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Abstract
This study presents a method for characterizing entrainment using Lagrangian data. Specifically, the method exploits the
temporal evolution of enstrophy along pathlines to determine if pathlines undergo entrainment. The method only recently
became feasible with the development of four-dimensional particle tracking velocimetry [4D-PTV; see Schanz et al. (Exp
Fluids 57(5):7, 2016)], which produces pathlines of temporal length and spatial density that was previously unattainable.
The proposed entrainment method was tested on experimentally acquired 4D-PTV data of a turbulent starting vortex forming behind a linearly accelerating circular plate. The method is shown to be insensitive to its control parameters. The first
control parameter is an enstrophy threshold used to identify pathlines that always exhibit low enstrophy. The second control
parameter is the size of an “enstrophy-source region”, which is placed within the measurement domain to identify pathlines
that gain enstrophy through interactions with an enstrophy source. In the case of the starting vortex, the method reveals
topological features significant to the entrainment process, such as the roll-up of irrotational fluid between the shear layer
and vortex core, and pockets of entrainment that exist within undulations on the shear layer’s outboard side. Whereas the
method proposed here measures the entrainment ratio directly, the use of Lagrangian coherent structures (LCSs) to quantify
entrainment is shown to be infeasible for turbulent flows due to the presence of complex material manifolds for such flows.
Furthermore, unlike results from Rosi and Rival (J Fluid Mech 811:3750, 2017), which analyzed the spreading of enstrophy
isocontours to characterize entrainment into a starting vortex, the proposed method produces an entrainment rate that is
insensitive to the enstrophy threshold, and clearly reveals mechanisms of entrainment. Using the starting vortex data, the
proposed technique measured an entrainment ratio range similar to that for laminar vortex rings. The result suggests that, for
this particular class of flows, turbulence does not play a significant role with respect to entrainment. The proposed method is
seen as an effective tool, given its ability to quantify the entrainment, reveal its salient topological features, and potentially
be easily adapted to other classes of flows.

1 Introduction
Whenever regions of low and high vorticity arise in a flow,
the high vorticity fluid will begin to ingest and mix with the
neighboring low-vorticity fluid along their shared boundary. This ingestion process is a form of entrainment and is
apparent in flows exhibiting boundaries that divide regions
with disparate levels of vorticity. The boundary along
which entrainment occurs is referred to as the turbulent/
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non-turbulent interface in turbulent flows, but is referred to
here as the low-to-high vorticity interface (LHVI) to extend
the concept to laminar flows as well.
With improvements made to particle image velocimetry
(PIV) since the 1990s, early theories on entrainment have
now been quantitatively tested. Specifically, the small-scale
centered “nibbling” mechanism proposed by Corrsin and
Kistler (1955) and the large-scale centered “engulfment”
mechanism later proposed by others (Brown and Roshko
1974; Dimotakis and Brown 1976; Head and Bandyopadhay 1981; Huang et al. 1995) have been evaluated using
fully resolved velocity fields of stationary turbulent flows.
Nibbling has been shown to be the dominant mechanism in
imparting enstrophy in axisymmetric jets within the selfsimilar region (Mathew and Basu 2002; Westerweel et al.
2009). However, other studies have demonstrated that in
spite of nibbling being primarily responsible for imparting
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enstrophy, it is the large-scale structures that determine the
entrainment rate by both contorting the LHVI and by convecting low-vorticity fluid towards the LHVI (Phillip and
Marusic 2012; Chauhan et al. 2014; Mistry et al. 2016).
These findings regarding the role of both the large and small
scales towards entrainment have resulted in the current consensus that although enstrophy is transferred through smallscale interactions, it is the large-scale structures that determine the entrainment rate. Regardless of these advances,
the quantitative methods used in characterizing entrainment
are still primitive, as they primarily provide insight into the
physics of the LHVI but not into the history of the entrained
fluid itself. The lack of insight into the history of entrained
fluid is likely due to flow-field acquisition through imaging
techniques being an evolving technology in its own right.
Using PIV, entrainment has been studied in two very
different classes of flows: stationary flows within turbulent
regimes, and non-stationary flows within laminar regimes.
As such, two very disparate quantitative analyses for entrainment have arisen within the community. The procedure for
applying these two methods to particle images is outlined
by the upper branch of Fig. 1. In approach A, termed here
as the enstrophy-isosurface method, velocity fields derived
from PIV are spatially differentiated to access enstrophy, its
gradient, and its material derivative, from which the spreading of enstrophy isosurfaces are used to quantify entrainment

(Holzner and Lüthi 2011). In approach B, termed here as the
material-manifold method, the velocity field is integrated in
time to identify material manifolds revealed by Lagrangian
coherent structures (LCS), from which sources of entrained
and enstrophy-carrying fluid are identified (Olcay and Krueger 2008).
The current study proposes approach C, termed here as
the enstrophy-history method, as a third option. Here, data
is collected within a Lagrangian framework via particle
tracking velocimetry (PTV). Enstrophy is then determined
using irregular differentiation so that pathlines are preserved. Then, using the temporal evolution of enstrophy
along pathlines, or in other words the “enstrophy history”
of pathlines, one can ascertain when and where within
the flow field a pathline gained enstrophy. In so doing,
pathlines can be categorized into various groups including
pathlines that gained enstrophy through entrainment. Up
until recently this method would be considered unfeasible
due to the poor spatial resolution of PTV, as well as due
to the short pathlines that PTV produces. However, the
recent development of four-dimensional PTV (4D-PTV),
also known as shake-the-box (STB), has made it possible
to experimentally acquire pathline data at a significantly
higher spatial resolution than tomographic PIV (Schanz
et al. 2016). Also, through a method similar to flow-map
compilation (FMC) (Brunton and Rowley 2010; Raben
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Fig. 1  Diagram outlining processing methodologies for computing
the entrainment from particle images. Typically, differentiation or
integration of vector fields is performed, from which the entrainment
can be investigated using the enstrophy-isosurface method (approach
A), which looks at the spreading of enstrophy, or the material-manifold method (approach B), which uses first-order models based on
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LCS topology. A third option is represented in approach C, which is
to analyze the temporal evolution of enstrophy along pathlines, or in
other words the “enstrophy history” along pathlines, attained through
4D-PTV, from which the entrainment ratio can be evaluated. The
flow-map image is taken from Wang et al. (2013)
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compared to results reported in Rosi and Rival (2017),
which used the enstrophy-isosurface method to characterize the entrainment in a similar starting vortex experiment.

et al. 2014), these pathlines can be extended beyond their
lifespan, which allows for the enstrophy history along
pathlines to be more readily investigated. The advantages
of the enstrophy-history method are twofold: first, unlike
approach A, the enstrophy-history method is unreliant on
difficult-to-access derivatives that are likely contaminated
by error propagation; and second, unlike approach B, the
sources of entrainment need not be conjectured from complex topological features inherent to more complex flows,
such as is observed with fully developed turbulence.
The current study evaluates the viability of the enstrophy-history method towards investigating and quantifying entrainment. Section 2 first reviews the enstrophyisosurface method, the material-manifold method and
the enstrophy-history method mentioned earlier, and presents their advantages and shortcomings. To evaluate the
enstrophy-history method, a canonical, non-stationary,
turbulent flow is considered as a test case: the startup of a
continuously accelerating, circular plate towed normal to
its plane (i.e. angle of attack of 90◦ ) from rest (Fernando
and Rival 2016a). Here, a shear layer forms at the plate
edge, which rolls up into a vortex on the suction side of
the plate. 4D-PTV measurements along the plate’s midspan were performed, the experimental methodology of
which is described in Sect. 3. In Sect. 4, the sensitivity
of the enstrophy-history method to its control parameters
is evaluated. To contextualize the results from the enstrophy-history method, its results are compared to enstrophy
fields, and also to backward-time finite-time Lyapunov
exponent (FTLE) fields. The entrainment ratio acquired
from this experiment is then compared to values obtained
from previous work performed on isolated laminar vortex
rings. Finally, as a form of validation, and to contrast the
performance between the enstrophy-history and enstrophyisosurface methods, the results of the current study are

