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A simple analytical model for leading-edge vortex (LEV) growth is proposed and tested, based
on the transport of vorticity-containing mass through the shear-layer. The two-dimensional
case is validated using time-resolved Particle Image Velocimetry. As a precursor to developing
a model for finite wings, the effect of varying spanwise flow on a nominally two-dimensional
profile is investigated by imposing plunging and flapping motions on high aspect-ratio flatplate profiles of sweep angles Λ ¼ þ 451; 451 and 01. By varying sweep angle, both coinciding
and opposing gradients of spanwise vorticity stretching and convection were tested. It was
shown that nominally two-dimensional spanwise flow has no effect on vortex strength and
thus force history for plunging kinematics. However, force histories for flapping kinematics
were dependent on sweep angle suggesting that spanwise flow regulates vortex strength when
coupled with gradients in effective incidence.
& 2013 Elsevier Ltd. All rights reserved.
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1. Introduction
Traditionally it is common to analyse rotating blade systems and flapping wings as a series of quasi-two-dimensional
elements, such as blade-element theory or strip theory, as detailed by Glauert (1935) and Videler (2005), respectively.
However, flapping and rotating systems often exhibit large spanwise gradients in velocity and effective incidence often at
near- and post-stall conditions. These spanwise gradients can couple with rapid flow separation to form highly threedimensional vortex behaviour such as spanwise stretching and transport of vorticity. The application of two-dimensional
models to such highly three-dimensional flows thus typically results in large errors when predicting aerodynamic
performance, see for instance (Tangler and Kocurek, 2005). In a recent investigation of a model undergoing combined
pitching–plunging–flapping motions, Bansmer and Radespiel (2012) found that the three-dimensional behaviour of the
laminar-separation bubble could not be reproduced as a spanwise sequence of two-dimensional results.
Consider the case of a rotating blade, as on a horizontal-axis wind turbine, experiencing a sharp-edged axial gust.
The spanwise distribution of angle of attack αðzÞ from the base flow U 1 takes the form:
αðzÞ ¼ arctanðU 1 =ΩzÞ;

ð1Þ

where z is the spanwise position on a blade of span S. The change in effective incidence for a gust would be greatest towards
the root. Large, rapid changes in effective incidence towards the root (z=S  0) can be expected to cause highly separated
n
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R
S
t
T
u; v; w
uð0; tÞ

chord
coefficient of lift
shear-layer thickness
frequency
plunge velocity
plunge amplitude
reduced frequency
mass
mass per unit span
surface-normal vector
distance from vortex center
vortex radius
wing span
time
period
x-, y-, and z-velocity
predicted inner shear-layer velocity

uðd; tÞ
uðξ; tÞ
uc
ui
uo
!
u eff
U1
x; y; z
^ y;
^ z^
x;
Δz
α
αeff
Γ
Λ
ξ
ρ
τ
ω
Ω

predicted outer shear-layer velocity
predicted shear-layer velocity profile
measured characteristic shear-layer velocity
measured inner shear-layer velocity
measured outer shear-layer velocity
effective velocity
freestream velocity
profile-fixed coordinate system
x, y, and z unit vectors
spanwise element
geometric angle of incidence
effective angle of incidence
circulation
sweep angle
shear-layer coordinate
density
stress tensor
vorticity
rotational speed

