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Impulsively started, low-aspect-ratio elliptical and rectangular flat plates were investigated to determine the role of geometric asymmetries on vortex evolution. Dye visualizations, force measurements, and particle image velocimetry were used throughout
to characterize the variation between shapes. For all the shapes studied, aspect ratio
was observed to have the largest influence on force production and vortex evolution.
Non-uniform curvature and edge discontinuities characteristic of ellipses (with aspect
ratios other than one) and rectangles, respectively, play a secondary role. Furthermore,
it was shown that stably attached vortex rings form behind the circular and square
flat plates, which reduce the instantaneous drag force of each plate until the vortex
rings break down. In contrast, all flat plates with aspect ratios other than one are
subjected to fast-modulating elliptical vortex rings in the wake. These vortex rings
increase the drag force of each plate until pinch-off occurs. Finally, pinch-off was
identified with the streamwise pressure-gradient field and compared with formation
numbers calculated using the circulation-based methodology, yielding good agreement for all plates with aspect ratios greater than one. C 2016 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4938744]

I. INTRODUCTION

The study of unsteady vortex dynamics in the wake of accelerating plates has relevance to many
biological propulsion systems, particularly with regards to manoeuvering.1,2 Furthermore, the study
of generic profile shapes has potential to shed light on the specific vortex dynamics that various swimming and flying species optimize with similar appendage profiles.3,4 Relatively little is known about
the influence of edge discontinuities and non-uniform curvature found in such appendages on vortex
formation and evolution, especially in the context of non-axisymmetric vortex-ring development.
The evolution of vortices produced in isolation can be categorized into two main stages: growth
and pinch-off. The growth stage is initiated by shear-layer roll-up at a boundary, which results in
vortex formation and a continuous increase in circulation. This is followed by pinch-off, when vortex circulation reaches a maximum, and no additional vorticity can be accepted.5 Pinch-off has been
studied in much detail for circular (axisymmetric) vortex systems, as discussed in detail in Section I B
below. Non-axisymmetric geometries, however, have only recently been studied with regards to isolated vortex rings. This motivates the current study, which seeks to systematically investigate both
stages of vortex evolution for vortex rings produced behind accelerating plates.
A. Vortex-growth stage

Kaden6 suggested that two key effects contribute to vortex growth, namely, the transport of
vorticity from the shear layer to the vortex, and viscous diffusion. The transport of vorticity-containing
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mass through the shear layer alone contributes to vortex growth, and therefore the size of the vortex
can be estimated by the total mass into the vortex. This assumption was used by Sattari et al.7 to predict
growth rates for isolated vortices formed by two-dimensional starting jets, yielding good agreement
with experimental results.
In three-dimensional flows, vortex growth is governed by more complex mechanisms. A broad
range of studies exist on the effect of geometry on vorticity transport mechanisms and vortex stability. Three studies are of specific relevance to the current work. Taira and Colonius8 investigated
impulsively started, low-aspect-ratio plates over a range of angles-of-attack between 0◦ and 60◦. It
was concluded that spanwise curvature of the leading edge promotes convective transport of vorticity
towards the plate tips, thereby delaying leading-edge vortex (LEV) separation and breakdown. As
a result, significant deviations in wake topology were observed between the rectangular and nonrectangular plates. However, overall trends in lift and drag histories were shown to collapse for all
cases.
Yilmaz and Rockwell,9 who studied vortex development behind rectangular and elliptical plates
between angles-of-attack of 0◦ and 45◦, correlated inboard-directed spanwise velocities and vorticity
near the symmetry plane with LEV eruption. The impingement of inboard-directed spanwise flow at
the mid-plane produced large spanwise gradients in velocity, which were negatively aligned with the
spanwise vorticity vector. It was also observed in this study that LEV eruption occurred at similar
time scales for both elliptical and rectangular plates.
Hartloper and Rival10 noted high levels of inboard-directed flow on rectangular plates, resulting in the formation of arch-vortices, which tilted the initially spanwise-orientated LEV. Conversely,
for plates with leading-edge curvature, outboard-directed convection of vorticity (rather than vortex
stretching) was found to suppress arch-vortex formation, thereby delaying vortex eruption. Similar
force histories were again observed between the rectangular and non-rectangular geometries, despite
clear differences in LEV development. The mechanisms discussed above influence early stage vortex
development; however, those described in Sec. I B dominate after the initial growth stage has taken
place.
B. Vortex pinch-off stage

