
a y-direction force balance (Molki and Breuer 2010). These 
force equations can be manipulated to obtain the longitudi-
nal and circumferential stress (Eqs. (4) and (5), respectively) 
within the vessel. The derivation of the following stress equa-
tions is detailed in “Appendix”:

Fig. 4  a Example of ultrasound image used for edge detection. The 
green line represents the centre-line between the two edges. Circum-
ferential strain, �1 , is defined as (r − ro)∕(ro) . Longitudinal strain, �2 , 
is defined as (L − Lo)∕(Lo) , where Lo is the length between the rigid 
boundaries, and L is the instantaneous length of the vessel wall found 

by extrapolating the line describing the edge within the FOV (  ) to 
the rigid boundaries. b Internal pressure versus circumferential strain 
for all cases at St = 0.2 . Some inconsistencies in the pressure–strain 
relationship are seen across the six cases, arising from the error in the 
pressure extraction
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Having resolved the instantaneous stress state, the elastic 
modulus can be calculated incrementally at each instant in 
time, allowing for characterization of viscoelastic materials 
in addition to classically linear elastic materials. A viscoe-
lastic material can be modelled with high accuracy by the 
standard linear solid model:

where � is the relaxation time of the material. For a ref-
erence on modelling viscoelasticity, the reader is referred 
to Findley et al. (1976). Since the compliant vessel in this 
validation study is composed of a non-viscoelastic mate-
rial, � is set to zero and the material is assumed to be purely 
elastic. Equation (6) is then simplified to a instantaneously 
linear stress-strain relation, where E(t) = �∕� . Circumfer-
ential strain, �1 , is calculated based on the diameter change 
obtained from ultrasound images, and longitudinal strain, 

(4)�L =
∫ x2
x1

p r sin �

√
1 + (

dy

dx
)2 dx

h r cos �
|||
x2
x1

,

(5)�C =
∫ x2
x1

p r cos � ds + �L h r sin �
|||
x2
x1

h ∫ x2
x1

ds
.

(6)� + �
��

�t
= E � + �(E + E1)

��

�t
.

�2 , is calculated as �2 = (L − Lo)∕(Lo) . L is the length of the 
edge of the vessel and is found from taking the integral of 
ds over the distance between the two rigid boundaries, Lo . 
Figure 4a illustrates the variable definitions used to calculate 
both strains from a raw ultrasound image.

Given that elasticity is an intrinsic property, elastic modu-
lus values calculated from different stress states are expected 
to match—assuming that the stresses and the stress-strain 
response of the material are resolved correctly. The elastic 
modulus obtained from the stress equations may be com-
pared to that of any other mechanical test. To the best of 
the authors’ knowledge, no previous studies have presented 
the elasticity of latex at the strains of interest in this paper. 
Therefore, in order to validate the 2D stress model, elastic-
ity results from uniaxial tensile testing of dog-bone samples 
of the latex were collected. These tests were performed on 
a BOSE Instron machine, with three samples, where two 
of the samples were cut from the latex vessel used for the 
flow-loop tests. Comparison is also made to elasticity values 
found from the Laplace law and Olufsen (1999), using the 
extracted pressure and circumferential strain.

Fig. 5  a A cross-sectional element of the compliant vessel under bi-
directional stress showing the circumferential stress ( �C ) and longi-
tudinal stress ( �L ) components, with the assumption of axisymmetry 
about the x-direction. Radial stress is assumed to be negligible. The 
light blue highlighted section is taken as an arbitrary differential ele-
ment for force analysis, where the angle between the tangent of the 
wall and the x-direction is defined as � . b Observing the highlighted 

section from (a) in the y − x plane (such that � = 90◦ ), we can see 
that the force of tension is acting in plane, where an infinitesimal 
change in angle, d� , between the horizon and the direction of tension 
results in an infinitesimal change in said tension force, along the dif-
ferential element. The force arising from internal pressure acts on a 
differential area and is always perpendicular to the surface of the ves-
sel
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3  Results and discussion

3.1  Flow and pressure fields

Figure  6 illustrates an example of the UIV results and 
extracted pressure field during the acceleration phase, for 
the Rem = 1000 , � = 1 , Stm = 0.2 case. Online Resource 3 
shows the flow and pressure fields over one cycle for this 
test case. The velocity maps obtained with UIV show the 
formation of a vortex ring during the acceleration phase. 
The wall expansion acts like a backward-facing step that 
causes separation and formation of the vortex ring. The vor-
tex ring propagates along the wall and is then followed by a 
fully formed jet at the peak of the cycle. The development 
of the jet was similar across all test cases. The FOV of the 
ultrasound is far enough downstream that the three separate 
jets created by the mechanical bi-leaflet valve are not cap-
tured. Mild asymmetries in the flow are possibly the result 
of turbulent disturbances from the valve leaflets. These flow 
asymmetries are not believed to be strong enough to alter 
local wall expansion due to the finite vessel length, and the 
wall expansion is mainly affected by the averaged internal 
pressure. At the point in time shown in Fig. 6, the vortex 
ring travels along the length of the vessel, and the extracted 
pressure captures the local pressure within the vortex core 
region.