|𝜔2 | = (∇ × 𝐔) ⋅ (∇ × 𝐔).
(1)
Performing the curl operator is simple with PIV data, as the
data exists on a spatially regular grid. In contrast, spatial
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The following section presents the workings of the enstrophy-isosurface method, the material-manifold method and
the enstrophy-history method. The techniques are presented
here in the context of a starting vortex forming behind a
circular plate linearly accelerating from rest. Figure 2a,
b presents enstrophy fields for a starting vortex forming
behind a linearly accelerating circular plate at two different normalized distances (s / D). Here, s represents the
physical distance traveled by the circular plate from its
resting position, and D represents the plate’s diameter. The
plate constantly accelerates at a non-dimensional rate of
a∗ = aD3 ∕𝜈 2 = 1.1 × 1010 , where a and 𝜈 are acceleration
and kinematic viscosity, respectively. Enstrophy fields such
as these would be used by the enstrophy-isosurface method
to characterize entrainment. Figure 2c presents pathlines of
the same starting vortex colored by enstrophy. Pathlines such
as these would be used by the material-manifold method to
identify material manifolds via LCS. In contrast, the temporal evolution of enstrophy along pathlines in Fig. 2c would
be used by the enstrophy-history method when characterizing entrainment.
Enstrophy is calculated by performing the curl of the
velocity field (𝐔), and subsequently performing the dot product of this result with itself
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2 Methods for characterizing entrainment
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Fig. 2  a, b Enstrophy fields of a starting vortex forming behind a linearly accelerating circular plate at s∕D = 0.15 and 0.22, respectively.
Here, s represents the physical distance traveled by the circular plate
from its resting position, and D represents the plate’s diameter. The
plate linearly accelerates from rest at a∗ = 1.1 × 1010. Fields such as
these would be used by the enstrophy-isosurface method to characterize entrainment. The material-manifold method would employ
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pathlines such as those presented in c, whereas the enstrophy-history
method would employ the temporal evolution of enstrophy along the
same pathlines. c 1% of all acquired pathlines, which are colored by
their enstrophy. Normalized distance (s / D) and circulation-based
Reynolds numbers (Re𝛤 ) are provided in the header and footer of the
figure, respectively
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gradients are not straightforward with PTV data given the
data’s spatial irregularity. The current study first interpolates the velocity field onto a rectilinear grid, from which
enstrophy is calculated. The resultant enstrophy field is then
interpolated back onto the pathlines.

2.1 The enstrophy‑isosurface method (approach A)
The enstrophy-isosurface method is presented schematically
in Fig. 3a for a starting vortex forming behind a circular
plate. Velocity fields are first spatially and temporally differentiated to access enstrophy, its spatial gradient and its
material derivative. Enstrophy-carrying mass of the vortex
is then identified through thresholding the enstrophy field.
The periphery of this mass is taken to be the LHVI. Finally,
the rate at which the identified LHVI locally spreads or contracts, which is known as the entrainment velocity (v𝜀), may
be calculated via Eq. (2) (Holzner and Lüthi 2011)
/
D|𝜔2 | |
|
v𝜀 = −
| ∇|𝜔2 | |.
(2)
|
|
Dt
Given how v𝜀 is defined, it always points normal to the
LHVI. Thus, v𝜀 can be integrated along the entire LHVI
to determine an entrainment rate and then integrated with
time to determine an entrained mass. This methodology and
others similar in nature have been employed in turbulent jets
(Wolf et al. 2013; Mistry et al. 2016), boundary layers (Phillip and Marusic 2012; Chauhan et al. 2014) and stratified
flows (Krug et al. 2013).
Analyzing entrainment via v𝜀 allows for the quick and
easy identification of the LHVI within a convoluted flow
field. The error associated with selecting an arbitrary enstrophy threshold (Wolf et al. 2013), compounded by the error
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(a) Approach A: Enstrophy-isosurface method

Fig. 3  Schematics of the a enstrophy-isosurface method and the b
material-manifold method for calculating entrainment, applied to
a starting vortex forming behind a plate. In a, an enstrophy isosurface is identified that distinguishes the vortex from the far-field fluid.
Regions along the contour where v𝜀 points inwards and outwards
represent regions of entrainment and detrainment, respectively. In b,
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in calculating the necessary gradients, produces thresholdsensitive results for instantaneous velocity fields. However,
the propagated error is mitigated by conditionally averaging along an axis normal to the LHVI. As such, various
turbulent statistics pertinent to the LHVI can be accurately
determined for turbulent stationary flows, and are the chief
focus of the previously cited studies. However, these advantages are absent when applying the method to non-stationary
flows such as the starting vortex. First, a constant enstrophy
threshold is ill-advised since the flow field is continuously
changing, and an effective moving threshold may be difficult to define. Also, the entrainment rate and ratio calculated from instantaneous velocity fields via this method are
highly sensitive to the enstrophy threshold, which makes
this method a poor tool for evaluating temporal trends in
entrainment. This sensitivity cannot be improved through
any form of averaging. Conditional averaging cannot be
performed in non-stationary flows since no two instances
or two points along the LHVI exhibit similarity. Phase averaging, which one might argue could be used to reduce the
error in calculating spatial gradients, causes the aliasing of
flow structures. For example, the phase average of a starting vortex behind an accelerating circular plate will exhibit
long vortex arms emanating from its vortex core. However,
these arms are in fact aliases of the Kelvin–Helmholtz (KH)
instabilities whose relative positions vary run-to-run (Rosi
and Rival 2017). One may use this method to calculate an
accurate mean entrainment rate for non-stationary flows, but
this is devoid of any temporal information.

2.2 The material‑manifold method (approach B)
The material-manifold method is shown schematically
in Fig. 3b for a starting vortex forming behind a circular

Plate
motion

Secondary
manifold

Kaden
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Entrained
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(b) Approach B: Material-manifold method
material manifolds typically identified from LCS are used to identify
sources of entrained and enstrophy-carrying mass. For example, in
the case of laminar starting vortices, the backward-time FTLE reveals
a channel between the Kaden-spiral manifold and a secondary manifold through which fluid is entrained
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plate. The method utilizes topological features of the flow
field as a mean to identify sources of entrained and enstrophy-carrying mass. Upon identifying the mass sources
pertinent to the flow, a first-order model that evaluates
a non-dimensional entrainment rate (𝜀) or ratio (𝜂) can
be ascertained (Dabiri and Gharib 2004). The materialmanifold method is used extensively in characterizing the
entrainment of isolated laminar vortex rings generated
by piston–cylinder arrangements (Shadden et al. 2006,
2007; Olcay and Krueger 2008, 2010). To assess a flow’s
topology, current studies now utilize Lagrangian coherent
structures (LCSs), which are derived from flow-map strain
and require the integration of the velocity field to produce pathlines (Shadden et al. 2005). LCSs reveal natural
boundaries that arise in a flow, and can be used to identify
channels of entrainment. For example, in the case of a laminar starting vortex, the backward-time FTLE field, which
is a criterion commonly used in LCS identification, reveals
an entraining channel that forms between the Kaden-spiral
manifold and a secondary manifold that spirals outward
from the vortex core. From this channel, an entrainment
rate can be determined (Olcay and Krueger 2008). The
Kaden spiral is a specific solution to the Euler equations
that describes the roll-up of vorticity into a starting vortex.
It comprised a semi-infinite, initially flat vortex sheet that
is driven by the edge velocity singularity and rolls up into
a tight spiral (Caflisch 1989).
Developing a first-order entrainment model from LCS
topology produces a result that is independent of arbitrary thresholding. However, unlike in laminar flows that
exhibit relatively straightforward LCS topology, the LCS
topology of turbulent flows can be extremely convoluted
(Green et al. 2007). This in turn makes identifying sources
of entrained mass and enstrophy-carrying mass unclear, if
not impossible for turbulent flows.