The formation of vortices via the roll-up of vortex sheets, which separate at the edge of a body,
can be studied experimentally using a number of methodologies. Flow separation at the edge of an
orifice and off the edge of an impulsively started flat plate are two such techniques, and are discussed
below.
A large collection of literature exists on the development of vortex rings created by circular
piston-cylinder arrangements as fluid moves through an orifice of length, L, and diameter, D. Using
such an arrangement, Gharib et al.5 first observed vortex behaviour that was related to the piston stroke
ratio, L/D. At small L/D ratios, all vorticity-containing fluid expelled from the orifice is entrained
into the vortex ring, while at large L/D ratios, a trailing jet is formed behind the vortex ring, from
which no additional circulation can be accepted. The critical ratio at which vorticity flux is terminated
is known as the formation number and the dynamic process resulting in this termination is known
as pinch-off. Values ranging between 3.6 and 4.5 were reported across the parameter space tested,
and values within this range have been reported in many subsequent studies. In general, explanations
for the pinch-off phenomenon found in the literature can be categorized into three main arguments:
energy-based arguments, kinematic arguments, and dynamic arguments.
The energetic argument was presented by Gharib et al.,5 who determined an analytical energy
constraint on the vortex ring, implied by the Kelvin-Benjamin principle. When a vortex ring relaxes
to steady state, this principle applies a limit on the total kinetic energy of the vortex, past which point
pinch-off occurs. Although this argument explains the pinch-off behaviour of axisymmetric, isolated
vortex rings, it is not applicable to non-axisymmetric configurations.
The kinematic arguments are primarily associated with the induced velocities of vortex rings.
Shusser and Gharib11 showed in their study that buoyant vortex rings experience pinch-off from trailing plumes when the induced velocity of the vortex ring exceeds the plume velocity. Similarly, Aydemir et al.12 studied periodic formation of vortex rings using high-amplitude forcing. In sinusoidally
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forced jets, pinch-off occurred when the translational velocity of the ring exceeded the shear-layer
velocity. The majority of studies related to the kinematic argument have been analytical or numerical, and experimental studies are scarce. In addition, conflicting arguments among existing studies,
including debate over which velocity scale to use in predicting pinch-off, have stifled attempts to
develop a unifying kinematic-based explanation.
A dynamic argument was first proposed in a recent study by Lawson and Dawson,13 who studied
turbulent vortex rings produced by a synthetic jet. They attributed the initiation of pinch-off with a
trailing pressure maximum (TPM) that forms behind the vortex. On the vortex ring side of the TPM,
fluid is accelerated towards the vortex resulting in an increase in overall mass. On the nozzle side,
fluid is decelerated away from the vortex. The role of the TPM is coupled with the self-induced velocity of the vortex ring; during early stage vortex growth, the shear-layer velocity is greater than
the self-induced velocity of the vortex ring. Fluid, therefore, has sufficient momentum to overcome
the pressure maximum. When the induced velocity exceeds the velocity of the shear layer, fluid
near the TPM no longer has sufficient momentum, and growth is halted. Formation of a pressure
maximum behind the vortex ring therefore initiates separation from the shear layer.
Non-axisymmetric geometries have been the subject of a few noteworthy studies since the pinchoff phenomenon was first identified. Domenichini14 performed simulations on vortex formation for
slender orifices of varying boundary conditions. Nominally two-dimensional orifices composed of
narrow rectilinear portions capped with semi-circular ends were used to investigate the global extent
of the pinch-off mechanism. Domenichini14 showed pinch-off to be a local phenomenon, which does
not occur in the rectilinear regions or regions of low curvature. In a subsequent study related to the
work of Domenichini,14 O’Farrell and Dabiri15 compared the vortex evolution resulting from three
piston-cylinder arrangements, involving two elliptical orifice geometries of different aspect ratios
and one oval geometry. These geometries were carefully chosen to investigate the effects of variations in curvature and edge discontinuities on vortex behaviour. A new length scale was used in the
non-dimensionalizations; each non-axisymmetric geometry was related back to the circular geometry
by equating its area to that of a circle, and determining the corresponding equivalent diameter. In
contrast to the work of Domenichini,14 pinch-off was found to be a global phenomenon, and not a
function of curvature. Pinch-off values for the three shapes were reported to fall within the range
observed for circular rings produced by a similar vortex generator.
As previously mentioned, vortices may also be formed by impulsively starting flat plates. Following the previously cited work of Kaden,6 Wedemeyer16 studied theoretically the flow separation at the
edge of an impulsively started plate. Using an inviscid assumption, the flowfield was modelled by a
thin vortex sheet, which allowed the velocity field and growth of the spiral vortex to be uniquely determined. More recently, following the previously outlined seminal investigations on vortex pinch-off,
Milano and Gharib17 attempted to bridge the gap between piston-cylinder and impulsively started,
flat-plate work. Using a genetic algorithm validated by Milano and Koumoutsakos,18 optimized solutions of a flapping aspect-ratio-six rectangular plate were investigated in terms of the link between
maximum lift production and vortex pinch-off. By parameterizing the flapping motion, it was shown
that optimal flapping kinematics produce leading-edge vortices of maximum circulation with associated formation numbers of around four, in agreement with previous jet-flow experimental studies.
Similarly, Ringuette et al.19 studied vortex development in the wake of a rectangular, normal flat plate
undergoing a purely translating motion. The plate was partially submerged in a free-surface towing
tank, depending on the desired aspect ratio, to investigate the influence of the tips on vortex growth
along the edges. Vortex circulation was observed to reach a maximum value and saturate (based
on circulation calculations) at each of the chord-wise planes investigated, indicating that the vortex
pinch-off methodology is applicable to vortices in the wake of accelerating plates. The concept of
optimal vortex formation has also been recently applied to leading-edge vortex formation on airfoils.
Rival et al.20 studied various bio-inspired airfoil kinematics, and demonstrated the relevance of vortex
pinch-off to all manoeuvers investigated by measuring formation numbers between a range of 4.4
and 5.
One key difference between vortex rings produced by piston-cylinders and accelerating plates is
immediately evident when specifically considering the circular vortex ring, as pointed out by Batchelor21 (Sec. 7.2). If the points of separation, i.e., the orifice and plate edges, are considered to be
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FIG. 1. (a) For the circular piston-cylinder arrangement, the self-induced velocity of vortex rings is always away from the
feeding source, based on the rotational sense of circulation, Γ(t). (b) For vortex rings produced in the wake of impulsively
started circular plates, the self-induced velocity is towards the feeding source.

the “sources” of vorticity feeding, then based on the rotational sense of circulation, the self-induced
velocity of vortex rings produced by the piston-cylinder arrangement will be constantly away from
the feeding source, but towards the feeding source for impulsively started plates. This kinematic
property is illustrated in Figure 1 for both a circular piston-cylinder and flat-plate geometry. Due to
this discrepancy, it is reasonable to expect that the kinematic arguments developed for pinch-off of
conventionally formed vortex rings are unlikely to fully explain pinch-off for accelerating flat plates.
This discrepancy does, however, provide an interesting framework with which to gain further insight
into the universality of existing vortex pinch-off arguments.
The current study explores the growth and pinch-off stages of vortex evolution behind impulsively started elliptical and rectangular flat-plate geometries. A circular flat plate is first studied as
the benchmark axisymmetric geometry. Subsequently, a square plate, which introduces edge discontinuities while maintaining a constant aspect ratio (AR), is then considered. A final parameter space
consisting of elliptical and rectangular plates with aspect ratios of two, three, and four is investigated
to determine the effect of varying degrees of curvature and changes in the relative distances of discontinuities from one another. Vortex evolution and force production between these shapes are compared,
and the applicability of vortex-ring formation arguments typically associated with free vortex rings at
Reynolds numbers on the order of Re = O(103) are evaluated under the current experimental conditions at Re = O(104). Sec. II outlines relevant theory of elliptical vortex-ring dynamics.