flow, while this effect would diminish towards the tip (z=S  1). This can be contrasted to the root-flapping motion of a bird's
wing, where changes in effective incidence would in this case grow towards the tip. In both scenarios, the low-momentum of
separated flows would be small relative to the impulse imparted by Coriolis and centripetal accelerations, as described by
Hanson (2008) and Lentink and Dickinson (2009a), which would act to drive flow away from the root. Therefore, the direction of
spanwise flow can coincide or oppose the gradient of effective incidence, as observed with the aforementioned cases of flapping
wings and rotating-blade systems, respectively. The relationship between these two effects, i.e. the gradient of effective incidence
and rotational (coriolis and centripetal) accelerations, is not immediately obvious in the context of highly separated flows as it is
unclear how vorticity would be convected and stretched by the rotational accelerations.
Of particular interest is how the leading-edge vorticity, often associated with a coherent leading-edge vortex (LEV),
moves in the spanwise direction under the influence of swept planforms or rotational accelerations. For instance, Lentink
and Dickinson (2009b) suggested that the LEV stability observed on insect wings was caused by spanwise flow resulting
from large rotational accelerations. However, Jones and Babinsky (2011) showed that even very large rotational accelerations
did not result in LEV stability, within the range of 10 000 r Re r 60 000. A recent study by Beem et al. (2012) further showed
that a nominal spanwise flow could not account for LEV stability, despite sweepback angles as high as 451.
As the nature of LEV growth and detachment remains poorly understood, reduced-order models are currently being
developed to account for LEV growth on simple geometries. These reduced-order models are often based on potential flow,
such as those described by Ansari and Knowles (2006), and Hammer et al. (2010). Xia and Mohseni (2012) extended a
discrete vortex method to include quasi-three-dimensional effects by including a potential sink to simulate spanwise flow.
However, in a computational study by Garmann et al. (2012) that compared LEV stability of a rotating wing to that of a
plunging twisted wing, it was demonstrated that LEV stability was not an effect of a spanwise variation of effective
incidence. The results of Garmann et al. (2012) and Beem et al. (2012) showed that neither spanwise variation in effective
incidence nor uniform spanwise flow was responsible for LEV stability. Therefore, a fully three-dimensional model for LEV
growth that accounts for both spanwise flow and spanwise variation in effective incidence may be required to capture the
mechanism of LEV stability. Furthermore, when comparing the vortex wake of a flexible shark tail fin to a rigid robotic
analogue, Flammang et al. (2011) found that the rigid model shed vortices of highly variable peak vorticity. Meanwhile, the
flexible shark tail produced vortices of consistent peak vorticity, suggesting that flexibility may mediate vortex strength.
Thus, in highly three-dimensional cases as outlined above, two-dimensional vortex models and conventional blade-element
schemes cannot provide insight into spanwise transport of vorticity. The current study proposes several tools for two- and threedimensional vortex growth models. These tools include both an analytical description of vortex growth and an investigation into
the relative influence of rotational accelerations and nominally two-dimensional spanwise flow on LEV circulation. The analytical
description of vortex growth is then validated with results obtained experimentally so as to verify its robustness.
1.1. Classifying spanwise flows
Consider the vorticity transport equation for an incompressible, barotropic fluid with conservative body forces:
!
∇τ
∂!
ω
!
!
!
!
þ ð u  ∇Þ ω ¼ ð ω  ∇Þ u þ∇ 
:
ρ
∂t

ð2Þ
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Fig. 1. Coordinate system defined relative to a profile of sweep Λ in a quasi-two-dimensional arrangement, where the free surface and walls act as mirror
planes. The plane of interest is far from either surface, and is therefore essentially spanwise-periodic. The profile rotates around an axis at the lower wall at
a rotational speed Ω.

The physical interpretation of each term from left to right can be described as: the changes in vorticity of the fluid due to
unsteadiness, convection, vortex stretching through velocity gradients and the viscous diffusion of vorticity. A local
coordinate system sets to a generic profile such that the z-direction is aligned with the profile span, and the x-direction with
the profile chord, with the remaining y-coordinate then necessarily being normal to the profile surface, as shown in Fig. 1.
For the case of a simple plunging motion on a two-dimensional profile, a number of simplifications can be made. Viscous
diffusion can be ignored under the assumption that timescales of diffusion are much larger than the vortex growth itself, as
shown by Cheng et al. (2013). Furthermore, all gradients in the z-direction must necessarily be zero. The z-vorticity
transport equation will subsequently reduce to:
∂ωz
∂ωz
∂ωz
þu
þv
¼ 0:
∂t
∂x
∂y

ð3Þ

The result of Eq. (3) is not conditional on a spanwise velocity field, caused for instance by an infinitely long planform of finite
sweep, or on the existence of ωx or ωy . In fact, it follows that after the elimination of the z-gradient term by assuming twodimensionality that the remaining vortex stretching terms must sum to zero as shown by




∂w
∂w
∂v ∂w ∂w
∂w ∂u ∂w
¼

þ

ωx þωy
∂x
∂y
∂z ∂y ∂x
∂x ∂z ∂y
¼

∂w∂w ∂w∂w

¼ 0:
∂x ∂y ∂y ∂x

ð4Þ

As the leading-edge vortex will form parallel to the leading edge from the separated feeding shear-layer, it follows from
Eq. (3) that for a profile without any spanwise variation, the spanwise vorticity ωz feeding the LEV cannot be convected or
stretched in the spanwise direction, regardless of any spanwise flow present such as from profile sweep. If the LEV is
continually fed vorticity-containing mass from the leading-edge shear-layer, it would continuously increase in circulation.
However, it has been shown by Rival et al. (2013) that one chord length is the limiting length scale of an LEV prior to
detachment. Therefore, vortex strength would have to be maintained as a condition of stability. Thus it may be conjectured
that there is no two-dimensional mechanism from which one may stabilize the LEV as a consequence of Eq. (3).
Consider now instead a three-dimensional case that is superficially similar, but where all gradients in the z-direction are
non-negligible. A flapping wing would, for instance, appear as a spanwise-dependent plunging motion. An order-ofmagnitude argument can be made where ωz is much larger than either ωx or ωy , i.e. the LEV will remain parallel to the
leading-edge and thus the z-axis. The vorticity equation would then reduce to:
∂ωz
∂ωz
∂ωz
∂ωz
∂w
þu
þv
þw
¼ ωz :
∂z
∂t
∂x
∂y
∂z