2.3 The enstrophy‑history method (approach C)
Section 2.1 described how the enstrophy-isosurface
method is inappropriate for non-stationary flows, since
conditional averaging cannot be used to mitigate measurement error. Section 2.2 then discussed how the material-manifold method is inappropriate for flows with
convoluted manifold topologies, and as such makes the
material-manifold method inappropriate for flows that are
coherent-structure rich. Thus, currently there exists no viable method for characterizing and quantifying entrainment
in non-stationary flows rich with coherent structures. The
current section presents the enstrophy-history method as
a potential alternative for investigating this class of flows.
To illustrate the enstrophy-history method, consider
Fig. 4. Here, the circular plate moves leftward, which
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Fig. 4  A schematic of the enstrophy-history method. The circular
plate moves leftward at UP (t), resulting in pathlines, which start at
time t0 and end at time T, that flow from left to right. Solid-gray and
solid-colored parts of pathlines respectively indicate pathline portions
before and after the point where an |𝜔2 | threshold is first surpassed.
Pathlines are categorized as either enstrophy-source mass (solid red
line, m𝜔) or entrained mass (solid blue line, m𝜀) based on if they
respectively did or did not surpass an |𝜔2 | threshold while within an
enstrophy-source region of height 𝛿 and width 𝜏 . Pathlines may also
be categorized as irrotational mass, which never exhibits high |𝜔2 |
(blue-and-gray dashed line, m0), or as old-enstrophy mass, which
exhibits high |𝜔2 | since its inception (solid orange line, m𝜔0)

results in pathlines flowing from left to right. All pathlines
commence at time t0 and terminate at time T. The instantaneous entrainment ratio at time T is to be computed. To
do so, pathlines are binned into four different categories.
These pathline categories are:
1. Irrotational pathlines that never exhibit large enstrophy
(|𝜔2 |) values during t0 ≤ t ≤ T . Their mass is denoted as
irrotational mass ( m0);
2. Earlier enstrophy-carrying pathlines with large enstrophy values at the onset of the measurement ( t = t0 ).
Their mass is denoted as old-enstrophy mass ( m𝜔0);
3. Pathlines that gained enstrophy during t0 < t ≤ T
through interactions with an enstrophy source, which
is the plate edge in the case of the starting vortex. Their
mass is denoted as enstrophy-source mass ( m𝜔);
4. Pathlines that gained enstrophy during t0 < t ≤ T
through entrainment. Their mass is denoted as entrained
mass ( m𝜀).
By determining which pathlines surpass some enstrophy threshold (|𝜔2 |cut ) during their lifespan, the old-enstrophy pathlines ( m𝜔0 ), enstrophy-source pathlines ( m𝜔 ) and
entrained pathlines ( m𝜀 ) can be distinguished from irrotational pathlines (m0 ). Then, the remaining pathlines whose
enstrophy surpassed the threshold at the onset of the measurement (|𝜔2 | > |𝜔2 |cut at t = t0) are identified as old-enstrophy pathlines (m𝜔0 ). Finally, to identify pathlines that gained
enstrophy through interacting with the enstrophy source, i.e.
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enstrophy-source pathlines ( m𝜔 ), a region containing the
enstrophy source is placed within the measurement domain.
In the case of the starting vortex forming behind the circular plate, an enstrophy-source region is placed around the
onset of the shear layer with a width and height of 𝜏 and 𝛿 ,
respectively. The enstrophy-source region is denoted as the
dashed-line rectangle in Fig. 4. Pathlines that pass through
this region with enstrophy values larger than the threshold
(|𝜔2 | > |𝜔2 |cut ) are classified as those that gained enstrophy
via the shear layer (m𝜔 ). The remaining pathlines, having
not gained enstrophy through interactions with the plate
must have been entrained, and are therefore categorized as
entrained pathlines ( m𝜀).
With all four mass contributions determined, 𝜂 may be
calculated as the entrained mass ( m𝜀 ) divided by the total
mass accrued by the vortex during t0 < t ≤ T . The total
mass accumulated by the vortex during this period is simply the sum of entrained mass and enstrophy-source mass
( m𝜀 + m𝜔 ). Thus, the entrainment ratio is evaluated as

𝜂=

m𝜀
.
m𝜀 + m𝜔

(3)

Since the old-enstrophy mass contains unaccounted
entrained mass from before the measurement, its inclusion in the denominator would bias Eq. (3) towards smaller
entrainment ratios and is therefore excluded. Also, since
the tracers triangulated through 4D-PTV are quasi-homogeneous in terms of spatial density, the mass contributions
are proportional to the number of identified pathlines for an
incompressible flow. Finally, to evaluate 𝜂 as a function of
time, T can be incremented to span the entire time domain
of the measurement.
The sensitivity of the enstrophy-history method to the
size of the enstrophy-source region and the enstrophy threshold must be tested. However, the method does not require
third-order spatial gradients or time gradients as required
by the enstrophy-isosurface method. This non-reliance on
difficult-to-access derivatives, coupled with the quality of
the pathlines produced by 4D-PTV, will potentially allow
for entrainment to be characterized from single flow-field
reconstructions. Being able to use single reconstructions is
particularly useful for non-stationary flows since corrective
measures such as conditional averaging and phase averaging cannot be performed. Furthermore, the topological maze
revealed by LCS need not be deciphered like in the materialmanifold method. This is significant given the convoluted
structure that LCS may exhibit for more complex flows.
Finally, the application of the method extends not only to
stationary turbulent flows and non-stationary laminar flows,
but also towards non-stationary turbulent flows, for which no
acceptable method exists. The method has the added benefit
of providing the spatial origins and destinations of entrained
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mass and enstrophy-source mass, from which insight into
entrainment mechanisms may be gleaned.
In the current study, tracers must only surpass the enstrophy threshold at some point along their path to be classified
as enstrophy carrying. The potential reduction in enstrophy
due to detrainment is not considered. Detrainment can be
accounted for by requiring enstrophy-carrying tracers to both
surpass the threshold and maintain an enstrophy above the
threshold with time. For the starting vortex data presented
herein, both conditions result in roughly identical entrainment ratios, reveal roughly identical topological features,
and produce entrainment rates of roughly identical magnitude and trend. As such, only the first condition, which
requires that the enstrophy threshold simply be surpassed,
is presented in the current study. Despite not playing a role
here, the inclusion of detrainment is likely necessary for
higher-turbulence flows, or when measuring for longer
timescales.
Finally, it is noted here that the initialization time t0 can be
seen as a control parameter. In the case of the starting vortex,
varying the initialization time would alter the entrainment
ratio due to the non-stationarity of the problem. Ideally, initialization time would be set to the onset of motion. The
current study sets the initialization time to s∕D = 0.1, which
is very early on in the vortex-formation process.