II. ELLIPTICAL VORTEX-RING DYNAMICS

It is expected that elliptical vortex-rings will form behind elliptical flat plates with non-unity
aspect ratio. The theoretical behaviour outlined below is utilized in the analysis of elliptical vortex
rings encountered in this study.
Unlike circular vortex rings, which are characterized by uniform self-induced velocities, elliptical vortex rings have variable induced velocities along the filaments.22 Induction analysis suggests
that the velocity is proportional to the local curvature of the ellipse, such that induced velocities are
largest in regions of high curvature, and smallest in regions of low curvature. This variation in induced
velocities results in the vortex-ring “axis-switching” phenomenon. This process is shown from an
angled view in Figure 2(a) and from a side-view perspective in Figure 2(b), both of which are adapted
from Green.22 After an elliptical vortex ring is formed, regions of the filament with highest curvature
near the major axis propagate ahead at a faster rate than the rest of the ring. As these regions of high
curvature propagate forward, curvature is reduced. This results in the subsequent increase in curvature
of the slower-moving portion, allowing this region to catch up with the rest of the ring. Therefore,
what was initially the major axis becomes the minor axis, and vice versa. The deformation process
then repeats along the new axes, before the ring returns to its original configuration.
Dhanak and Bernardinis23 showed numerically that inviscid elliptical vortex rings of aspect ratio
1.25 modulate periodically (as illustrated in Figure 2). Vortex rings with aspect ratios of 1.67 and 2.5
exhibited non-periodic motion, as after each cycle the rings did not return to their prior configuration.
As aspect ratio is further increased to 5, deformations are so large that the cores eventually touch.
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FIG. 2. Elliptical vortex ring deformation behaviour from an (a) angled view and (b) side view. Induced velocities are
largest in regions of high curvature (near the major axis), and as such the ring propagates ahead of the rest of the ring. The
faster-moving portion of the filament subsequently reduces in curvature as it moves forward, and curvature is increased near
the initially slower-moving portion, allowing it to catch up with the rest of the filament. The deformation process repeats
along the new axes, and the vortex ring returns to its initial configuration.

Experiments were performed by Dhanak and Bernardinis23 on orifice-generated elliptical vortex rings
to compare with their numerical results. For aspect ratios of 1.25, 1.67, and 2.5, behaviour similar to
the numerical calculations was observed during early stages of cyclic modulation. However, viscous
effects were shown to become dominant with time, and the ring eventually deviated from the predicted
behaviour. For the aspect ratio 5 vortex ring, it was shown that when the deforming cores touch,
viscous diffusion results in the separation of the vortex ring into two independent rings.

III. EXPERIMENTAL METHODS

The following section provides a description of the geometries investigated in this study as well
as specifications of the facility where measurements were performed. This is followed by an overview
of the experimental setup used for force and particle image velocimetry (PIV) measurements.
A. Geometries

For circular geometries, selecting a suitable length scale is straightforward. In contrast, the decision is not as clear for non-axisymmetric geometries. It is suggested here that in such cases the hydraulic diameter, a length scale typically associated with duct flow, be used. For flow over a flat plate, the
definition of the hydraulic diameter provides an estimate of the area (space) for vortex growth relative
to the shear-layer feeding perimeter for arbitrarily shaped plate edges. As vortex development relies
heavily on the competition of these two factors, maintaining a constant hydraulic diameter regulates
the influence of this competition.
The experiments were performed in a 4 m-long towing tank with a 0.45 m × 0.4 m cross-section,
representing a maximum blockage of 9% for the aspect ratio four elliptical plate. The eight shapes
tested in this study are shown in Table I along with their primary characteristics. Among these include
TABLE I. Relevant nomenclature and geometric characteristics of the elliptical and rectangular plates. Note that the aspect
ratios of the elliptical and rectangular plates are varied, while maintaining a constant hydraulic diameter.
Nomenclature

a (m)

b (m)

AR

Area (m2)

D h (m)

Blockage (%)

Elliptical plate

E1
E2
E3
E4

0.1
0.160
0.224
0.291

0.1
0.080
0.073
0.074

1
2
3
4

0.007 85
0.010 05
0.013 08
0.016 66

0.1
0.1
0.1
0.1

4.3
5.5
7.2
9.2

Rectangular plate

R1
R2
R3
R4

0.1
0.150
0.200
0.250

0.1
0.075
0.067
0.063

1
2
3
4

0.010 00
0.011 25
0.013 34
0.015 63

0.1
0.1
0.1
0.1

5.5
6.3
7.4
8.7

Geometry
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the aspect ratio, area, and associated nomenclature of each shape. The plate height, a, will be referred
to as the major axis, and the width, b, will be referred to as the minor axis; aspect ratio is defined as
the ratio of the major and minor axes. All plates are made of aluminum, have a thickness of 3 mm,
and a length scale of 0.1 m, as defined by the hydraulic diameter.
B. Dye, force, and PIV measurements

All towing motions were generated using a Parker HPLA 080 linear traversing system, which has
a positional repeatability of ±0.2 mm. The dye visualizations presented in this study were created via
the injection of potassium permanganate on the pressure side of each plate. A hollow steel tube with a
1 mm inner diameter continuously supplied the dye marker (which was forced around the perimeter
of the plate and into the resulting structures) throughout the entire motion. A six-component ATI
Gamma force sensor was mounted above the flat plates by means of a vertical, steel cylindrical sting
(3 mm diameter) to record force data, as shown in Figure 3(a). The force sensor has a static resolution
of 0.025 N and was operated at a sampling rate of 1000 Hz. Uncertainty in the drag coefficients of
each plate ranges between ±0.008 and ±0.03. Negligible inertial contributions relative to the hydrodynamic forces were observed during the prescribed motion. Force histories were averaged over ten
runs. The linear motion was non-dimensionalized using the following relationship:
s∗ =

s
,
Dh

(1)

where s is the physical distance travelled (in the streamwise direction) and Dh is the hydraulic diameter. A second “L-shaped” sting was investigated to determine the effects of a purely vertical sting on
vortex growth behind the circular plate. The forces recorded using each sting were shown to collapse,
and therefore the vertical sting was selected for the remainder of the measurements to facilitate dye
visualizations. Each shape was rectilinearly accelerated from rest, at a constant acceleration, to a final
towing velocity of U∞ = 0.4 m/s. The acceleration ramp period was prescribed by the dimensionless distance at which terminal velocity was reached. To determine the effect of acceleration on the
resulting dynamics, ramp distances between s∗ = 0.25 and 3 were investigated. Force production corresponding to each case exhibited varying (added-mass) force peaks during the acceleration period,
as expected, but showed good collapse during the rest of the motion (i.e., between s∗ = 3 and 20)
once terminal velocity was reached. As force production has been shown to be strongly coupled with
vortex-plate interaction,9,10 overall vortex evolution was deemed insensitive to the choice of acceleration within the range tested. An acceleration corresponding to s∗ = 0.5 was therefore used throughout
for subsequent measurements, which, along with the constant-velocity portion of the towed motion, has relevance to biological kinematics.24 Free-surface and boundary effects were investigated