ð5Þ

The fourth and fifth terms of Eq. (5) introduce the ability for vorticity to be transported and stretched in the z-direction,
respectively. In some circumstances, the vortex stretching term may be sufficiently large to cancel out the convection terms.
As a consequence of Eq. (5) only when x- and y-convecting terms balance with z-convection and stretching terms can ∂ωz =∂t
be brought to zero and equilibrium be obtained. In other words, nominally two-dimensional spanwise flow alone is not
sufficient to produce vortex stabilization, rather there must be spanwise gradients in vorticity or spanwise flow, such that
vorticity can be convected and stretched. Planforms such as delta wings drain vorticity with spanwise flow to produce a
stable LEV, such as that shown by Gursul et al. (2005). However, it is not clear what specific three-dimensional features, such
as wing kinematics or shape, would result in an appropriate balance of vortex convection and stretching on planforms with
a spanwise variation in effective incidence, such as for a flapping wing. The question of what form of flapping-wing
kinematics can result in an appropriate balance of vorticity convection and stretching ultimately motivates the development
of reduced-order modelling tools, such as those described in the following section.
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Fig. 2. Comparison of the instantaneous streamline system (left) with the simplified model of a leading-edge stagnation point and semi-cylindrical
blockage (right). The shear-layer coordinate ξ is perpendicular to the shear-layer velocity and its location on the semi-cylindrical blockage is determined by
the effective incidence αeff .

2. An analytical description of vortex growth
In this section, a two-dimensional model for the growth of an LEV is proposed based on the flux of vorticity-containing
mass through the shear-layer. The inherent ability of this model to include spanwise transportation of circulation is then
demonstrated based on a blade-element scheme where mass transfer is allowed between adjacent elements.
2.1. Feeding of a two-dimensional vortex
An analytical model for the feeding of a LEV on a plunging flat plate has been developed, inspired by the work of Kaden
(1931). As described in Kaden's model, the growth of a two-dimensional vortex can be attributed to the transport of
vorticity-containing mass through the shear-layer into the vortex in question. Recently, a model for the steady flux
of vorticity from a shear-layer into a line vortex has been developed by Sattari et al. (2012). This section will adapt the work
of Sattari et al. (2012) to the case of an LEV. In order to simplify the problem, the LEV will be approximated as a semi-circular
blockage on the suction side of an accelerating profile, as shown in Fig. 2. The mass flux into the LEV may be described
through conservation of mass for an incompressible fluid as follows:
Z t0 Z d
m′ðtÞ ¼ ρ
uðξ; tÞ dξ dt;
ð6Þ
0

0

where m′ðtÞ is the vorticity-containing mass in the vortex per unit span, uðξ; tÞ is the shear-layer velocity profile, d is the
shear-layer thickness, t0 is the timestep of interest, and ξ is the local coordinate across the shear-layer gradient, as shown in
Fig. 2. The shear layer is assumed to be parallel to ueff and located on the half-cylinder streamline. The point on the halfcylinder streamline that is parallel to ueff is therefore defined as the origin of ξ.
Approximating the integral across the shear-layer thickness d with a trapezoid, the integral for m′ðtÞ can be immediately
simplified to:
Z t0
uð0; tÞ þ uðd; tÞ
dt:
ð7Þ
d
m′ðtÞ ¼ ρ
2
0
Difficulty now arises when attempting to predict the properties of the shear-layer velocities uðd; tÞ and uð0; tÞ from
leading-edge velocity, free-stream velocity U 1 and effective incidence αeff .
It is proposed that the outer velocity uðd; tÞ is determined by the superposition of three components:
!
R2 ðtÞ
ΓðtÞ !
uðd; tÞ ¼ U 1 1 þ 2
þ u eff sin ðαeff Þ ;
ð8Þ
sin ðαeff Þ þ
ﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
2πr |ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ
r
|{z}
u
k
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
ui
ub