3 Experimental methods
A turbulent starting vortex behind a linearly accelerating
circular plate was used as a test case to evaluate the enstrophy-history method. The flow was selected for its non-stationarity and turbulence, which are responsible for disadvantages exhibited in the enstrophy-isosurface method and the
material-manifold method, respectively. A schematic of the
experimental apparatus is shown in Fig. 5. Experiments were
performed inside a 15m-long water-filled towing tank with a
cross-sectional area of 1m × 1m , as shown in Fig. 5a. Glass
along the sides and bottom of the tank allow for optical
access, while a ceiling along the top eliminates free-surface
effects. A circular plate of diameter D = 30 cm was accelerated normal to its plane from rest at a non-dimensional rate
of a∗ = aD3 ∕𝜈 2 = 1.07 × 1010. The motion was achieved via
a sting assembly attached to a traverse mechanism located
above the towing tank. The circular sting, which attaches to
the suction side of the plate, has a length and diameter of
2D and 0.1D, respectively. The thickness-to-diameter ratio
of the plate is 0.01. Previous studies have demonstrated that
for thickness-to-diameter ratios less than approximately
0.4, the plate thickness has no appreciable effect on the
mechanics of the wake (Nakamura and Hirata 1989; Knisely
1990; Mohebi 2016). Regarding the effect that plate edge
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Fig. 5  Schematic of the experimental apparatus: a a D = 30 cm
circular plate was accelerated at a non-dimensional rate of
a∗ = aD3 ∕𝜈 2 = 1.1 × 1010 through a 15 m-long, 1 m × 1 m square

cross-section towing tank; b images were captured within a
0.43D × 0.43D × 0.03D rectilinear volume using the presented optical
apparatus

geometry may have on the Kelvin–Helmholtz instabilities,
Rival et al. (2014) demonstrated that although edge geometry acts to mildly alter the onset of starting vortex growth,
the overall shear layer topology and development rate remain
unchanged. The blockage ratio of the current experiment is
7%. Further documentation on this experiment can be found
in Fernando and Rival (2016b).
The sting assembly and optical setup are shown in Fig. 5b.
55-micrometer polymer spheres were added to the water to
serve as tracer particles. The tracers have a relaxation time of
approximately 0.1 ms, which is roughly two orders smaller
than the Kolmogorov timescale, estimated as 10 ms at the
onset of the measurement. The tracers were illuminated by
a 527 nm , 40 mJ-per-pulse laser, which had been expanded
into a volume. 4D-PTV images of the tracers were captured
within a 0.43D × 0.43D × 0.03D (13 cm × 13 cm × 1 cm) volume by four FASTCAM SA4 high-speed cameras at a frame
rate of 900 Hz. One camera was pointed normal to the glass,
another swept an angle of 10◦ with the glass, and the final
two swept angles of 20◦ with the glass. Water-filled prisms
were adhered to the glass to mitigate refractive distortions.
Measurements were performed over a spatial domain of
0.1 ≤ s∕D ≤ 0.28, where s represents the physical distance
traveled by the circular plate from its resting position, and
D represents the plate’s diameter. This s / D domain corresponds to a circulation-based Reynolds number √
domain of
9 × 103 ≤ Re𝛤 ≤ 43 × 103, where Re𝛤 = 2𝛤 ∕𝜈 ≡ 8as3 ∕𝜈 2.
For comparison, a vortex ring generated by a piston-cylinder arrangement with an infinite length-to-diameter ratio
will transition to turbulence when Re𝛤 ≈ (104 ) (Didden
1977). Thus, the vortex ring studied here lies within the
transitional-turbulence regime.

The acquired images were imported into DaVis 8.3.0
and processed using a state-of-the-art 4D-PTV tracking
algorithm. The algorithm employs a multiplicative iterative reconstruction technique (MART) to triangulate tracer
positions at each time step. The algorithm then extrapolates
tracks existing during the previous time step forward in time
to predict their positions at the current time step. The predictions are then shaken and matched with actual tracer positions at the current time step. The shaking is iterated to match
residual tracks and tracers, and tracks are finally terminated
or commenced accordingly. Further details regarding the
technique can be found in Schanz et al. (2016). 4D-PTV is
capable of tracking at particle image densities significantly
higher than traditional PTV. For example, the current experiment was performed with a particle image density of 0.07
particles-per-pixel, whereas a traditional PTV experiment is
typically performed at 0.005 particles-per-pixel (Raffel et al.
2007). Furthermore, the technique is insusceptible to ghost
particles, and as such, can be extremely accurate. According
to Schanz et al. (2016), 4D-PTV exhibits a positional error
of 0.005 pixels at the particle image density employed by
the current experiment. When propagated, this positional
error results in a relative error in enstrophy of approximately
5%, and a relative error in the FTLE of approximately 1%.
Further to this, Sect. 4.1 considers various probability distribution functions (PDFs) of the velocity divergence to better
characterize the measurement error in enstrophy.
The 4D-PTV tracking algorithm returned the positions
and velocities of tracers with time, and would produce pathlines with a mean length of 20 time steps. These raw pathlines were then extended forward and backward beyond their
original lifespan via a pathline-extension method inspired by
flow-map compilation techniques described in Brunton and
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Rowley (2010) and Raben et al. (2014). Backward- and forward-time flow maps were fitted at each time step using pathlines that also existed in the previous or subsequent time step,
respectively. The fits were constructed using a locally weighted
scatter-plot smooth (abbreviated as lowess) algorithm within
MATLAB 2015a. The algorithm fitted a function to each point
within the domain by using the nearest 1% of all tracked tracers, which corresponds to approximately 50 data points. With
these flow maps, pathlines were extended until the start or end
of the data set, or until they convected out of the measurement
domain. Pathlines were then smoothed using a Savitzky–Golay
filter spanning five time steps, and velocities were recomputed
along the extended tracks using a central difference method.
Upon extending and filtering the original Lagrangian data,
the enstrophy and the backward-time FTLE along the pathlines were calculated. To calculate enstrophy, the Lagrangian
velocity fields were interpolated onto a rectilinear grid and
spatially differentiated. The spatial resolution of the rectilinear grid was 0.003D, which is roughly twice the resolution
of the unstructured Lagrangian data. To calculate the spatial
gradient, a central difference scheme was performed within
the rectilinear grid, while a one-sided scheme was applied
along the grid’s periphery. The unstructured Lagrangian data
were sufficiently spatially homogeneous such that no extrapolation into empty regions was required. Enstrophy was then
calculated from this result and interpolated back onto the
pathlines. The backward-time FTLE was calculated using a
Voronoi tessellation-based networking algorithm described in
Rosi et al. (2015). The backward-time FTLE, whose ridges of
local maxima represent boundaries of attraction, is determined
from the backward-time Cauchy–Green deformation tensor
(C), which is defined as
t−t
t−t
C = (∇𝛷t i )∗ · ∇𝛷t i ,
(4)
t−t
where ∇𝛷t i is the gradient of the backward-time flow map
t−t
(𝛷t i ). The backward-time flow map takes the positions of

fluid elements tracked at time t and outputs their original
positions at the earlier time t − ti . Note that ∗ indicates the
matrix-transpose operation. The largest eigenvalue (𝜆max )
Fig. 6  PDFs of velocity
divergence that are pertinent
towards evaluating the quality
of the 4D-PTV measurement. a
dv
Joint PDF of − dy
with du
.
+ dw
dx
dz

Due to measurement error, the
PDF appears ellipsoidal about
the black diagonal
dv
, with an aspect
− dy
= du
+ dw
dx
dz
ratio of AR ∼ 3. b PDF of the
absolute value of the velocity
divergence (|∇ ⋅ U|, red line), as
well as the PDF of the vorticity
magnitude (|𝜔|, blue area)
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of the deformation tensor corresponds to the level of attractive strain at a point in space, whereupon the backward-time
t−t
FTLE (𝜎t i ) is given by
�
�√
1
t−t
𝜆max (C) .
𝜎t i =
ln
(5)
�t �
i

Rather than keeping the integration time ti constant, the
largest possible ti that maintained a homogeneous number
of tracers within the starting vortex and shear layer was
selected for each time step. Thus, ti was linearly increased
from 0 to 125 time steps from the first frame to the 125th
frame, and then was linearly decreased to 25 time steps by
the 300th frame.

