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Abstract

A novel state observer-based data-assimilation technique is described and then assessed with
a numerical test case. This novel technique assimilates pressure data through a state observer
that is constructed based on a proportional-integral-derivative control law and that acts on
the pressure equation. The technique is assessed by comparing the performance to a standard
simulation and a data-assimilated simulation using a previously-established technique,
wherein a proportional observer is placed in the momentum equations. First, the mechanism
through which measured pressure data is assimilated into simulations is described for both the
previously-established and the novel technique. Next, the techniques are applied to a square
cylinder in cross-flow at a Reynolds number of 100. A reference simulation is run on a dense
mesh, and both standard and data-assimilated simulations are run on a much coarser mesh.
The primary characteristic used to evaluate the techniques is their dynamic performance, in
terms of how quickly vortex shedding is realized and how accurately the frequency of the
vortex shedding is modeled on the coarser mesh. Both of the data assimilation techniques
produce simulations with a much faster transition from initial conditions to vortex shedding
than the standard simulation on the coarse mesh. The data-assimilated simulation using an
observer in the pressure equations most accurately estimates the pressures and velocities at the
probed locations and produces a frequency spectrum that most closely matches the reference
simulation.
Keywords: data assimilation, computational fluid dynamics, vortex shedding
(Some figures may appear in colour only in the online journal)

1. Introduction

real-world flow within a simulation is still limited by the difficulty in modeling complex geometry, fine flow structures,
initial/boundary conditions, and unstable flow characteristics.
The first two problems can be solved by advances in computational power and computer hardware, but correctly modelling initial and boundary conditions and ensuring that a
simulation correctly models unsteady behavior are more complex problems. By establishing a clear methodology for the
integration of experimental data into numerical simulations,
these complex problems may be alleviated and potentially
solved entirely [2].
In particular, there has been a large amount of effort put
into using experimental data to ensure that the simulations

1.1. Background

Historically, experimental fluid dynamics and CFD have
developed separately, only interacting when CFD is used to
correct the results of experiments, or when experiments are
used to validate the results of CFD. In recent years, however, there has been an increased interest in the integration
of experiments and simulations in the scientific literature
[1]. CFD simulations have advanced tremendously in the
last few decades, in terms of their accuracy when applied to
reasonably complex flows. However, the ability to replicate a
1361-6501/20 /014003+10$33.00
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synthetic body force, through which the experimental data
is assimilated into the numerical model of the system. The
following analogous connections can be drawn between the
terms in the momentum conservation equation and the general
state observer equation:

correctly model unsteady behavior. Techniques for this
include, but are not limited to: Kalman filters [3], four-dimensional variational data assimilation [4], and state observers,
also referred to as measurement-integrated simulation [5].
In all of these investigations, the integration of experimental
data into the numerical simulations improved the accuracy
of the simulations, allowed for flow structures to be modeled
more accurately, and reduced the computational time needed
to achieve convergence in the flow field. Data assimilation is
not just used for the improvement of simulations, however,
they are also used to fill in gaps in, or for the post-processing
of, experimental data. Recently, a hybrid simulation technique
was used to extract unsteady pressure data from velocimetry
data through the assimilation of particle image velocimetry
(PIV) data into direct numerical simulations (DNS) [6].

∂ui
∂yi
→
,
(3)
∂t
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In the prior work performed by Hayase [8], the synthetic
body forces were

1.2. State observers

fA = −KAC [( pA − pS ) − ( p∗A − p∗S )] ,
(6)

The concept of a state observer was originally introduced in
the field of control theory [7]. At the basic level, the function
of a state observer, or simply an observer, is to reconstruct the
state of a system from an incomplete set of measurements of
that system, effectively estimating the n state variables from m
measurements, where n  >  m. The general equation for a state
observer system is

fB = −KAC [( pB − pS ) − ( p∗B − p∗S )] ,
(7)

where f A is the x-component of the body force applied to
control volume A, f B is the x-component of the body force
applied to control volume B, K is the non-dimensional feedback gain, and AC is the cross-sectional area of the control
volume. ( pA − pS ) and ( pB − pS ) are the simulated pressure
difference between the stagnation point and control volumes A and B, respectively, and ( p∗A − p∗S ) and ( p∗B − p∗S ) are
the same for the experimentally-measured pressures [8]. It
should be noted here that when integrating pressure measurements, the artificial body forces are to be parallel with the
wall and flow. This is why only the x-component of the body
force is given. The synthetic body force can more generally
be defined as such