where R(t) is the radius of the semi-circular blockage, ΓðtÞ is the LEV circulation, r is evaluated at r ¼ RðtÞ þ d, ub is the
velocity component from acceleration around a cylindrical blockage of radius R(t), ui is the velocity component induced by
the circulation of the LEV itself given a negligible bound circulation and a negligible effect of trailing vorticity, and uk is the
!
chord-normal component of the effective velocity u eff . Furthermore, the inner shear-layer velocity is taken as the induced
velocity component uð0; tÞ ¼ ui evaluated at r ¼ RðtÞ. The assumption that the LEV alone contributes to circulation is based on
the recent work by Pitt Ford and Babinsky (2013) where the bound circulation on starting flat plates was near zero. Thus, for
a plunging wing the LEV may be assumed to be the sole contributor to circulation, at least before the TEV is formed near
t/T ¼0.3, as shown in Wong et al. (2013).
Initializing vortex radius R(t) and vortex circulation ΓðtÞ to zero, it is possible to compute a shear-layer velocity from
Eq. (8) and therefore a mass flux from Eq. (7). At subsequent timesteps vortex radius R(t) and vortex circulation ΓðtÞ can then
be computed as follows. As the mass per unit span m′ðtÞ is the product of the fluid density and vortex area, a given mass
m′ðtÞ can be used to compute a vortex area. As the area of the vortex described by m′ðtÞ is approximated as a semi-circle, its
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radius R(t) would be:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 m′ðtÞ
:
RðtÞ ¼
π ρ
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ð9Þ

Finally, knowing R(t) we may then compute the circulation of the vortex by the line integral of velocity around the
vortex core:
! !
ΓðtÞ ¼ ∮ u  d l ¼ π uðd; tÞRðtÞ;
ð10Þ
where the velocity along the profile surface is assumed to be zero.
2.2. Extension of the vortex-feeding model to spanwise flows
Given ΓðtÞ is known for each two-dimensional slice, a blade-element scheme can be implemented to compute circulation
for three-dimensional cases away from the free ends where tip-vortex corrections would be required. In the current study, a
model was developed for the case of a high aspect-ratio profile far from the tip regions, such that three-dimensional effects
were due exclusively to spanwise flow from sweep and/or rotational accelerations. In three-dimensional flows, it is likely
that flow near the profile can be broken into spanwise and chordwise components. While the chordwise-component of
velocity contributes to vortex growth through the shear-layer, the spanwise component serves to transport mass along the
span only. We can revise the term for uðd; tÞ from Eq. (8) such that:
!
R2 ðz; tÞ
Γðz; tÞ !
^ 1þ
uðd; tÞjz ¼ ðU 1  xÞ
þ u eff ðzÞ sin ðαeff Þ;
ð11Þ
sin ðαeff Þ þ
2πr
r2
where U 1  x^ is the chordwise component of u1 and αeff is revised accordingly as follows:
_
^
αeff ¼ arctanðh=ðU
1  xÞ:

ð12Þ

In addition, as a three-dimensional description, the fluid in each blade-element cannot be expressed in two-dimensional
terms as a mass per unit span m′ðtÞ as in Eq. (7), but rather each blade element is expressed as a three-dimensional mass m
(t) instead. Furthermore, we must include an extra term (term II of Eq. (13)) when computing mass-flux into the LEV to
account for the mass transfer through spanwise flow:
0
1
Z t0
!
B uð0; tÞ þuðd; tÞ
C
d þ ∬A wðz; r; tÞ  n dA A dt;
mðtÞjz ¼ ρ
ð13Þ
@Δz
2
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
0
II

where z is the spanwise position, Δz is the length of a spanwise element, A is the surface swept by a semi-circular disc of
radius Rðz; tÞ at the blade element z and wðz; r; tÞ is the spanwise component of velocity. It is worth noting that as gradients in
the z-direction tend towards zero, Eqs. (11) and (13) reduce to the nominally two-dimensional cases represented by Eqs. (8)
and (7). For rotating profiles the spanwise component of velocity w may be estimated in a number of methods, such as that
of Maxworthy (2007) as follows:
wðz; r; tÞ ¼ ðΩzÞ½1 þ ð1½r 2 =RðtÞ2 Þ1=2 ;

ð14Þ

The value given in Eq. (14) is also valid for quasi-steady rotation and may be superimposed with an additional component of
spanwise flow due to sweep. However, given the argument that spanwise flows that do not result in spanwise gradients are
negligible, as described in Section 1.1, superposition may not lead to any change in the final result. As such, the following
section describes an experimental investigation into the effects of superimposing a nominally two-dimensional spanwise
flow due to sweep onto three-dimensional flows with non-uniform spanwise shear-layer strengths and effective incidence.
3. Experimental set-up
All experiments were conducted in a free-surface water tunnel at the University of Calgary, sketched in Fig. 3(a). The first
water-tunnel test section (D, Fig. 3(a)) has a diverging rectangular cross section with a mean width of 385 mm. Water depth
was maintained at 432 mm. All models used in the experimental study were aluminium flat-plate profiles of 50 mm chord
and 3 mm thickness with rectangular cross sections, and were manufactured with sweep angles of Λ ¼ þ 451; 451 and 01.
The flat-plate models each pierced the free-surface. Furthermore, the tip gap between the models and the tunnel floor was
maintained at less than 3 mm, and the boundary layer at the tunnel floor was measured to be only 15 mm thick. A similar
arrangement was used to mitigate tip vortices by Bansmer and Radespiel (2012). The models were therefore assumed to
have negligible tip effects. All model kinematics (detailed below) were produced with a custom six degree-of-freedom
hexapod manipulator, which was mounted over top of the water-tunnel facilities as shown in Fig. 3(b). For all test cases, a
six-component ATI Gamma force/torque balance (1000 Hz sample rate, 16-bit sample depth) was flanged to the hexapod,
with a high aspect ratio flat-plate profile supported below. The cantilevered profile set-up resulted in profile deflections of
approximately 0.1 chord lengths at the water tunnel floor relative to the free-surface. The recorded force data was further
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Fig. 3. (Left) Planview of the free-surface water tunnel used for the experiments. The tests were conducted in the middle of test section D at chord-based
Reynolds numbers of Re¼5000 and 10 000. (Left) The hexapod manipulator (A) with 6-component force/torque balance (B) and high aspect-ratio flat plate
model (C) positioned in the free-surface water tunnel.