Velocity and pressure results are not discussed for the 
other cases, as these results were only used to obtain the 
pressure that is required to calculate the elastic modulus 
based on Eq. (5).

3.2  Elastic modulus

The elasticity values obtained from Laplace law (Eq. (1)), 
Olufsen (1999) (Eq. (2)), and the 2D stress model (Eq. (5)) 
under the steady flow cases are presented in Fig. 7. The 
results from the uniaxial test across the range of strain of 
interest show a steady and gradual linear decrease in elas-
tic modulus corresponding to increasing strain. The elastic 
modulus calculated from the Laplace law has an error of 
255% and shows a slight increase in magnitude with increas-
ing Rem . The values obtained from Olufsen (1999) over-
predict the elastic modulus with 99% error, but indicate a 
decreasing trend over the Reynolds number (strain) range, 

Fig. 6  Snapshot of the axial 
flow and pressure fields dur-
ing the acceleration phase for 
Rem = 1000 , � = 1 , Stm = 0.2 . 
The extracted pressure field cap-
tures the low pressure structures 
passing through the FOV

Fig. 7  Instantaneous elastic modulus, E, versus circumferential strain 
for the three test cases under steady flow described by the mean 
Reynolds number. The Laplace law and Olufsen (1999) significantly 
over-predict the elastic modulus, by 255% and 99%, respectively, 
while the 2D stress model shows good agreement with the uniaxial 
results
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similar to the trend of the uniaxial test. The 2D stress model 
matches the uniaxial results, with less than 10% error.

Figure 8 illustrates the elasticity results obtained under 
18 different pulsatile flow conditions, categorized by Stm . 
For the same Stm and Rem , if � is increased from 0.5 to 1, 

the strain range will increase, expanding in either direction, 
where the mean strain value is dependent on the mean Reyn-
olds number. The intrinsic material properties of the vessel 
between any two test cases are expected to be independ-
ent of the flow, such that the elasticity values across the 
respective strain ranges agree with each other in magnitude 
and trend. The results from Eqs. (1) and (2) are evidently 
flow dependent, meaning that various elasticity trends are 
observed across all Stm, �, and Rem values.

The extracted pressure for the six cases at Stm = 0.3 had 
more variation present than the other Strouhal numbers. This 
is likely due to the higher amount of mixing and stronger 
3D behaviour associated with higher frequencies, as the 
ultrasound is limited to planar measurement and the pres-
sure extraction is based on an assumption of 2D flow. The 
impact of this variation is evident in the results from Eqs. 
(1) and (2), while the 2D stress model is relatively unaf-
fected. The elasticity results from the 2D stress model still 
overlap between the six cases at Stm = 0.3 , and the general 
trend and magnitude over the entire strain range remains 
the same as for the lower Strouhal numbers. For any sin-
gle Strouhal number, there is qualitatively less variance 
between the six test cases in the modulus values obtained 
from the 2D stress model, than those from the Laplace law 
and Olufsen (1999). Across all three Stm values, there are a 
few more general trends: the Laplace law over-predicts the 
magnitude of elasticity up to 250%, and the results from 
Olufsen (1999) over-predict the magnitude up to 90%, error 
values similar to that observed for the steady cases. The 2D 
stress model provided more accurate results with a slight 
under-prediction of the modulus. The significant difference 
between the 1D theories and the 2D stress model results 
observed in Fig. 8 likely stems from the fact that the clas-
sical theories only consider circumferential stresses, while 
the current experimental setup also imposes non-negligible 
longitudinal stresses within the compliant vessel. At low 
strains, Laplace and Olufsen (1999) show a sharp decrease in 
the elasticity with increasing strain, while at higher strains, 
the two laws generally indicate a gentle decline in elasticity. 
The 2D stress model indicates a slight nonlinear decline in 
elasticity at low strains, and above a strain of 0.2, the model 
shows a stronger linear trend, similar in slope to that of the 
uniaxial test results.

The main sources of error in the elasticity measure-
ments arise from the edge detection algorithm, including 
the initial detection and fitting of a line to the vessel edge, 
and the thickness of the wall (which could not be resolved 
instantaneously). The total error quantified for the 2D stress 
model from the vessel-edge fitting is ±15 %, shown through 
error bars in Fig. 8. The underestimation of the elasticity 
by the 2D stress model may also be a result of the discrep-
ancy between the reference pressure and the extracted pres-
sure field. The pressure sensor is upstream of the FOV and 

(a) Stm = 0.1

(b) Stm = 0.2

(c) Stm = 0.3

Fig. 8  Instantaneous elastic modulus calculated from the Laplace law, 
Olufsen (1999), and the 2D stress model for the six pulsatile cases 
( Rem = 800, 1000, 1200 and � = 0.5, 1 ) defined by (a) Stm = 0.1 , 
(b) Stm = 0.2 , and (c) Stm = 0.3 , in comparison with the modu-
lus obtained from the uniaxial testing. The method presented in this 
paper provides consistent results that are independent of flow con-
ditions (i.e. Re , St ). Note the difference in the scale of the x-axes 
between figures
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therefore likely leads to a lower extracted pressure than the 
actual average pressure within the FOV. Though the data 
were phase-averaged, the limited memory of the ultrasound 
system allowed only 3-4 cycles to be recorded for certain 
pulsatile flow cases. The extracted pressure presented in this 
paper is therefore effectively instantaneous, which is associ-
ated with higher error in comparison with extracted pressure 
using sufficiently time-averaged data (Van der Kindere et al. 
2019).