[ fi ]j = −K [φi Ai ]j ( pj − pS ) − p∗j − p∗S ,
(8)

∂yi
= Aij yj + Bik xk ,
(1)
∂t

where y i contains the state variables, and xk contains the measurements. Aij is the transition matrix, which determines how
the state variables evolve over time and is usually determined
from a dynamic model of the system. Finally, Bik is the distribution matrix, which determines how the measurements
are incorporated into the dynamic system. The distribution
matrix is completely dependent on the nature of the measurements and the observer system. By integrating this system in
parallel with performing measurements, the predicted evo
lution of the state variables can be compared with their exper
imental evolution and the transition and distribution matrices
can be adjusted iteratively, such that the estimation error is
asymptotically reduced [2], and the full state of the system
can be dynamically modeled using the limited experimental
measurements. The distribution matrix, Bik, will typically
also have some constant multiplier applied to it to control the
influence that the measurements have on the estimated state
variables. This constant multiplier is often referred to as the
feedback gain of the state observer system [2], and is often
given the symbol K.
When used to model an incompressible flow while assimilating experimental measurements, the specific form of the
state observer equation used previously in the literature is
a slightly modified form of the momentum conservation
equation:
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where a subscript i refers to the vector component, a subscript
j refers to the cell index in the mesh, K is the feedback coefficient field, φ is the directional vector assigned to each measurement in initialization, A is the cross-sectional area of the
cell normal to φ, p is the static pressure in the simulation, p *
is the measured static pressure, and the subscript S refers to
the stagnation or reference cell index. In general, φ is prescribed at each assimilation point such that the synthetic body
force is tangential to the wall and aligned with the direction of
the free-stream flow. In section 2, for comparative purposes,
this technique will be referred to as data assimilation with an
observer in the momentum equations.
1.3. PID control-inspired observer in the pressure equation

In this work, an evolution on state-observer based data assimilation for fluid dynamics is introduced. This new technique
differs from previous techniques in two key ways: First, since
the assimilated data are pressure measurements, the observer
is moved from the momentum equations to the pressure equation. Second, rather than a strict linear control law, the new
technique is based on proportional-integral-derivative (PID)
control.

where u is the velocity field, p is the static pressure, ρ is the
fluid density, µ is the fluid dynamic viscosity, and f is a special
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In the new method, the equations used for the momentum
predictor step of the simulation are left unaltered:


1 ∂p
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∂ui
∂ui
∂ui
= −uj
−
+
.
(9)
∂t
∂xi
ρ ∂xi
ρ ∂xj ∂xj

Table 1. Numerical parameters for the unsteady square cylinder

simulations.
Model

Medium
Diameter (m)
Free-stream velocity (m s−1)
Temperature (°C)
Reynolds number
Num. cells in reference mesh
Time step for reference mesh (s)
Num. cells in coarse mesh
Time step for coarse mesh (s)
Convergence threshold
Feedback gain, proportional
Feedback gain, PID
Integration time, PID
Derivative time, PID

Instead, a synthetic source term E is added to the pressure
equation:




∂ (ui uj )
−1 ∂
∂
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=
+ E.
(10)
∂xi
∂xj
ρ ∂xi ∂xi
In a pressure-based algorithm, influences on the pres
sure field will be implicitly passed to the velocity fields
during the velocity correction step and on the next iteration’s
momentum predictor through the pressure gradient term in the
momentum equations. Therefore, an observer in the pressure
equation will not only dynamically correct the pressure field,
but the velocity fields as well. As a further modification, the
source term in the pressure equation observer is calculated not
with the proportional control law described in equation (8),
but with a proportional-integral-derivative (PID) control law:


N
1 
EN,j = K eN,j +
en,j + TD (eN,j − eN−1,j ) ,
(11)
TI

Square cylinder
D
u∞
Re
Nref
∆tref
Ncoarse
∆tcoarse
K
K
TI
TD

Water
0.01
0.01
20
100
≈335 000
0.01
≈50 000
0.1
10−5
108
400
0.1
5

measurements from the approximate ground truth at will. This
allows for much greater freedom in selecting which data is to
be assimilated compared to an experimental test.

n=1

where EN,j is the synthetic source term added to the pressure
Poisson equation at inner iteration N and cell index j , K is the
proportional feedback gain, TI is the integration time, TD is the
derivative time, and eN,j is the pressure error:

2.1. Numerical methods

All simulations were performed using OpenFOAM version
4.1 [10]. The data-assimilation techniques described in the
preceding sections were custom implemented by the author
in OpenFOAM by modifying the pimpleFoam solver code
for use in unsteady simulations. All meshing was performed
using Pointwise [11].
Table 1 provides an overview of the physical and numerical
parameters used in the numerical case. A Reynolds number
of 100 was chosen for two purposes: First, at this Reynolds
number, there is no need to employ turbulence modeling to
ensure simulation stability, eliminating one potential confound. Second, at this Reynolds number, the wake behind a
square cylinder is two-dimensional [12], so a two-dimensional
mesh can safely be used for the reference simulation.
The procedure of the numerical analysis was as follows:
first, a reference mesh was constructed with Nref points.
The results obtained with this mesh are grid-independent,
according to tests performed with Nref ranging from 9.6 × 103
to 5.0 × 105. See figure 1 for a diagram and description of the
numerical domain and boundary conditions of the reference
mesh. An unsteady laminar simulation was run on this mesh,
using a timestep of ∆tref , satisfying the Courant–Friedrichs–
Lewy condition, for 600 s of simulated time. This simulation
is hereafter referred to as the reference simulation. The onset
of periodic vortex shedding was observed at 90 s. Pressure
probes were placed in the reference simulation and used to
extract data series that were then treated as pressure measurements. Since these numerically probed pressures take the
place of experimental measurements in this work, they are
alternately referred to as pseudo-measurements and pseudoprobes. In order to obtain measurements that did not include
the transient behaviour observed during the transition from

eN,j = pj − pN,j ,
(12)

where pj is the reference pressure at cell index j and p N,j is the
probed pressure at inner iteration N and cell index j .
When applied to simulations performed using the SIMPLE
or PIMPLE algorithm, this technique essentially establishes
a separate synthetic PID control system for each assimilated
point measurement, where the error term is integrated over the
inner iterations within a single time-step. In a standard PID
control application, the meaning of integration and derivative time are interpreted as referring to the physical time over
which each of their corresponding terms act [9]. In this implementation, since the control algorithm is implemented within
the inner iterations of a single time step, these terms do not
correspond to physical time. Rather, they should be thought of
simply as parameters that control the relative influence of the
integral and derivative error terms.
2. Numerical analysis
A numerical analysis is performed to evaluate the performance
of the data assimilation technique on an unsteady, low-Reynolds number flow. The benefit of this analysis over an exper
imental analysis are twofold: First, there is full access to the
approximate ground truth from which the pseudo-measurements are extracted. This allows for a quantitative evaluation
of the relative performance between standard simulations and
data-assimilated simulations in the absence of experimental
error. Second, this approach affords the ability to sample new
3
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Figure 1. Diagram of the domain used for the numerical analysis. A square cylinder with a diameter of 0.01 m is placed in a twodimensional, rectangular domain with a width of 0.09 m. The inlet boundary (x−) is located 0.1 m upstream of the front of the cylinder,
and an outlet boundary (x+ ) is located 0.29 m downstream of the back of the cylinder. Free-slip wall boundaries are used on the top and
bottom of the domain (y −,y + ). The blue dots on the walls of the cylinder indicate the position of pressure probes placed in the reference
simulation to act as pseudo-measurements. Specific details of the mesh are ommitted for brevity. A potential flow solution is used as an
initial condition for all simulations.