FIG. 3. (a) Schematic showing sting attachment, location of the coordinate system, and orientation of optical field of view
used in this study (shown for the circle), located at the vertical midspan of each shape. (b) CAD rendering of the PIV setup
for the circular plate, showing the orientation of the laser sheet, camera, and force transducer during the prescribed motion.
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by mounting the plate at varying heights in the towing tank, and comparing the force histories. At
the maximum varied distance of half a hydraulic diameter above and below the center of the tank,
the forces were shown to collapse. The free-surface and tank base were therefore deemed to have
negligible effect on vortex-plate interactions during growth within the vertical range tested (±0.5Dh
from the center of the tank).
Two-dimensional PIV was used to quantify the wake dynamics of each plate. A right-hand coordinate system was adopted such that the x-, y-, and z-axes are oriented in the streamwise, wall-normal,
and spanwise directions, respectively. Figure 3(a) provides a schematic of the PIV field-of-view tested
in this study, using the circular plate as a reference. A window, 12 cm × 12 cm in size, corresponding to
approximately one dimensionless distance of travel, was used to capture large wake structures behind
the plate. As indicated in Figure 3(a), measurements were primarily obtained in the xz-plane at the
vertical midspan. The flow-field was captured with a Photron SA4 high-speed camera, as shown in
Figure 3(b), operated at a resolution of 1024 × 1024 pixels and frame rate of 500 Hz. The towing motions were repeated and recorded 15 times for each field-of-view, and the results were phase-averaged.
A laser sheet with a thickness of 1 mm was used for all measurements. The maximum measurement
uncertainty associated with the PIV data was 3% for normalized velocity, and 7% for normalized
vorticity.
IV. RESULTS AND DISCUSSION

In this section, an overview of overall vortex evolution is first presented, which highlights the
relationship between vortex dynamics and force production. Vortex pinch-off is then investigated for
each shape using the circulation-based methodology as well as the streamwise pressure-gradient field
from PIV measurements.
A. Overall vortex evolution

As well-established literature exists for circular vortex rings in isolation (refer to Section I B),
the circular plate was subjected to the first series of tests. The square plate was tested next, followed
by the remaining AR = 2, 3, and 4 plates. The force measurements and PIV data presented in this
section are primarily used to determine the relevance of aspect ratio and geometric asymmetries to
force production and flow-field development.
1. Circular plate

A plot of the drag coefficient against dimensionless distance travelled is shown in Figure 4(a) for
the circular plate. After the initial force peak due to the acceleration of the plate, a gradual decrease
in drag is observed. The drag force reaches a global minimum at s∗ ≈ 5, after which it gradually
increases. Before approaching the steady-state value, a local maximum is observed at s∗ ≈ 12. Superimposed on this plot are side-view dye visualizations of the plate at these two instances. The plate
is moving from left to right. At s∗ = 5, the vortex ring is attached to the plate. Past this distance,
appreciable deformations result in the convection of the vortex away from the plate. This deformation
process is exemplified by the visualization at s∗ = 12. Figure 4(b) shows two vorticity magnitude
plots from the PIV data at s∗ = 1 (top) and s∗ = 4 (bottom). These snapshots represent vortex development at the vertical midspan across half the plate, as depicted in Figure 3(a). The plate is once again
traveling from left to right, and has just left the field of view in both plots. Vorticity is normalized
by the hydraulic diameter and final towing velocity, as indicated in the legend. It should be noted
that as the vortex ring grows in size, it remains compact, and in close proximity to the plate (within
half a hydraulic diameter). It is therefore reasonable to expect that the vortex will have a significant
influence on force production.
2. Square plate

The first non-axisymmetric geometry investigated in this study is the square plate. Despite the
four discontinuities at the corners, the square plate maintains the same aspect ratio as the circle. It
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FIG. 4. (a) The coefficient of drag plotted against dimensionless distance for the circular flat plate. After the initial
added-mass peak, a reduction in drag is observed, which is coupled with the growth of the vortex. As the vortex begins
to deform and convect away from the plate, a region of low pressure results in a local maximum before an asymptotic
approach towards the steady-state value. (b) Two PIV snapshots at s ∗ = 1 (top) and s ∗ = 4 (bottom). As the vortex ring grows,
it remains in close proximity to the plate, and maintains a radius that is approximately equal to the radius of the plate.

was therefore tested in succession in an attempt to decouple the effects of aspect ratio from other
geometric differences.
Force data for the square plate are overlaid on the previously reported circular-plate data in
Figure 5(a). After the initial added-mass peak, a much less noticeable trough is evident in the force
history (centred about s∗ ≈ 5). This is followed by an immediate approach towards the steady-state
force coefficient. Dye visualizations at s∗ = 3, 6, and 10 are superimposed on this force plot. In contrast
to the circular plate, the vortex ring that forms behind the square plate exhibits much larger convection
from the plate during growth, as shown in the visualization at s∗ = 6. Therefore, any impulse associated with the vortex ring is expected to have a smaller impact on drag reduction. The visualization
plotted at s∗ = 6 shows the beginning of the dissipation process. By s∗ = 10, a steady formation region
develops behind the plate, and the plate achieves its steady-state force coefficient shortly after. Two

FIG. 5. (a) Force history corresponding to the square plate. The reduction in drag after the initial force peak is much less
noticeable. The vortex begins to deform and convect downstream by s ∗ ≈ 5, and the plate immediately asymptotes to its
steady-state value after the vortex dissipates and a steady formation region forms. (b) Vorticity magnitude plots at s ∗ = 1
(top) and s ∗ = 4 (bottom). The vortex ring that forms behind the square plate convects away in the streamwise and spanwise
directions. Therefore, the vortex has minimal effect on force production.
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FIG. 6. (a) Four filaments initially form along the edges of the square plate, which are pinned at the corners. (b) As the
filaments grow, they unpin from the corners and combine to form a single loop. The middle of each leg convects outward, in
an attempt to achieve a more stable (circular) configuration. (c) The resulting circular vortex ring that forms has a diameter
that is larger than the length scale of the plate.