4  Conclusions

This study presents an ultrasound-based approach to calcu-
late the elasticity of nonlinear compliant vessels subject to 
dynamic fluid-forcing conditions. Ultrasound imaging was 
used to simultaneously capture the deformation of the com-
pliant vessel wall and to extract internal pressure. The instan-
taneous, planar pressure fields within the opaque vessel were 
extracted from the UIV-computed velocity fields. Evaluation 
of the same ultrasound images using edge detection yielded 
an instantaneous measure of the vessel-wall expansion, which, 
when coupled with the extracted pressure, was used within a 
newly developed 2D stress model to calculate the instantane-
ous elastic modulus.

The 2D stress model was validated against a nonlinear elas-
tic opaque material with known properties subjected to cylin-
drical loading conditions through steady and pulsatile flows. 
For steady flow, the 2D stress model agreed closely with the 
known elasticity value. For the pulsatile cases, the elasticity 
was independent of Strouhal number and amplitude ratios, but 
the magnitude was slightly under-predicted. This underestima-
tion is likely a result of errors propagating through the pressure 
extraction and edge detection algorithms. In comparison, two 
constitutive models based on a 1D uniform expansion (Laplace 
law and Olufsen (1999)) significantly over-predicted elastic-
ity for all strain values tested and were inconsistent across all 
tested flow conditions. Consideration of wall inertia, rather 
than a quasi-steady assumption, could aid in improving the 
accuracy of the 2D stress model when resolving the stress state 
of an elastic vessel subject to dynamic loading.

The use of ultrasound imaging demonstrates how the 
approach is readily applicable to ex vivo measurements 
of opaque vessels, such as the aorta. A modification to the 
stress–strain relationship used within the model—the inclusion 
of the time-dependent parameters in Eq. (6)—will allow the 
viscoelastic aorta to be evaluated in a controlled setting. Incor-
poration of the ascending aorta into this experimental setup 
will present unique difficulties, primarily that a new method of 
attachment of the soft tissue to the rigid boundaries will need 
to be considered, as the ascending aorta is already quite short 
in length. Further development of this new method to extract 

material properties reliably will be focused on application to 
the ex vivo environment.
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Appendix

Summing the forces on the element in Fig. 5b results in 
the following two equations:

where all variables are a function of time. Moving forward, 
we assume quasi-steady conditions and neglect the accelera-
tion (i.e. Fx = 0 , Fy = 0 ) of the elastic vessel wall so that the 
pressure forces are balanced with the tension forces. On the 
right-hand side, p and h can be obtained from the ultrasound 
data and we can resolve dA and ds as the follows:

where r and dy
dx

 can also be found from the ultrasound data. 
Focusing on Eq. (7), we can simplify further by expanding 
cos(� + d�) , and with the small angle approximation we set 
cos(d�) equal to 1 and sin(d�) equal to d� . Equation (7) then 
becomes

Equation (9) can be further reduced by acknowledging that 
the term dT sin(�) d� is small and may be neglected due to 
the multiplication of two differential quantities. In addition, 
T cos(�) cancels out, and we are left with

We recognize that the latter two terms on the left-hand side 
in Eq. (10) are the result of a product derivative, and then, 
we can also substitute for dA and T. Following these substi-
tutions, we can remove �Lh d� from the derivative as these 
terms are considered constant along x, while r and cos(�) are 
a function of x, yielding

Now we rearrange and integrate over � from 0 to � and 
substitute ds to obtain:

(7)Fx = − p dA sin � + (T + dT) cos(� + d�) − T cos(�),

(8)
Fy = − p dA cos � sin(�) + (T + dT) sin(� + d�) sin(�)

− T sin(�) sin(�) − �Ch ds sin(�) d�,

dA = r d� ds, ds =

√

1 +

(
dy

dx

)2

dx

(9)
− p dA sin � + T cos(�) − T sin(�) d� + dT cos(�)

− dT sin(�)d� − T cos(�) = 0.

(10)−p dA sin � − T sin(�) d� + dT cos(�) = 0.

(11)−p sin �r d� ds + �Lh d� d(r cos(�)) = 0.
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Finally, we perform another integration over x to obtain:

We now move on to the y-direction forces, represented by 
Eq. (8), to which we can immediately apply the trigonomet-
ric identity presented before and simplify the products of 
the resulting derivative for the terms involving the force of 
tension in a similar manner to that done for the x-direction. 
We will also substitute for tension here, and we obtain the 
following:

Once again, we integrate over � from 0 to � to obtain:

and rearranging this equation and performing another inte-
gral over x results in

From Eq. (13) it is possible to isolate for the longitudinal 
stress (Eq. (4)), and from Eq. (16) we can isolate for the 
circumferential stress (Eq. (5)).
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