post-processed by means of a Butterworth low-pass (10 Hz cutoff) and a moving-average (150 ms span) smoothing filter
similar to that used by Jones and Babinsky (2011). The force data was then ensemble-averaged over 10 runs and the error
was estimated as the standard deviation of the ensemble. Tests were conducted at free-stream velocities of 0.1 and 0.2 m/s,
resulting in chord-based Reynolds numbers of Re ¼5000 and 10 000, respectively. Kinematics consisted of a generic
_ and a root flapping motion Ω, which were repeated for all sweep angles Λ ¼ þ 451; 451 and
sinusoidal plunging motion h,
01. In the flapping cases, the axis of rotation was maintained at a virtual hinge at the tunnel floor using the hexapod
!
manipulator, and the effective velocity u eff at the mid-span was held equal to the sinusoidal plunging cases, neglecting
centripetal accelerations. For all tests, the reduced frequency k was maintained constant at:
k¼

πfc
¼ 0:25;
U1

ð15Þ

as this reduced frequency k allowed for high vortex circulation and large vortex size, as shown by Baik et al. (2012). The
sinusoidal-plunging motion was therefore defined to be:
h ¼ h0 cos ð2πftÞ;

ð16Þ
!
where h is the plunge position and h0 is the plunge amplitude. In order to maintain the same effective velocity u eff at the
half-span for the flapping cases, the flapping motion was defined as follows:
_
Ω ¼ 2h=S
¼ 0:21 sin ðtÞ;

ð17Þ

where S is the span of the model (from tunnel floor to free-surface). For the unswept Λ ¼ 01 model with pure-plunging
motion, the flow was considered to be nominally two dimensions. In similar experiments on pitching and plunging profiles,
where free-ends were bounded by walls, dye visualizations have demonstrated that spanwise flow can exist within the LEV
in nominally two-dimensional arrangements, as shown by Ol et al. (2009). However, in a nominally two-dimensional case
similar to the current study, an analysis of tomographic-PIV data by Buchner et al. (2011) showed that for the first cycle of
motion there was no statistical bias in the direction of spanwise flow, and that the magnitude of spanwise flow was small
despite a much larger reduced frequency. In the current study, measurements only considered the start-up motion in the
range 0 r t=T r 0:5 from rest, and were either integral values or measurements near the mid-span well away from end
effects. It is therefore expected that free-surface effects and wall effects are negligible. Two separate measurement
techniques were used to capture the desired flow features and will be briefly described in the following sections.
3.1. PIV set-up
The unsteady flow-field behaviour for the Re ¼10 000 unswept plunging motion (Eq. (16)) was captured with a
commercial high-speed particle image velocimetry (PIV) system (LaVision/DaVis7.2), composed of a Photonics Industries
Nd:YLF (λ ¼ 527 nm) single-cavity laser and a Photron APX-RS high-speed camera (12-bit monochrome image of
1024  1024 pixel resolution), as sketched in Fig. 4. There were two PIV fields of view: a large field of view (FOV) to
measure large-scale flow and LEV circulation and a small FOV to measure the velocity profile of the shear-layer. The two PIV
fields of view are sketched in Fig. 5.
For the large FOV, the PIV system was operated in single-frame mode at a repetition rate of 500 frames per second and a
pulse duration of 350 ns to capture 786 snapshots per plunge cycle. The small FOV was operated at 750 frames per second,
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_ and PIV field of view.
Fig. 4. A detailed sketch of the experimental set-up showing the coordinate system, quasi-2D flat-plate model plunging at velocity h,

Fig. 5. The two fields of view used in the PIV tests. The large field of view (a) was used to measure LEV circulation, while the small fields of view (b) were
used to measure the velocity profile of the shear-layer.