Figure 2. Samples in time of the momentum deficit, defined as the normalized deficit in stream-wise velocity relative to the free-stream
velocity, in the wake of the square cylinder for the four simulations. Columns, left to right: Reference simulation, standard coarse
simulation, data-assimilated with proportional observer in momentum equations, and data-assimilated with PID observer in pressure
equation. Each row corresponds to a snapshot in time, with an increment of three seconds between rows. The first row starts at t  =  120 s for
the reference simulation, and the initial condition for the coarse simulations.

the initial conditions to the onset of periodic vortex shedding, these pressure measurements were extracted only for the
period between 120 s and 600 s. This 480 s span of pressure
measurements is then used in the data-assimilated simulations.
Next, a coarse mesh was constructed with Ncoarse points.
Force coefficients obtained with this mesh have an overall

error estimated as approximately 30% relative to the reference case. On this mesh, three different simulations were
run for 480 s: first, a standard unsteady laminar simulation
was run, hereafter referred to as the standard coarse simulation. Second, a data-assimilated simulation was run, identical in form to the standard coarse simulation but with an
4
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Figure 3. Samples in time of the vorticity in the wake of the square cylinder for the four simulations. Columns, left to right: Reference
simulation, standard coarse simulation, data-assimilated with proportional observer in momentum equations, and data-assimilated with PID
observer in pressure equation. Each row corresponds to a snapshot in time, with an increment of three seconds between rows. The first row
starts at t  =  120 s for the reference simulation, and the initial condition for the coarse simulations.

where an observer is placed in the momentum equation, the
synthetic body force is calculated by multiplying the feedback gain and a local cross-sectional cell area with the pres
sure error, whereas in the newly proposed method there is
no cross-sectional area term. Second, the overall feedback
in the PID-inspired method will increase over time due to
the compounding effect of the integral term, and so a lesser
proportional feedback gain may be needed to ensure the stability of the simulation.

observer added to the momentum equations, as described in
section 1.2, using all measurements from all surface pseudoprobes on the sides and back of the cylinder, with the pseudoprobe located at the front stagnation point of the cylinder
used as the reference. The non-dimensional feedback gain
used for these simulations was 108. This feedback gain was
found to be the largest gain that could be used on this mesh
and with this implementation without causing the simulations to diverge. Finally, a second data-assimilated simulation was run, using an observer in the pressure equation,
the technique described in section 1.3. As in the previous
data-assimilated simulation, all available probed pressure
pseudo-measurements were assimilated. For the PID-based
data assimilated simulations, the proportional feedback gain
used was 400, the integral time constant was 0.1, and the
derivative time constant was 5. As with the previous method,
these algorithm parameters were selected on a trial and error
basis, to maximize the effect of the observer without inducing
numerical instability. The disparity in magnitude between
the proportional feedback gains used for each method is
due to two factors: first, in the data assimilation technique

2.2. Results and discussion

Figures 2 and 3 show snapshots in time of the momentum
deficit and vorticity in the wake behind the square cylinder for
the four different simulations over the first 21 s of simulation
time, in increments of three seconds. First, it can be noted
that while the standard coarse simulation shows no signs of
vortex shedding over the first 21 s, instead exhibiting only a
lengthening of the wake, both of the data-assimilated coarse
simulations demonstrate asymmetry in the wake, the prelude
to vortex shedding, within the first 15 s of simulation time. By
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Figure 4. Line plots showing probed quantities in the numerical analysis. Rows, top to bottom: Pressure at the front stagnation point,
pressure at the center of the y + side of the cylinder, pressure at the center of the rear of the cylinder, and the x-velocity at a probe aligned
with the y + side of the cylinder one diameter downstream of the rear of the cylinder. The reference simulation is shown in black, the
standard coarse simulation is shown in red, the data-assimilated with proportional observer in momentum equations is shown in green, and
the data-assimilated with PID observer in pressure equation is shown in blue.