4 Results
The current section begins by investigating PDFs of velocity
divergence and of vorticity magnitude to assess the quality
of the 4D-PTV measurements. Then, the sensitivity of the
enstrophy-history method to the enstrophy threshold, as well
as to the size of the enstrophy-source region, is evaluated. To
then contextualize the flow, scatter plots of tracers that are
colored by their enstrophy, colored by their backward-time
FTLE, or colored by their pathline category assigned by the
enstrophy-history method are compared. The final entrainment
ratio value determined by the enstrophy-history method is then
compared to results from studies on laminar vortex rings.

4.1 Evaluating the quality of the 4D‑PTV
measurements
The quality of the 4D-PTV measurements can be evaluated by
considering how well the spatial gradients of velocity satisfy
continuity for an incompressible flow, i.e.,

∇⋅𝐔=

du dv dw
+
+
= 0.
dx dy
dz

(6)
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Here, x points in the streamwise direction, y points vertically
upwards towards the ceiling of the towing tank, and z points
outwards towards the cameras. u, v and w represent the corresponding velocity components. Figure 6 presents two
PDFs meant to evaluate zero divergence. Figure 6a presents
dv
the joint PDF of − dy
with du
for the entire experiment.
+ dw
dx
dz
Ideally, all measurements would fall along the black diagodv
. However, due to meas= du
+ dw
nal, which represents − dy
dx
dz
urement error, the joint PDF appears ellipsoidal with an
aspect ratio of AR ∼ 3. Lüthi et al. (2005) provide the following relation for estimating the error in divergence (E∇⋅𝐔 )
from the root-mean-square of ∇ ⋅ 𝐔 and the aspect ratio of
the PDF in Fig. 6a

rms(∇ ⋅ 𝐔)
.
E∇⋅𝐔 = √
2 × AR

(7)

The performed experiment exhibited a root-mean-square
in divergence of 3.2 s−1. Using values from the performed
experiment, E∇⋅𝐔 is calculated to be 0.75 s−1, which is taken
as an approximation for the error in the spatial velocity
gradients.
Figure 6b compares the PDF of the absolute value of
velocity divergence (|∇ ⋅ 𝐔|) to the PDF of vorticity magnitude (|𝜔|). The figure is used to evaluate the ability of the
measurement to distinguish the vorticity signal produced
by the starting vortex from the noise in the spatial velocity gradient. Since |∇ ⋅ 𝐔| = 0 for incompressible flows, the
PDF of |∇ ⋅ 𝐔| can be used to characterize the noise of the
measurement. The PDF of |∇ ⋅ 𝐔| has a finite thickness and

Fig. 7  a Sensitivity of the final entrainment ratio (𝜂 ) to enstrophy
threshold (|𝜔2 |cut ∕|𝜔2 | ) for enstrophy-source regions of different
heights (𝛿∕D). 𝜂 converges to a value of approximately 0.45 with sufficiently large values of 𝛿∕D and |𝜔2 |cut ∕|𝜔2 | . In b, d, unduly low values of |𝜔2 |cut ∕|𝜔2 | cause the value of 𝜂 to be contaminated by tracers
in the far field. Although the 𝛿∕D = 0.01 curve appears to be con-
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exhibits a probability of roughly zero at |∇ ⋅ 𝐔| > 10 s−1. The
PDF of |𝜔| peaks at zero, plateaus and then peaks again at
∼ 20 s−1. The peak at roughly 20 s−1 is representative of the
mean vorticity magnitude within the starting vortex during
the measurement. By comparing the PDFs of |∇ ⋅ 𝐔| and |𝜔|,
it is apparent that the signal produced by the starting vortex
is well beyond that noise bandwidth of the spatial velocity
gradient, and as such the starting vortex can be distinguished
from noise in the far field. Furthermore, 5 ≤ |𝜔| ≤ 10 s−1,
which is approximately five to ten times the mean vorticity magnitude ( |𝜔| = 1.2 s−1), presents itself as an effective threshold for identifying enstrophy-containing mass,
since the PDF of |∇ ⋅ 𝐔| is effectively zero beyond this point.
Thus, a threshold between 25|𝜔2 | and 100|𝜔2 | , where |𝜔2 |
represents the mean enstrophy over the entire field, and is
averaged across all realizations, is proposed here for the
identification of enstrophy-containing mass. The effectiveness of this enstrophy threshold, as well as the sensitivity of
the entrainment ratio to increasing enstrophy threshold, is
explored in the following section.

4.2 Sensitivity of the enstrophy‑history method
In order for the enstrophy-history method to produce meaningful results, the calculated entrainment ratio must be
insensitive to its enstrophy threshold, as well as to the size of
the enstrophy-source region. The sensitivity is characterized
in Fig. 7a, which presents how the final entrainment ratio (𝜂)
of the starting vortex varies with the enstrophy threshold
(|𝜔2 |cut ∕|𝜔2 |) for various heights of the enstrophy-source