also in single-frame mode with a pulse duration of 350 ns. Flow fields were calculated with a multi-grid/multi-pass crosscorrelation algorithm. Square interrogation areas with a final/initial length of 16/128 pixels and 75% overlap were chosen to
retain the velocity gradients in the flow patterns. Outliers ( o 6%) were eliminated using a neighbourhood validation with a
3  3 moving average. Based on the chosen large and small fields of view, approximately 100  100 mm and 15  15 mm
regions were imaged, respectively. These set-ups resulted in approximately 100 data per chord for the large FOV, and 650
data per chord for the small FOV. The estimated velocity uncertainty was 2% for the large FOV, and 1% for the small FOV in
the method of Raffel et al. (2007).
3.2. Dye visualizations
Dye visualizations were used in order to estimate spanwise flow within the LEV core for the Reynolds number Re ¼ 5000
plunging and flapping cases at all sweep angles Λ ¼ 01; þ451 and 451. A potassium permanganate solution was injected
through 1.5 mm internal diameter nylon tubing to the mid-span of each profile. The nylon tube terminated on the pressure
side of each profile at a distance x/c¼ 0.05 behind the leading edge. The dye outlet orientation varied between sweep angles
Λ ¼ þ 451 and 451. However, as the dye outlet was near the stagnation point on the pressure side of the profile, the effect
of the dye tube location was limited to before the start of the profile motion. Dye was injected with a compressed-air system
maintained at a constant pressure of 7 kPa. Images were captured at a 1280  720 px2 resolution at 30 frames per second
with a Nikon D7000 digital camera, resulting in approximately 188 frames per period T, or Δt=T ¼ 0:005.
4. Results and discussion
In the following section, the analytical description of vortex feeding will be validated against a pure-plunging, unswept
Λ ¼ 01 case (Section 4.1). The hypotheses are then tested that: (1) bulk spanwise flow does not affect LEV growth (Section 4.2)
and (2) the rate of LEV growth can be limited by spanwise stretching and convection of vorticity (Section 4.3).
4.1. Pure plunging with unswept profile Λ ¼ 01
The analytical model developed in Section 2.1 does not attempt to compute the full flow-field around a profile, but only
the total circulation in the LEV at initial stages of growth 0 rt=T r0:25, as shown in Eq. (10). Therefore, in order to validate
the analytical model the total circulation of the LEV must be computed from the large-FOV PIV data. Clockwise vorticity
from PIV data was integrated within a 1c  1c interrogation window immediately above the profile, as shown in Fig. 6(a),
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Fig. 6. LEV circulation was computed using the large FOV, where the shadow caused by the wing is masked out in white (left). Modelled vortex strength
matches closely with circulation measured via PIV. Velocity vectors had an estimated uncertainty of 2% (right).

1.5
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0.05
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−0.05
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−0.1

−0.05

0

0.05

0.1

0

Fig. 7. Zoomed-in view of the shear-layer, where data is sampled along a line perpendicular to the velocity vector at the point of peak vorticity (dashed
black line). Shear-layer data was obtained with the small FOV. The shadow caused by the wing is masked out in white, while the location of the plate
leading edge is marked as a black rectangle. The point in the field of view with the highest vorticity is located, represented in this figure as the velocity
vector (black arrow) at that point.

where clockwise circulation is defined as positive. The steady-state, boundary-layer circulation was subtracted from the
total measured circulation to obtain the vortex growth. Predicted LEV circulation is in close agreement to experimentally
obtained LEV circulation, as demonstrated in Fig. 6(b). Circulation is only presented in the range 0 rt=T r0:25, as the
analytical model cannot account for the detachment and convection of the LEV as Rival et al. (2013) shows that vortex
detachment coincides with an LEV length scale of one chord. However, the close agreement observed in instantaneous
circulation is not a complete validation, as the derivation of the analytical model encompasses a number of assumptions
about the shear-layer velocity profile and thickness. Therefore, a more detailed investigation of shear-layer velocity and
thickness will now be explained to determine the validity of assumptions made in the derivation of the analytical model. In
order to determine the properties of the shear-layer, a robust method for determining the location of the shear-layer was
first required. The location of the shear-layer was estimated with the criterion of maximum vorticity magnitude within the
small-FOV PIV data. Shear-layer velocity was then sampled along the line perpendicular to the velocity vector at the point of
maximum vorticity. This method of collecting shear-layer data is demonstrated in Fig. 7. In addition, once the shear-layer
velocity profile was determined, the shear-layer thickness d was estimated with the relationship given by Brown and Roshko
(1974) as follows:
d¼

uo ui
;
∂u=∂yjmax

ð18Þ

where uo is the outer shear-layer velocity, ui is the inner shear-layer velocity, and ∂u=∂y is the gradient of velocity in the
shear-layer itself. uo and ui are measured values which correspond to modelled values as follows:
uo  uðd; tÞ;