PIV snapshots are shown in Figure 5(b), in the same format as Figure 4(b). As illustrated at the earlier
time step (s∗ = 1), the vortex area is not as compact/circular, and the vortex has already convected
nearly half a plate chord away from the plate. The snapshot at s∗ = 4 illustrates the continued streamwise convection, but also the spanwise convection that pushes the vortex almost beyond the boundary
of the plate—which is indicated by the dashed line for clarity—such that the center of the vortex is
situated approximately z = 0.1Dh away from the boundary of the plate. As a result, the vortex does
not have a significant effect on the force experienced by the plate.
The differences observed above between the circular and square plates, particularly with regards
to vortex convection, can be qualitatively explained as follows. As the square plate is accelerated
from rest, four separate arch-vortices form, due to the inboard-directed flow along each edge;10 this
process is schematically shown in Figure 6(a). As these vortex filaments grow, they detach from the
corners and join with one another, forming a closed loop, as shown in Figure 6(b). The vortex loop
subsequently convects outward near the midspan of each leg, to achieve a more stable circular configuration (see Figure 6(c)). As a result, the vortex ring that forms has an√effective radius between half
the hydraulic diameter and the diagonal of the plate (Dh /2 ≤ Rc (t) ≤ 2Dh /2). This agrees with the
estimate of Rc (t) ≈ 0.6Dh based on the qualitative position of the vortex center in Figure 5(b).
In Subsection IV A 3, the remaining elliptical and rectangular plates are investigated to determine
the effects of variable aspect ratio (with both non-uniform curvature and edge discontinuities) on
overall vortex development.
3. Elliptical and rectangular plates (AR = 2, 3, 4)

For the elliptical and rectangular plates, dye visualizations were recorded facing the back of the
plate, in addition to the side, to more effectively capture the development of the non-circular vortex
rings. Figure 7(a) (Multimedia view) contains visualizations at three time steps (s∗ = 0.5, 2, and 3)
for the aspect ratio two elliptical plate. Visualizations in the top row illustrate development on the
leeward side (such that the plate is traveling into the page from this perspective), and visualizations
in the bottom row illustrate development from a side view, as outlined previously for the circular and
square plate. Each column therefore represents a constant time step. As the shear layer rolls up behind
the plate, an elliptical vortex ring forms. The filament is highlighted in black in both visualizations
at s∗ = 0.5; however, the vortex shape is only clearly discernible from the back view (in the top row).
By s∗ = 2, the ring has already deformed due to larger induced velocities at the top and bottom of the
filament (as discussed in Section II). The top and bottom portions of the vortex ring deform toward
the plate, resulting in the figure-eight-like structure from the back view. After one modulation, the
vortex ring becomes unstable, and dissipates at s∗ ≈ 4.
The same time steps are shown in Figure 7(b) (Multimedia view) for the aspect two rectangular
plate, in the same format as Figure 7(a) (Multimedia view). This plate undergoes a nearly identical
process; an elliptical ring forms and goes through one modulation before dissipating. In fact, the
resulting dynamics behind the aspect ratio three and four plates can also be characterized by the same
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FIG. 7. Dye visualizations for the aspect ratio two (a) elliptical and (b) rectangular plates. The top row contains visualizations
facing the leeward side of the plate, and the bottom row contains visualizations from the side. Elliptical vortices form in the
wake of both plates (s ∗ = 0.5), which modulate in an identical fashion due to non-uniform induced velocities along the
filament (s ∗ = 2), and eventually dissipate (s ∗ = 4). In both cases, the vortex filaments are outlined in black. (Multimedia
view) [URL: http://dx.doi.org/10.1063/1.4938744.1]

behaviour. Visualizations for the other two pairs of shapes are therefore excluded for brevity. However, a video illustrating temporally matched development behind all eight plates has been provided
in Figure 7 (Multimedia view).
The formation of elliptical vortex rings behind elliptical plates comes as no surprise, but the
formation of elliptical rings behind rectangular plates that behave in an identical manner (as qualitatively observed from the dye) is indeed unexpected. In Subsection IV A 2, a process by which four
independent arch-vortices eventually form a circular vortex ring behind the square plate was proposed.
This process results in the formation of a circular vortex ring with an effective diameter larger than a
vortex ring produced by a circular plate of the same hydraulic diameter. Figure 8(a) contains vorticity
magnitude plots for the elliptical and rectangular plates at a time step of s∗ = 2. The elliptical plates are
shown in the top row, and the rectangular plates are shown in the bottom row, such that each column
represents a comparison of vortex development between plates of constant aspect ratio. Unlike the
vortex rings produced behind the circular and square plates, vortex development is nearly indistinguishable between plates of the same aspect ratio. This observation suggests that induction-based
deformation behaviour dominates once the non-elliptical vortex loops orient themselves into more