verging at c, d, 𝜂 is over-predicted as shear layer tracers flow over the
short enstrophy-source region (black-outline rectangle) and register as
entrained mass. In f, g, using arbitrarily large values of 𝛿 results in the
entire shear layer being enclosed by the enstrophy-source region, with
little contamination from the far-field. The plate is indicated by the
filled gray rectangle
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region (𝛿∕D) . Except for the 𝛿∕D = 0.01 curve, which
presents a much larger entrainment ratio than the other
curves, the entrainment ratio converges onto a value of
approximately 0.45 at a threshold of |𝜔2 |cut ∕|𝜔2 | = 40 .
The ratio continues to decrease from 0.45 to 0.43 until the
threshold reaches |𝜔2 |cut ∕|𝜔2 | = 60 , at which point the
entrainment ratio begins to increase such that 𝜂 = 0.45 at
|𝜔2 |cut ∕|𝜔2 | = 100. A change of 4% over a threshold range
of 40 ≤ |𝜔2 |cut ∕|𝜔2 | ≤ 100 suggests that 𝜂 has sufficiently
converged.
The cause for the overestimation of the entrainment ratio
with small enstrophy-source heights, as well as entrainment
ratio’s non-convergence at low enstrophy thresholds are
explored in Fig. 7b–g. Figure 7b–g presents scatter plots of
tracers at s∕D = 0.16, colored by their pathline category for
the points indicated on Fig. 7a. The plate and the enstrophysource region are indicated in the scatter plots by the filled
gray rectangles and the black-outline rectangles, respectively. When a low threshold is employed, as is done in
Figs. 7b, e, the enstrophy-history method cannot distinguish
between the far-field fluid and the vortex. The contamination
from the far field results in an over-prediction and under-prediction of 𝜂 in Figs. 7b, e, respectively. In Fig. 7b, the majority of far-field tracers do not pass through the enstrophysource region, resulting in the overestimation of entrained
mass and thereby 𝜂 . In Fig. 7e, far-field tracers must unavoidably pass through the enstrophy-source region, which
results in the overestimation of enstrophy-source mass and in
turn the underestimation of 𝜂 . The cause for the overestimation of 𝜂 for small 𝛿 even when large enstrophy thresholds
are applied is explained in Fig. 7c, d. An overly short enstrophy-source region truncates the shear layer, resulting in a
section of the shear layer to flow over the enstrophy-source
region. However, once the height of the enstrophy-source
region is sufficiently tall (𝛿∕D > 0.03) such that it spans the
entire shear layer thickness, 𝜂 then becomes invariant to 𝛿, as
demonstrated in Fig. 7f, g. Respectively comparing Fig. 7c,
f to Fig. 7d, g suggests that further increasing the enstrophy threshold results in no significant reduction in far-field
noise. However, increasing the enstrophy threshold results
in the slight reduction of entrained tracers located along the
outboard side of the shear layer, as well as in between the
shear layer and vortex core. A similar reduction in entrainment was observed in Wolf et al. (2012), where increases
in the enstrophy threshold caused the mean entrainment
velocity to gradually reduce to zero. In Wolf et al. (2012), a
threshold that was beyond the noise of the measurement but
maximized the entrainment velocity was selected. Similarly,
a threshold of |𝜔2 |cut ∕|𝜔2 | = 65 is selected here, which, as
shown in Fig. 6b, is beyond the noise of the vorticity measurement, while as demonstrated in Fig. 7, maximizes the
entrainment about the vortex structure.
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Figure 7 demonstrates that the enstrophy-history method
becomes nearly invariant to the enstrophy threshold once the
threshold is sufficiently large (|𝜔2 |cut ∕|𝜔2 | > 60). Furthermore, the method is invariant to the height of the enstrophysource region, given that the height spans across the entire
shear layer thickness. A similar insensitivity is observed
with width (𝜏) , given that the width is large enough that
the entire shear layer forming on the plate edge is captured.
Thus, the enstrophy-history method is deemed insensitive
to the size of the enstrophy-source region, granted that the
region fully encloses the enstrophy source. Given the results
described here, subsequent results will use the following
control parameter values: |𝜔2 |cut ∕|𝜔2 | = 65 , 𝛿∕D = 0.1,
and 𝜏∕D = 0.02 . Finally, in Fig. 7f, patches of enstrophycontaining mass (red) and entrained mass (blue) exist far
outside the primary-vortex area. The patches comprise 9%
of the total mass used in the entrainment calculation. Since
these patches exist within regions that are clearly irrotational, they are definitely spurious. As such, this 9% can be
seen as a rough measure of the precision of the enstrophyhistory method.

4.3 Comparing enstrophy fields, backward‑time
FTLE fields and pathline category fields
Figure 8 presents scatter plots of tracers that are colored
by their enstrophy, colored by their backward-time FTLE,
colored by their pathline category, or colored by the threshold |𝜔2 |cut ∕|𝜔2 | = 65. These fields are supplemented by
“Video1.mp4”, which presents corresponding scatterplot sequences with tracers colored by enstrophy, colored
by backward-time FTLE, colored by pathline category at
s∕D = 0.28, or colored by the threshold |𝜔2 |cut ∕|𝜔2 | = 65.
Enstrophy is normalized by the plate velocity and diameter
(|𝜔2 |∕(UP ∕D)2 ), while the backward-time FTLE is normalt−t
t−t
t−t
ized by its respective mean (𝜎t i ∕𝜎t i ). 𝜎t i is calculated
at each timestep by averaging the backward-time FTLE
at all tracked particles. The color levels for enstrophy and
the backward-time FTLE, as well as the mass categorizations, are indicated to the right of Fig. 8. The enstrophy
field presents a starting vortex forming on the suction side
of the plate, which is fed by a convoluted shear layer comprised of a train of KH instabilities. The instabilities act to
complicate the backward-time FTLE from a simple Kaden
spiral observed in laminar vortex rings (Olcay and Krueger
2008) into an undulating manifold. The undulations along
the backward-time FTLE manifold appear to coincide with
the KH instabilities, both in terms of their position and their
periodicity of formation. These undulations then stretch out
along the inboard side of the vortex, and form a series of
convoluted channels emanating from the vortex core, as
opposed to a single channel as observed in laminar vortex
rings.
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Fig. 8  Scatter plots of tracers colored by enstrophy (first row), or by
the backward-time FTLE (second row), or by their pathline category
(third row), or by the threshold |𝜔2 |cut ∕|𝜔2 | = 65 (fourth row) at various s / D indicated by the table header. Here, s represents the physical distance traveled by the circular plate from its resting position,
and D represents the plate’s diameter. The circulation-based Reynolds number is provided in the table header as well. To determine
the pathline category of tracers, the enstrophy-history method was
employed, using an enstrophy threshold of |𝜔2 |cut ∕|𝜔2 | = 65, as well
as a enstrophy-source region (black-outline rectangle) of 𝛿∕D = 0.10
and 𝜏∕D = 0.02. The presence of shear layer instabilities convolute

the backward-time FTLE ridge along the vortex periphery from a
simple Kaden spiral into an undulating manifold. The undulations
along the vortex’s outboard side coincide with instabilities within the
shear layer. Along the vortex’s inboard side, the undulations stretch
and thin out, and coincide with regions of entrainment. The primary
entrainment source due to the roll-up, as well as examples of secondary entrainment sources due to shear layer undulations, are indicated
in (k) through (o) by “I” and “II”, respectively. The figure is supplemented by “Video1.mp4”, which presents scatter-plot sequences of
tracers colored by enstrophy, backward-time FTLE, pathline category
at s∕D = 0.28, or by the threshold |𝜔2 |cut ∕|𝜔2 | = 65

The pathline category fields reveal topological flow features that are salient to the entrainment process, especially
when considered together with the enstrophy fields and
backward-time FTLE fields. For example, by comparing the
enstrophy and pathline category fields, it is apparent that the
chief contributor to entrainment is the channel that forms
between the vortex core and shear layer, which is termed
here as the “underbelly”. This mechanism for entrainment
is akin to the spiraling channel described in Sect. 1 and
observed in Olcay and Krueger (2008), and can be used
to determine an entrainment rate for laminar vortex rings.
However, the channel observed for the turbulent starting
vortex contorts from a simple spiral observed in Olcay and
Krueger (2008) into a series of billows due to the presence of
KH instabilities. Another topological feature that is revealed
by the pathline category fields are the pockets of entrainment
that form along the outboard side of the shear layer between

undulations caused by the KH instabilities. Upon reaching
the vortex’s underbelly, these pockets are then stretched,
along with the KH instabilities, deep into the vortex core.
There is a clear affinity between the pathline category
fields and backward-time FTLE fields, as both exhibit similar topological features. For example, the undulations along
the outer backward-time FTLE manifold coincide with undulations in enstrophy-source mass (m𝜔 ). Furthermore, pockets of entrained mass (m𝜀 ) that form within the underbelly
and along the outboard side of the shear layer coincide with
similar undulations along the backward-time FTLE manifold. These pockets stretch deep into the vortex, whereas
the FTLE manifold undulations stretch to form channels that
feed into the vortex. Finally, there is a persistent channel
formed by the backward-time FTLE that coincides with the
roll-up of irrotational fluid through the vortex’s underbelly.
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Although the backward-time FTLE provides insight
into the topological features of the flow, the complexity
of its manifolds makes it an imprecise tool for quantifying
the entrainment rate. As stated in Sect. 1, the backwardtime FTLE of a laminar vortex ring comprised two simple
manifolds. One is the Kaden-spiral manifold, which forms
a boundary between fluid inside and outside the vortex and
spirals into the vortex core. The other manifold spirals outward from the vortex core, and forms a channel with the
Kaden-spiral manifold through which irrotational fluid is
fed. Since this channel acts as the only inlet into the vortex
core, the rate at which fluid feeds through it can be taken as
the entrainment rate. In contrast, the backward-time FTLE
field observed in the current study comprised a complex,

billowing outer ridge due to the presence of KH instabilities, as shown in Fig. 9. These billows stretch as they orbit
the vortex, and form multiple channels that feed into the
vortex core. These inlets are not persistent, and instead continuously form and break up as the flow develops. Given
the multitude of channels feeding into the vortex, coupled
with their continual formation and break-up, it is extremely
difficult to account for the entrainment through them. The
results presented here are demonstrative that the materialmanifold method is an impractical tool for quantifying the
entrainment for flows where complex coherent structures
(e.g. KH instabilities) arise, or in turbulent flows that are
coherent-structure rich. In contrast, the enstrophy-history
method directly quantifies the entrainment ratio, and also
provides insight into the interplay between the entrainment
and the flow’s topological features.