ð19Þ
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ui  uð0; tÞ
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ð20Þ

and

uc ¼ uo ui :

ð21Þ

The characteristic velocity of the shear-layer predicted by the analytical model in Eq. (8) as well as the chosen shear layer
thickness d is compared with their respective parameters as measured with PIV in Table 1. Predicted shear-layer
characteristics are similar in magnitude to those measured with PIV, and therefore when coupled with the agreement in
LEV circulation shown in Fig. 6(b) this suggests a vortex growth model in the method of Sattari et al. (2012) that is valid and
effective for LEV growth as well.
When the model is extended to cases with spanwise flow and gradients, the predicted circulation for swept forward
Λ ¼ þ 451 and swept back Λ ¼ 451 cases are identical to a two-dimensional plunging motion, while the flapping case shows
a slightly reduced circulation due to vortex stretching, as shown in Fig. 8. However, it remains to be seen if vortex stability is
indeed independent of sweep. As outlined in Section 1.1, periodic spanwise flows do not produce spanwise gradients and as
such no drainage of circulation from the LEV is possible. This hypothesis will now be addressed in the following section.
4.2. Nominal spanwise flow on plunging models
In Section 1.1 it is hypothesized that nominally two-dimensional spanwise flow — spanwise flow which is equal for all
spanwise positions — cannot reduce the rate of LEV growth, and therefore cannot contribute to LEV stability. In this section,
a nominally two-dimensional spanwise flow was generated by the sweep angles Λ ¼ þ 451 and  451 of the profiles alone,
and compared to an unswept reference case Λ ¼ 01. The models followed the pure-plunging kinematics described in Eq. (16).
Dye visualizations were used to demonstrate the extent of spanwise flow in each case, as shown in Fig. 9. The spanwise
convection of injected dye exhibits a symmetry with respect to sweep angle: for both swept cases Λ ¼ þ 451 and  451, by
t/T¼ 0.25 the injected dye has convected approximately two chords in the positive and negative spanwise (z) directions,
respectively at a rate approximately linear with time. Based on the dye convection distance and dimensionless time,
spanwise flow can be computed to be approximately w ¼ 0:6U 1 for the swept back Λ ¼ 451 case and w ¼ 0:6U 1 for the
swept forward Λ ¼ þ 451 case, respectively. Meanwhile, for the unswept case Λ ¼ 01, the injected dye spreads slightly, but
does not have a net convection in the spanwise direction. The dye spreading indicates that some form of spanwise flow is
Table 1
A comparison of shear-layer properties measured with PIV to properties of the simplified model. Characteristic
shear-layer velocities uc ¼ uo ui that were predicted by the model show reasonable agreement with measured
values, as does the shear layer thickness d.
Shear-layer parameter

Velocity uc =U 1
Thickness d/c

Predicted mean

1

7.4  10
2.0  10  2

Measured
Mean

STD

1.0
1.9  10  2

3.1  10  1
4.4  10  3

Fig. 8. Predicted LEV circulation for four test cases: 2D plunging, plunging with sweep back Λ ¼ 451, plunging with sweep forward Λ ¼ þ 451, and flapping
with no sweep Λ ¼ 01. Circulation is taken at the radius of gyration for the flapping case. Plunging cases, regardless of spanwise flow, are predicted to have
identical circulation. For the flapping case, a slightly lower LEV circulation is predicted.
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Fig. 9. Dye visualizations were used to track the spanwise convection of the LEV for the first quarter cycle of the pure-plunging motion, for sweep angles
Λ ¼ þ 451; 01 and  451. The convection of injected dye in the spanwise (z) direction is symmetric with sweep angle: for both swept cases Λ ¼ þ 451 and
 451 the injected dye convects as expected, following the spanwise flow generated from the large sweep angles, while in the unswept case Λ ¼ 01 the
injected dye does not convect in the spanwise direction.

present but without a bias in the direction, similar to the findings of Buchner et al. (2011). Despite the large difference in
spanwise flow between the three sweep angles Λ ¼ þ451; 451 and 01, there is no measurable difference in force history
between these cases, as shown in Fig. 11(a). The identical force magnitude is suggestive that when averaged across the span
the LEV formed in each case was of similar strength. The conclusion here that nominally two-dimensional spanwise flow has
no effect on LEV growth is in close agreement with the findings of Beem et al. (2012), and supports the argument that
spanwise flows which do not produce spanwise gradients in effective incidence ueff or spanwise flow w do not have an effect
on vortex growth, detailed in Section 1.1.
4.3. Flapping motions with swept and unswept profiles
The flow around a flapping model will experience a spanwise gradient of spanwise flow due to rotational acceleration,
and a spanwise gradient of vorticity generation due to the spanwise variation of effective incidence. These spanwise
gradients give rise to two terms in the vorticity transport equation, i.e. spanwise convection:
∂ωz
;
w
∂z
and spanwise stretching:
ωz