FIG. 8. (a) Vorticity magnitude plots (at the vertical midspan) at s ∗ = 2 for the elliptical plates (top row), and rectangular
plates (bottom row). Aspect ratio two, three, and four plates are shown in the left, middle, and right columns, respectively.
Nearly identical development is observed for plates of constant aspect ratio; coloured circles have been included to illustrate
the approximate collapse of vortex position (based on maximum vorticity) with constant aspect ratio. (b) The aspect-ratio
four elliptical plate is used here to demonstrate the much larger variation in topology between ellipses of varying aspect ratio
(bottom) when compared with constant aspect-ratio plates (top).
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stable elliptical configurations via the initial outward convection proposed in Figure 6(b). Coloured
circles have been superimposed on each subplot in Figure 8(a) at the approximate locations of peak
vorticity in the cores to illustrate the collapse of vortex topology with aspect ratio. This trend is quantified in Figure 8(b) where the aspect-ratio four elliptical plate has been selected as a reference geometry
to compare topological variations with shape and aspect ratio. Much stronger collapse is observed in
vortex topology between the two aspect-ratio four plates (top), than between geometrically similar
(elliptical) plates of varying aspect ratio (bottom), suggesting that aspect ratio has a dominant effect
on vortex growth over edge discontinuities.
In order to understand the more complex, non-axisymmetric vortex dynamics evident from the
dye visualizations and PIV measurements along one axis, a series of PIV measurements were obtained along both the vertical midspan (minor axis) and horizontal midspan (major axis) for the aspect
ratio two elliptical plate. Figure 9(a) contains vorticity plots along the minor axis at the time steps
shown. Geometric curvature is the smallest along this axis, and therefore induced velocities are also
the smallest here. As a result, the primary vortex (PV) that forms is unable to keep up with the plate
and immediately begins to convect away. This progressive, outward convection is shown in the two
sequential time steps at s∗ = 2, and 3. At s∗ ≈ 2.5 the vortex detaches from the plate, and a secondary
vortex (SV) forms. Figure 9(b) represents vortex development along the major axis. The primary
vortices form much closer to the plate, as shown at the first time step. These vortices are eventually
pulled towards the center of the plate by the slower-moving portions of the ring near the minor axis,
as shown at s∗ = 2 and 3, and create a strong region of low pressure (suction). The secondary vortices
form more than one hydraulic diameter upstream of the plate, but are believed to be pulled towards
the plate resulting in the formation of an additional, weaker region of low pressure. The speculated
movement of the secondary vortices is indicated by a blue arrow in Figure 9(b). Note that near the
major axis, the vortex ring moves towards the center of the plate—away from the tank base and free
surface—as shown in Figure 9(b). Near the minor axis, the vortex ring separates from the shear layer
at a distance of less than one hydraulic diameter in the spanwise (z) direction, as shown in the last
time step in Figure 9(a). The modulation process of the elliptical vortex rings suggests that the vortex
dynamics are not significantly influenced by the tank boundaries and free surface during the time
period of interest.
The elliptical and rectangular plates are grouped together in the three force plots shown in
Figures 10(a)–10(c). The aspect ratio two, three, and four plates are plotted in Figures 10(a)–10(c),
respectively. Force histories show similar trends when the plates are paired based on constant aspect
ratio, particularly with regards to the instants in time when force peaks occur. After the initial addedmass peak, a second peak is observed at s∗ ≈ 2, for the aspect ratio two plates in Figure 10(a). This
drag increase is correlated with the movement of the primary vortex ring towards the center of the
plate along the major axis (as previously illustrated in Figure 9(b)), which creates a region of low
pressure on the leeward side of the plate. The weaker secondary vortex ring has minimal effect on
force production, and the plate quickly approaches its steady-state drag coefficient. For the aspect ratio
three and four plates—shown in Figures 10(b) and 10(c)—an additional peak is observed between
s∗ = 4 and 5. This second peak results from the production of stronger secondary vortices, due to the
much faster primary vortex deformations that occur with increasing aspect ratio. This is discussed

FIG. 9. (a) At the vertical midspan, the induced velocities of the primary vortex (PV) are the smallest, and therefore the
vortex readily convects away from the plate. Once the primary vortex detaches, a secondary vortex (SV) immediately forms.
(b) The vortex cores at the horizontal midspan are pulled downward by the slower-moving filament near the minor axis. This
results in the formation of a region of suction on the leeward side of the plate. The secondary vortex forms far away from the
plate, but is pulled in and forms a second, weaker region of low pressure behind the plate.
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FIG. 10. Drag force evolution for the (a) aspect ratio two plates, (b) aspect ratio three plates, and (c) aspect ratio four plates.
Initial peak in force history occurs as the primary vortex detaches from the shear layer. The second peak seen for the aspect
ratio three and four plates results from the presence of a strong, secondary vortex. Similar trends are observed when the force
histories are grouped based on constant aspect ratio. The primary features of each subplot are indicated with black arrows.
(d) Force histories for the three elliptical plates overlaid; similar trends are not observed when plates are grouped based on
geometric similarities. Once again, black arrows are included to emphasize the inherent variation with aspect ratio.

further in Sec. IV B, and more information can be found in Green.22 The primary (collapsed) features of each subplot are indicated with black arrows and appropriate nomenclature. In contrast, no
temporal correlation is observed in the force data when the plates are grouped based on geometric
similarities, shown in Figure 10(d) for the three elliptical plates, suggesting that aspect ratio has a
dominant effect on force and vortex production. The dissimilarities between the drag histories of each
elliptical plate, particular with regards to the variation in primary and secondary vortex development,
are emphasized with black arrows in Figure 10(d). It should be noted that the aspect-ratio three and
four plates exhibit qualitatively similar drag histories, relative to the aspect-ratio two plates. However,
it is argued here that past an aspect ratio of around four, nominally two-dimensional behaviour can be
expected from elliptical and rectangular flat plates, at which point end effects will be small relative to
the two-dimensional regions, and the forces will collapse identically between both general shape and
aspect ratio. Therefore, the purported dominance of aspect ratio is limited to low-aspect-ratio plates.
The results presented in this section provided an overview of the flowfield development behind
each plate, particularly with regards to the link between vortex-ring dynamics and plate drag. It has
been shown that circular vortex rings are well-correlated with a reduction of instantaneous plate drag
due to the formation of positive body forces, which reduce form drag of the aspect-ratio one plates.
In contrast, the fast-modulating elliptical vortex rings that form behind all plates with aspect ratios
greater than one have been correlated with a temporary increase in plate drag, during shorter periods
of growth and subsequent dissipation. In addition, aspect ratio was observed to have a primary effect
on vortex dynamics and force production, while edge discontinuities and curvature play a secondary
role. This observation is unexpected, in light of the numerous studies undertaken on rectangular plates
and plates with leading-edge curvature8–10 at varying angles of attack, which have shown that despite
a collapse in force histories, vortex topology between plates with straight and curved leading edges
remains distinct. In Sec. IV B, the second stage of vortex development (pinch-off) will be investigated
in further detail.