4.4 Comparison to isolated laminar vortex rings

Fig. 9  The backward-time FTLE field of the starting vortex at
s∕D = 0.16. In laminar vortex rings, the backward-time FTLE exhibits two simple manifolds that coils into the center, forming a single
inlet through which irrotational fluid is convected and entrained. This
is in contrast to the backward-time FTLE field observed here, which
forms a convoluted outer ridge that stretches into multiple inlets feeding into the vortex core. The complexity of the backward-time FTLE
field makes it an impractical tool for formulating a first-order LCS
model to quantify entrainment
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Dabiri and Gharib (2004)
Shadden et al (2007)
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5
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(a)
Fig. 10  a Entrainment ratio ranges (𝜂) observed by the current study,
and by studies on laminar vortex rings produced by piston–cylinder
arrangements. Stroke-to-diameter ratios (L / D), circulation-based
Reynolds numbers ( Re𝛤 ) and normalized distances traveled (s / D)
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Figure 10a displays the entrainment ratio range (𝜂) from
the current study, along with the entrainment ratio ranges
observed in laminar vortex rings formed by piston–cylinder arrangements in the literature. The circulation-based
Reynolds number (Re𝛤 ), the piston-stroke-to-diameter ratio
(L / D) and dimensionless time provided as a normalized distance (s / D) are provided as well. Interestingly, the entrainment ratio value for the accelerating circular plate, although
significantly larger than entrainment ratio values for the
L∕D = 4, 2 and 1 cases, agrees with the L∕D = 0.5 cases in
spite of the disparity in Reynolds number. The agreement
in 𝜂 could indicate that the entrainment ratio for starting
vortices quickly reaches an upper limit in spite of increases
in turbulence. Indeed, previous work has shown that the
entrainment rate plateaus with increases to the plate’s acceleration (Rosi and Rival 2017). The result could also indicate

s/D
4 ~ 15
1~6
4 ~ 15
1~6
~ 2.5
1~6
~ 2.5
1~6
~ 2.5
0.1 ~ 0.3

Line

0.5
0.4
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η 0.3
0.2

N/A

0.1

N/A

0

0

0.1

0.2

s/D

0.3

(b)

are provided as well. b 𝜂 as a function of s / D for the current study,
and linear extrapolations of 𝜂 observed in laminar vortex rings in the
literature
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that increased enstrophy strain due to turbulence along the
periphery of the vortex plays little role in the entrainment
in non-stationary flows, and that it is the inviscid roll-up
of fluid which is crucial. The result lends further credence
to the current consensus drawn from studies on turbulent
stationary flows (Phillip and Marusic 2012; Chauhan et al.
2014; Mistry et al. 2016) that although small-scale turbulence is responsible for imparting enstrophy, it is ultimately
the large-scale motions that determine the entrainment rate.
However, it is noted that the current study measures 𝜂 over
a spatial domain of 0.1 ≤ s∕D ≤ 0.28, during which time
the vortex structure is still attached to the circular plate. In
contrast, the studies listed in Fig. 10a measure 𝜂 at far later
spatial domains, at which point the vortex structure is isolated from the piston. As such, the final entrainment ratio for
the current test case is likely larger than reported here, since
early-stage growth is responsible for much of the entrained
fluid fraction (Dabiri and Gharib 2004).
For the laminar vortex ring studies, the entrainment ratio
appears to increase with decreasing circulation-based Reynolds number. However, this is unrelated to turbulence since
the tabulated studies investigated laminar flows. Instead,
the increase in the entrainment ratio is chiefly related to
the decrease in piston-to-stroke ratio. By decreasing L / D,
the piston must achieve the final velocity within a shorter
distance, requiring the piston to accelerate at a faster rate.
As such, Olcay and Krueger (2008) stipulated that the
increase in entrainment ratio with decreasingL / D was due
to increased acceleratory effects. In particular, a shorter
L / D results in a compact vortex core of higher vorticity,
and generates a stronger stopping vortex, both of which augment entrainment. The formation of a tighter vortex spiral
with increased acceleration was similarly observed in Rosi
and Rival (2017), which showed that the KH instabilities
become more tightly and consistently spaced with increasing acceleration.
Figure 10b plots 𝜂 over s / D for the current study, as well
as linear extrapolations of 𝜂 from studies listed in Fig. 10a.
Results from Olcay and Krueger (2008) are not shown, since
they report only a final entrainment ratio. The figure is used
to compare the rate at which 𝜂 increases in the current study
to the rates observed in the listed laminar studies. The rate
of increase in 𝜂 for the current study is much greater than
that for laminar vortex rings. Although increased turbulent
mixing may play a role, the larger rate of the current study
is likely due to the measurement taking place during the
early-stage development of the vortex ring, during which
time a large amount of entrainment occurs (Dabiri and
Gharib 2004). The rate of increase in 𝜂 for the current study
appears to decrease with time, which may indicate a transition from an entrainment rate for early-stage development
to an entrainment rate more comparable to that of laminar
vortex rings in isolation. However, the spatial domain of the
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current study is not sufficient to reach such a conclusion.
Characterizing the entrainment of the current test case over
a larger spatial domain is left as future work.
Given that turbulent flows are three-dimensional in
nature, it is important to characterize the three-dimensionality of the current case. To do so, the out-of-plane velocity
component is considered, as it provides a reliable measure of
the three-dimensionality. On average, out-of-plane motions
comprise 3% of the total momentum of the fluid, indicating that the flow is essentially two-dimensional. This is not
to say that the imparting of enstrophy to irrotational fluid
via entrainment is a two-dimensional mechanism. Indeed,
if one considers the enstrophy-transport equation at moderate Reynolds numbers, thereby neglecting the viscous term,
it is clear that all terms within the strain term are threedimensional in nature

𝜕u
D|𝜔2 |
= 𝜔i 𝜔j i .
Dt
xj

(8)

Instead, the flow’s two-dimensionality suggests that the
large-scale structures remain bulk two-dimensional, analogous to laminar starting vortices, while the imparting
of enstrophy is performed by small scales. Given that the
large-scale structures have been shown to be responsible for
determining the entrainment rate, along with the unchanging
nature of the large-scale structures with increasing Reynolds
number, it is reasonable to observe similar entrainment ratios
over a large Reynolds number regime.