∂w
:
∂z

By changing the sweep angle from Λ ¼ þ 451 to Λ ¼ 451 the magnitude of w, and therefore the magnitude of vorticity
convection, will change dramatically. As the spanwise gradients ∂w=∂z and ∂ω=∂z are dominated by effective incidence αeff
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Fig. 10. Dye visualizations were used to track the spanwise convection of the LEV for the first quarter cycle of the flapping motion, for sweep angles
Λ ¼ 01; þ 451 and  451. The symmetry of the spanwise convection of dye with respect to sweep angle that was observed in the pure-plunging case (Fig. 9)
is no longer present, with each sweep angle exhibiting a different magnitude of spanwise flow.

and rotational speed Ω, respectively, the influence of vorticity convection on vorticity magnitude can be isolated by varying
the sweep of the flapping model. Dye visualizations were used on flapping profiles with sweep angles of Λ ¼ þ 451; 451 and 01,
as shown in Fig. 10. The symmetry of the spanwise convection of injected dye with respect to sweep angle that was observed in
the pure-plunging case is no longer present, as spanwise flow from both rotational accelerations and sweep are present. In the
unswept Λ ¼ 01 case, the injected dye convects in the negative z-direction slightly more than one chord by
t/T¼0.25 such that there is a clear direction of spanwise flow at a velocity of approximately w ¼ 0:3U 1 . In the swept back
Λ ¼ 451 case, the dye convects approximately three chords in the spanwise direction by t/T¼0.25 or at a velocity of
approximately w ¼ U 1 . Meanwhile, in the swept forward Λ ¼ þ 451 case, the rate of dye convection is reduced significantly
relative to the plunging case to a velocity of approximately w ¼ 0:3U 1 . As spanwise velocity w is expected to vary with span as in
Eq. (14), the observed spanwise velocities are specific to the half-span location. Unlike for the pure-plunging case, the force
histories for the flapping motion appear to be dependent on sweep angle, as shown in Fig. 11(b). Specifically the swept back
Λ ¼ 451 case shows a lower force coefficient than the unswept case. Meanwhile, the swept forward Λ ¼ þ451 case has a
potentially higher force coefficient than the unswept case, however, there is some overlap between their error estimates.
The variation of force historywith respect to sweep angle can be attributed to the convection of vorticity (wð∂ωz =∂zÞ), which can
be modulated by varying the spanwise flow w. This suggests that vorticity convection can mediate LEV growth, and furthermore
suggests that spanwise flow gives rise to vorticity convection only under certain conditions such as when coupled with a
spanwise variation in effective incidence.
5. Conclusions
A simple analytical model for LEV growth based on the transport of vorticity-containing mass from the leading-edge shearlayer has been developed and tested using PIV. In principle, the model can be easily extended to accommodate spanwise flows.
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Fig. 11. (a) Force histories for plunging kinematics show no variation with sweep angle. The independence of force history to levels of spanwise flow is in
agreement with Beem et al. (2012). (b) Force histories for flapping kinematics show a dependence on sweep angle, suggesting that spanwise flow can
mediate LEV growth when coupled with a spanwise gradient in effective incidence.

However, an appropriate description of spanwise flow has yet to be validated experimentally due to inherent challenges with
time-resolved volumetric measurements of velocity. In the current experimental campaign, the relative influence of rotational
accelerations and nominally two-dimensional spanwise flows was investigated. By systematically varying sweep angle and
rotational accelerations, the relative influence of vorticity stretching and transport of LEV circulation was also investigated
experimentally using direct-force measurements and dye visualizations. In order to vary rotational accelerations, two kinematic
profiles were considered for profiles of sweep Λ ¼ þ 451; 451, and 01: a pure-plunging case and a flapping case.
In the case of an unswept plunging profile, the circulation that was predicted with the analytical model closely matched
with that measured with high-speed PIV over the range of 0 rt=T r0:25. Modeled shear-layer thickness showed good
agreement with PIV data across the measured range of 0:05 r t=T r 0:25. In the pure-plunging cases, there was no
measurable effect of nominally two-dimensional spanwise flow on force history, even at sweep angles as high as Λ ¼ 451.
The finding that spanwise flow has no correlation with force history is in close agreement with the work of Beem et al.
(2012). In the flapping case, force histories varied with sweep angle. It was suspected that vorticity convection was
responsible for varying vortex strength between the three cases, and that nominally two-dimensional spanwise flow could
modulate vorticity convection. This result suggests that spanwise flow can only result in vorticity convection in certain cases
such as when coupled with a spanwise gradient in effective incidence.
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