of the reference simulation. To quantify the length of the
wake, one can examine the final row of figure 2 to identify
the approximate down-stream location along the centerline
behind the cylinder where ux /u∞ = 0 , or equivalently where
ux /u∞ − 1 = −1. For both the reference and PID dataassimilated simulations at 21 s, this point is located approximately between 3  >  x/D  >  4, whereas for the standard coarse
and proportional data-assimilated simulations, this point is
located approximately between 5  >  x/D  >  7. Figure 4 reinforces these observations, showing that the transition from
the initial conditions to the onset of vortex shedding takes
approximately 120 s of simulation time for the standard

the end of 21 s, vortex shedding is evident in both of the dataassimilated simulations, while the standard coarse simulation
continues to display symmetric wake lengthening.
It can further be noted from figures 2 and 3 that while
the data-assimilated simulation with a momentum observer
demonstrates a rapid transition to vortex shedding, the recirculation zone behind the cylinder is elongated during the
entire period shown in this figure, similarly to the standard
coarse simulation. This elongated wake is evident in the
data-assimilated simulation with a pressure observer, up
until approximately 18 s of simulation time, after which
the wake contracts to a length more closely resembling that
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Figure 5. Fourier transform of the x-velocity at the probe aligned with the y + sde of the cylinder and one diameter downstream from the
rear of the cylinder. Rows, top to bottom: Standard coarse simulation, data-assimilated with proportional observer in momentum equations,
and data-assimilated with PID observer in pressure equation. The frequency spectrum of the velocity in the wake of each of the coarse
simulations is imposed over that of the reference simulation.

the fast Fourier transform algorithm [13], shown in figure 5.
The peak frequency observed in the reference simulations
was approximately 0.155 Hz, corresponding to a Strouhal
number of approximately 0.155. This is in agreement with a
study performed by Okijama that showed that the Strouhal
number of a square cylinder at a Reynolds number of 100
is approximately 0.15 [14]. In the absence of data assimilation, the coarse simulation shows a strong peak at approximately 0.143 Hz. With the proportional observer in the
momentum equations, the frequency distribution becomes
bimodal, with smaller peaks at both 0.143 Hz and 0.153 Hz,
demonstrating that the influence of the momentum observer
is insufficient to overcome to default tendency of the simulation on the coarser grid. However, with the PID observer
in the pressure equation, the frequency spectrum in the
wake is in near-complete agreement with that of the reference simulation.

coarse simulation, while the data-assimilated simulations
show periodic behaviour in the pressure and velocity probes
after only 20 s of simulation time.
Qualitatively, comparing the two data-assimilated simulations in figures 2–4 indicates that the use of an observer in the
pressure equation with a PID control law results in a quicker
transition to vortex shedding, and a better reconstruction of
the length of the recirculation zone in the wake of the cylinder.
It can also be observed that the use of the pressure observer
results in a more accurate estimation of the pressure on the
front and back of the cylinder, as well as the velocity in the
wake, in terms of the frequency, amplitude, and bias of these
signals.
In particular, for the pressure on the side of the cylinder,
the use of a PID control law has partially compensated for
the offset error that is clearly evident in the pressure signal
taken from the momentum-observer simulation. While the
amplitude of the pressure oscillations has not been properly
captured in either of the data-assimilated simulations, the frequency of the oscillations have been faithfully reconstructed
in the pressure-observer simulation.
Finally, a Fourier analysis is performed on x-velocity data
collected from a probe in the wake behind the cylinder using

2.3. Assimilation of noisy data

To test the performance of the proposed technique in more
realistic cases, which would include noise, Gaussian white
noise with different standard deviation values were added
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Figure 6. Line and dotted plots showing the probed quantities in the numerical analysis. Rows, top to bottom: Lift force coefficient
obtained with σp /p∞ = 0.75, 1.25, 1.75 and 2.50%, respectively.