B. Vortex pinch-off

This section is structured as follows: Vortex pinch-off is first investigated using dimensionless
circulation versus distance plots to determine the point at which pinch-off occurs. The dynamic argument proposed by Lawson and Dawson13 is then applied to the current data to determine if they can
be used to identify pinch-off, and if so, whether the results are in agreement with the method based
on circulation growth.
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1. Pinch-off based on circulation growth

The vortex rings observed in the current study can be classified into stable and unstable groups.
In this context, stability is defined based on the time scales associated with vortex-ring attachment
to the plates during growth. These time scales, which are larger for the circular vortex rings and
smaller for the elliptical vortex rings, can be correlated with the uniformity of the induced velocities. Circular vortex rings have uniform self-induced velocities that are aligned with the direction
of motion, and therefore the vortex rings remain attached to the plates. Elliptical vortex rings have
non-uniform induced velocities, which facilitate separation from the feeding shear layer along both
axes. A similar effect is observed for isolated, axisymmetric vortex rings generated by starting jets,
which have induced velocities directed away from the feeding source. It is therefore hypothesized
that pinch-off will occur sooner for the unstable, elliptical vortices. This hypothesis is investigated
using the subsequent methodology.
Gharib et al.5 first observed vortex pinch-off by relating observed plateaus in vortex-ring circulation to the total circulation emanating from the feeding source. This methodology is first studied to
provide a framework with which to adequately investigate the dynamic argument proposed by Lawson
and Dawson.13
Dimensionless circulation versus distance plots are shown for the circular plate in Figure 11(a),
and the aspect-ratio two elliptical plate in Figures 11(b) and 11(c). These plots are representative of
circulation growth for the square plate and remaining plates with aspect ratios greater than one, respectively, and therefore the plots in Figure 11 alone are presented and discussed for clarity. In both figures,
vortex circulation is indicated by hollow circles, and total circulation is indicated by solid circles. The
plot in Figure 11(b) represents circulation growth at the minor axis of the aspect-ratio two elliptical
plate, and the plot in Figure 11(c) represents circulation growth at the major axis. Measurements were
undertaken at these two orthogonal planes, as in O’Farrell and Dabiri,15 to ensure that pinch-off occurs
at the same time around the entire vortex ring (i.e., that global pinch-off occurs). The findings from
the measurements obtained at the major and minor axis for the aspect-ratio two elliptical plate were
extended to the other non-unity aspect ratio plates based on the similarities previously outlined between these plates. A plateau in vortex circulation is observed for the circular plate at a dimensionless
distance of approximately 5. Despite this plateau, the vortex ring remains physically attached to the
feeding shear layer. For the elliptical plate, vortex circulation is observed to level off at approximately
s∗ = 2.5 along both axes, based on shorter periods of plateau. Past a dimensionless distance of s∗ ≈ 3
for all plates with aspect ratios greater than one, large out-of-plane motions were observed in the
data as the vortex rings dissipate. The data past this point are therefore increasingly less reliable, and
have been excluded. Accurate values of plateau were difficult to extract from the data as a result,
and therefore grey bands approximating a range of values were used to estimate the dimensionless
distances at which point the values of vortex circulation match the total circulation in the system,
i.e., the formation numbers, as indicated in Figure 11. For the circular plate, the formation number
was estimated to fall within an approximate range of s∗ = 3.4–3.6, while a range of s∗ = 2.2–2.4 was

FIG. 11. (a) Circulation growth of the vortex ring behind the circular plate. Vortex circulation is identified by the hollow
circles, and total circulation is identified by the solid circles. A plateau in vortex circulation is observed past a dimensionless
distance of s ∗ ≈ 5. (b) Circulation growth of the vortex ring behind the aspect-ratio two elliptical plate at the minor axis, and
(c) major axis. Plateaus in circulation growth are observed sooner, past s ∗ ≈ 2.5 in both cases, indicating that global pinch-off
has occurred.
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estimated for the elliptical plate at both axes (suggesting that global vortex pinch-off does in fact
occur). Overall pinch-off ranges of s∗ = 3.2–3.6 and s∗ = 2.1–2.6 for the AR = 1 and AR > 1 plates,
respectively, were determined. This range is equivalent to an overall dimensionless time range of
t ∗ = 2.6–4.1, which is in good agreement with ranges reported in the literature for orifice-generated
vortex rings.11–15 Based on the circulation-growth methodology, larger ranges of formation numbers
are measured for vortex rings associated with the aspect-ratio-one plates. In the context of flat plates,
small formation numbers are therefore an indication of unstable systems, with highly transient initial
growth behaviour. Furthermore, the formation number provides an estimate of the time period during
which either a reduction or increase in instantaneous drag forces may be expected, for the AR = 1
and AR > 1 flat plates, respectively.
Pinch-off is investigated in Subsection IV B 2 using the streamwise pressure-gradient field to
calculate formation numbers for each plate, which are then compared to those obtained using the
methodology outlined in the current section.
2. Dynamic argument

At sufficiently high Reynolds numbers, inertial forces are dominant, and components of the pressure gradient field may be calculated from averaged values of the material derivative.13 This is shown
below for the streamwise (x-direction) pressure gradient,
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where p is normalized by density, and the angled brackets indicate average values. The pressure
gradient in the streamwise direction can be used to distinguish the vortex ring from its trailing wake in
a frame-invariant manner.13 Pinch-off is expected to occur when a pressure maximum forms behind
the vortex, which can be identified by contours of ⟨∂ p̃/∂ x⟩ = 0.
Vortex pinch-off was not clearly observed for the circular and square plates, based on contours
of the pressure gradient field. Vortex rings behind these shapes remain attached to the shear layer
until s∗ ≈ 6, at which point they begin to break down due to viscous dissipation, which becomes a
dominant effect with increasing time. In contrast, the pressure-gradient field provides valuable insight
into the pinch-off process that occurs for the non-unity aspect ratio plates, as outlined below.
Figure 12 shows streamwise pressure-gradient (top row) and vorticity (bottom row) plots for the
aspect ratio two elliptical plate at three pertinent time steps. A region of adverse pressure gradient
(APG) forms behind the plate linking the shear layer to the upstream side of the vortex, as shown in
the first time step at s∗ = 0.6. As the vortex ring grows, so does the adverse pressure gradient, which
remains physically attached to the shear layer during early stages of development (as exemplified
by the snapshot at s∗ = 2). As the vortex begins to convect away from the shear layer, a pressure
maximum forms behind the vortex, which creates a physical separation between the vortex and the
shear layer. The favourable pressure gradient that forms, which ensures no further vorticity is transported to the primary vortex, is part of the secondary vortex. Therefore, the formation of a secondary
vortex, which is clearly visible in the corresponding vorticity magnitude plot, signifies the cessation
of mass delivery to the primary vortex. In the last time step, the movement of the favourable pressure
gradient is indicated by the blue arrow, highlighting the termination of mass transport to the primary
vortex. The dotted black line in the last vorticity-field time step indicates the approximate location of
the ⟨∂ p̃/∂ x⟩ = 0 contour that forms, and the arrows on either side represent the acceleration of fluid
away from this contour, which facilitates the termination of fluid transfer to the primary vortex. Note
that contours of ⟨∂ p̃/∂ x⟩ = 0 between the primary vortex and shear layer are first observed along with
the formation of a favourable pressure gradient at approximately s∗ = 2.6.
The observed pinch-off times for the remaining shapes are tabulated below in terms of both s∗ and
∗
t . As outlined above, pinch-off was identified in each case as the time at which a region of favourable
pressure gradient visibly separates the primary vortex from the shear layer. Slightly larger pinch-off
values were observed with increasing aspect ratio, such that an overall range of 2.6–3.1, in terms of
dimensionless distance traveled, was observed for all plates. Expressed in terms of dimensionless
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FIG. 12. Development of the pressure-gradient (top) and vorticity (bottom) fields, at three time steps, for the aspect ratio two
elliptical plate. An adverse pressure gradient (APG) forms as the plate accelerates (shown on the left at s ∗ = 0.6). By s ∗ = 2
(middle) this gradient is stronger, but is still attached to the shear layer. As the vortex convects outward, a secondary vortex
simultaneously forms, which creates a pressure maximum in front of the primary vortex. This pressure maximum cuts off
the supply of mass from the shear layer to the primary vortex. Movement of the favourable pressure gradient is indicated by
the blue arrow. The black arrows in the last vorticity-field time step indicate movement of fluid away from the ⟨∂ p̃/∂x⟩ = 0
contour, which results in the termination of fluid transport to the primary vortex.