to the reference pressure signals. In total, four different
cases are investigated with relative noise magnitude given
by σp /p∞ = 0.75, 1.25, 1.75 and 2.50%, where σp denotes
the standard deviation of the input pressure signal and p∞
denotes the mean free-stream pressure value prior to the noise
addition. The other flow properties were kept the same as
those used in the preceding section, as detailed in in table 1.
For all the four investigated cases, the input reference pres
sure values, p1 , p2 , . . . , p9, were contaminated with Gaussian
white noise with the variance magnitudes expressed above.
The lift force coefficient is adopted as the basis of the comparative analysis of the performance of both data-assimilation
techniques.
The lift force coefficient responses are shown in figure 6.
At all noise magnitudes, lift coefficient estimates obtained
with each of the data assimilation approaches show significant
phase lag compared to the reference simulations. However, lift

coefficient estimates from the simulations with an observer in
the pressure equation consistently display the correct mean
and amplitude, and do not appear to be affected meaningfully
by increases in the noise magnitude. Conversely, lift coefficient estimates obtained with an observer in the momentum
equations consistently have a different amplitude than the reference simulations. Further, at the lowest noise magnitude the
mean value of the estimated lift coefficient obtained with an
observer in the momentum equations differs from that of the
reference simulation.
The spectral response of the lift force coefficient has
also been investigated and the results for each level of
introduced noise are shown in figure 7. From the analysis
of the response frequency plots, both approaches were able
to modify the flow fields avoiding the degeneration of the
characteristic frequency of coherent structure shedding,
meaning that the structures produced in the resultant flow
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Figure 7. Fourier transform of the normalized lift force coefficient. Rows, top to bottom: Results obtained with σp /p∞ = 0.75, 1.25, 1.75

and 2.50%, respectively.

simulation on the coarse mesh. The pressure observer-based
data-assimilation technique also produces a more faithful estimation of the pressure and velocities at the probed locations,
and produces a more accurate estimation of the frequency
spectrum of the probed velocity than the momentum observerbased data-assimilation technique. It is further noted that these
features are maintained when the controllers are fed with more
realistic—noisy—data.

fields have very similar length-scales and are produced in a
similar fashion.
3. Conclusions and outlook
3.1. Conclusions

In this work, a novel data assimilation technique has been
described and demonstrated. The novel technique uses the
concept of a state observer for the assimilation of exper
imental data into numerical simulations, as initially proposed
in previous literature [5]. However, the new technique places
the dynamic observer in the pressure equation rather than in
the momentum equations and uses a proportional-integralderivative control law rather than the proportional-only control law that was used in the cited study.
In the numerical investigation, a two-dimensional reference
simulation of a square cylinder at a Reynolds number of 100
is used to obtain an approximate ground truth for comparison.
Pseudo-measurements of the pressure are taken from this reference simulation and assimilated into simulations performed
on a coarser mesh. It is observed that the use of the two data
assimilation techniques speeds up the transition from initial
conditions to vortex shedding, as compared to the standard

3.2. Future outlook

The results of the present study indicate that the PID data assimilation technique enhances the dynamic performance of the
simulation in comparison to the proportional-only data assimilation technique, for the test case studied. However, there are
a number of factors that differentiate real-world experimental
conditions from this numerical test. These factors include, but
are not limited to, three-dimensionality in the flow structures,
the presence and influence of turbulence, and the experimental
uncertainty and variance inherent in experimental measurements, both for the assimilated and validating data.
Therefore, to more thoroughly investigate this technique
in the conditions matching those of a scientific or industrial
application, it is necessary that an experimental investigation
9
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dynamic, whether this is a natural dynamism in the case of
vortex shedding, or forced in the case of an accelerating body.
It would be necessary to measure the pressure at a number of
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dataset. This validating data could take the form of either an
integral metric such as forces on a body, or probed velocities
in the wake as depicted in the present study.
Finally, there is currently no systematic method for prescribing the various constants in the PID control law that governs the pressure observer. Additional investigation is required
to identify an algorithmic method of specifying, or even
dynamically updating, the gain and time constants in order to
maximize the efficiency of the observer while preserving the
stability of the simulation.
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