time, formation numbers between 3.1 and 3.6 were observed, which, again, is in good agreement with
ranges reported in the literature (Table II).
Lawson and Dawson13 suggested that the formation of a TPM behind the axisymmetric vortex
rings in their study could be considered a necessary condition to indicate that a vortex ring has been
formed. The formation of this pressure maximum was also shown to initiate the pinch-off process.
Once the trailing pressure maximum is formed, its speed was initially lower than the speed of the
shear layer, resulting in a positive flux of vorticity across the pressure maximum towards the vortex.
As the speed of the pressure maximum increased along with vortex ring propagation speed, the ability
of the shear layer to overcome the trailing pressure maximum decreased. In the current study, it is
evident that the formation of a pressure maximum is not a necessary or sufficient condition to indicate
that a vortex-ring has formed behind each plate (even for the axisymmetric case). However, it can
be shown that for the non-axisymmetric (AR , 1) plates, large deviations in the induced velocities
along the filaments result in the formation of pressure maxima, when the slower-moving portions of
the filaments convect a sufficient distance away from the plates. These pressure maxima terminate
the transport of vorticity to the vortex rings and therefore result in vortex pinch-off.
The formation numbers identified using the streamwise pressure-gradient field yield similar results to the standard methodology based on circulation growth, indicating that the dynamic argument

TABLE II. Pinch-off values for each non-unity aspect ratio plate, which
were observed to increase with increasing aspect ratio. Ranges are provided
in terms of both dimensionless distance traveled and dimensionless time.

s∗
t∗

E1

R1

E2

R2

E3

R3

2.6
3.1

2.4
2.9

2.8
3.3

2.7
3.2

3.1
3.6

3.1
3.6
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is a reliable method to identify pinch-off. However, analysis using the pressure-gradient field fails to
identify pinch-off for the circular and square plates, since the vortex rings remain attached and do not
physically separate from the plates prior to dissipation.

V. CONCLUSIONS AND OUTLOOK

Impulsively started flat plates were investigated using dye visualizations, force measurements,
and PIV. Elliptical and rectangular plates with aspect ratios of one, two, three, and four were tested
to strategically determine the role of geometric asymmetries (edge discontinuities and non-uniform
curvature) on vortex evolution. Stably attached vortex rings form behind circular and square flat plates,
while unstable elliptical vortex rings form behind all flat plates with aspect ratios greater than one.
The findings in this study can be outlined as follows:
1.

2.

3.

It has been demonstrated that aspect ratio is the primary parameter that determines the collapse
of both instantaneous plate drag forces and vortex evolution (from initial growth to pinch-off)
between elliptical and rectangular low-aspect-ratio flat plates, when the hydraulic diameter is
used as the characteristic length scale. Vortex evolution has therefore been shown to be strongly
dependent on not only the total size of the shear-layer-feeding perimeter, which supplies vorticity
to the separated wake, but also on the geometric area available for vortex growth, as defined by
the hydraulic diameter. In the wake of all the rectangular plates, the evolution of vortex rings akin
to those found in the wake of each elliptical flat-plate counterpart has been quantified, suggesting
that edge discontinuities have only a secondary effect on vortex evolution.
The elliptical vortex rings that form in the wake of all flat plates considered in this study can
be characterized by two distinct drag histories. The circular vortex rings that form behind the
aspect-ratio one plates have been correlated with a reduction in instantaneous drag during the
vortex-growth stage; these vortex rings have been denoted as “stable” in the current work, since
they remain attached to the plates until diffusion results in a loss of coherence. In contrast, the
fast-modulating elliptical vortex rings that form behind the plates with aspect ratios greater than
one, the behaviour of which is dictated by non-uniform peripheral induced velocities, have been
shown to result in temporary drag increase during a shorter period of growth and pinch-off.
Vortex pinch-off has been evaluated for each flat plate, yielding formation numbers within the
ranges reported in the literature. Similar to the discussion in conclusion 2, the formation numbers measured here can be categorized into two distinct groups directly related to aspect ratio.
The non-uniform induced velocities of the elliptical vortex rings facilitate detachment from the
feeding shear layer around the entire plate, resulting in global pinch-off at earlier times for the
non-axisymmetric plates. In contrast, the (stable) circular vortex rings pinch off at later dimensionless distances (times), at which point they gradually break down rather than physically detaching from the plates. Pinch-off was identified with the streamwise pressure-gradient field and
compared with estimated formation numbers computed using the traditional circulation-based
methodology, yielding good agreement for all flat plates with aspect ratio greater than one.

The conclusions outlined above open up further avenues of research. In particular, the role of
vorticity transport during vortex growth was not considered in this study. Vorticity transport is expected to play an important role in early stage development, and in particular during the transition of
rounded rectangular filaments to elliptical ones. Furthermore, extension of this study to other angles
of attack, where transport mechanisms play a dominant role in vortex growth, seems to be a natural
subsequent step towards a more complete understanding of drag-based force generation at moderately
high Reynolds numbers.
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