4.5 Comparing results from the enstrophy‑history
and enstrophy‑isosurface methods
As a final form of validation, and to contrast the performance of the enstrophy-history method to the performance
of the enstrophy-isosurface method, the following section
compares results from Rosi and Rival (2017) to results presented in the current study. Rosi and Rival (2017) used the
enstrophy-isosurface method to characterize the entrainment of a starting vortex forming in the wake of a linearly
accelerating, impulsively started circular plate. Similar to
the current study, Rosi and Rival (2017) accelerated the circular plate at a non-dimensional rate of a∗ = 1.07 × 1010 .
Two-dimensional PIV measurements were collected at the
plate’s midspan within a field-of-view of 0.63D × 0.63D ,
and within a domain of 0.68 ≤ s∕D ≤ 1.05. The reader is
referred to Rosi and Rival (2017) for further details regarding the experiment.
Figure 11 compares a typical enstrophy-isosurface field
of the starting vortex from Rosi and Rival (2017), which is
shown on the left, to a typical pathline category field from the
current study, which is shown on the right. In Rosi and Rival
(2017), mechanisms of entrainment were elucidated from the
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Fig. 11  Typical a enstrophy-isosurface and b enstrophy-history fields
for the starting vortex forming in the wake of the accelerating, circular plate. s / D and Re𝛤 of each field are indicated by the header.
In a, mechanisms of entrainment must be inferred from the topology

of the |𝜔2 |-containing mass, and from the regions of entrainment and
detrainment indicated by the blue and green arrows, respectively.
Mechanisms of entrainment are more clearly apparent from the particle field in b

enstrophy-isosurface fields through the topology of the enstrophy-containing mass shown in red, and through the topology
of the entrainment velocity (v𝜀) along the enstrophy-containing
mass’s periphery. v𝜀 indicates entrainment and detrainment
using blue and green arrows, respectively. Rosi and Rival
(2017) documented the formation of a channel between the
shear layer and vortex core that would roll up irrotational fluid
into the vortex. This channel would terminate at an “underbelly” of entrainment, which is indicated by the entrainment
occurring at the inboard side of the vortex.
By tracking entrained mass and enstrophy-containing mass,
the enstrophy-history method can visualize mechanisms of
entrainment more clearly than the enstrophy-isocontour
method. For example, the previously described roll-up mechanism is clearly visualized from the results of the enstrophyhistory method in Fig. 11b. Here, the channel is demarcated
by the m𝜔 and m𝜔0 tracers, while the entrainment that occurs
within the channel is indicated by the m𝜀 tracers. The enstrophy-history method also provides further details regarding
the roll-up mechanism, such as how the undulations along the
shear layer stretch to form individual pockets of entrainment.
The enstrophy-history method also reveals entrainment that
occurs along the outboard side of the shear layer undulations.
This secondary mechanism of entrainment is not apparent
from the enstrophy-isocontour field in Fig. 11a.
The current section concludes by comparing the entrainment rate observed in the current study to results observed in
Rosi and Rival (2017). In Rosi and Rival (2017), the entrainment rate was calculated by integrating the entrainment velocity along the entire periphery of the identified LHVI using the
following discrete integral:

Here, v𝜀 was summed along the entire LHVI while being
multiplied by 𝛥s , which represents the length of the LHVI
corresponding to the current data node. Recall that v𝜀 points
normal to the LHVI. Thus, the cosine of the angle betweenv𝜀
and contour s is always unity, and as such does not affect
the result of Eq. (9). 𝜖 was then normalized by UP D. Finally,
due to the sensitivity of v𝜀 to the enstrophy threshold, 𝜖 was
compiled into a single ensemble and then averaged. This
global average, represented hereafter as 𝜖∕(UP D) , produced
consistent results when comparing different runs of the same
acceleration case at equal enstrophy thresholds.
To determine an analogous two-dimensional entrainment
rate from the results presented in the current study, the collected data was projected onto a single plane. Then the following discrete equation was used:

𝜖=−

�

LHVI
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v𝜀 ds ≡ −

∑

v𝜀 𝛥s.

(9)

𝜖=

𝛥N𝜖 𝛥A
dA𝜖
≡
,
dt
𝛥t

(10)

where 𝛥N𝜖 represents the number of tracers entrained
between two consecutive time steps, 𝛥t represents the time
interval between two consecutive time steps, and 𝛥A represents the planar area contained by a single tracer. Given the
homogeneity of the data, 𝛥A was approximated by dividing
the planar area of the field-of-view by the number of tracked
tracers.
The normalized two-dimensional entrainment rate
(𝜖∕(UP D)) determined by the current study is presented in
Fig. 12 as a function of s / D for three different enstrophy thresholds. 𝜖∕(UP D) ranges between approximately
20 × 10−3 and 40 × 10−3. This entrainment rate is in agreement with the entrainment rate observed in Rosi and Rival
(2017), who observed an average 𝜖∕(UP D) that ranged
between 30 × 10−3 and 90 × 10−3 for the same acceleration. In comparison to the entrainment rate documented
in Rosi and Rival (2017), which was determined using the
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Fig. 12  Entrainment rate 𝜖 normalized by the product of plate velocity and diameter (UP D), using various enstrophy thresholds. As indicated by the y-axis label, 𝜖∕(UP D) has been multiplied by 103, and in
reality is 1000 times smaller. As the threshold is increased, the trend
in 𝜖∕(UP D) varies slightly, while the magnitude of 𝜖∕(UP D) decreases
by roughly 20%

enstrophy-isosurface method, the entrainment rate determined by the current study using the enstrophy-history
method is insensitive to the enstrophy threshold. By roughly
tripling the enstrophy threshold from 35|𝜔2 | to 100|𝜔2 | , the
entrainment rate for the current study decreases by roughly
10 × 10−3, while maintaining the same trend with s / D. In
contrast, after testing a wide range of enstrophy thresholds,
the entrainment rate in Rosi and Rival (2017) was deemed
too sensitive to accurately measure the entrainment rate or
to characterize its temporal trends. It is noted here that these
presented rates were achieved using a threshold condition
that did not consider the detrainment of tracers. However,
for the starting vortex data presented herein, a modified
thresholding condition that considers detrainment produces
entrainment rates of roughly identical magnitude and trend.
Detrainment likely plays a crucial role for higher-turbulence
flows, or for measurements that persist for longer timescales,
and should be included for such cases.

5 Conclusions and Outlook
The study presents a novel method that characterizes
entrainment by binning pathlines into different categories.
Specifically, pathlines are categorized based on the temporal evolution of enstrophy along each pathline or, as was
termed within the current study, each pathline’s “enstrophy history”. By assigning categories to pathlines based on
their enstrophy history, pathlines that undergo entrainment
can be determined, from which an entrainment ratio can be
calculated. This enstrophy-history method is proposed as
an alternative to currently used methods for characterizing
entrainment. There are two techniques for characterizing
entrainment. The first technique is the enstrophy-isosurface
method that quantifies entrainment by evaluating the rate
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of spreading of enstrophy isosurfaces (Holzner and Lüthi
2011). The enstrophy-isosurface method relies on conditional averaging along the enstrophy isosurface to mitigate
the effect of measurement error. The second technique is the
material-manifold method, which uses topological features
of the flow, typically revealed via LCS, to develop first-order
models to quantify entrainment (Olcay and Krueger 2008).
However, these two conventional methods are inappropriate
for non-stationary, coherent-structure rich flows, which are
unsuitable for conditional averaging and exhibit convoluted
LCS topologies. The current study proposes the enstrophyhistory method as a potential alternative for investigating
this particular class of flows.
In this study, the enstrophy-history method was tested
on 4D-PTV Lagrangian data of a starting vortex forming
behind an impulsively started circular plate that was linearly accelerated normal to its plane. Using this 4D-PTV
data, the sensitivity of the method to its control parameters
was first evaluated. Then, to contextualize the results of the
enstrophy-history method, scatter plots of tracers colored
by their pathline category were compared to backward-time
FTLE fields and enstrophy fields. The entrainment ratio
determined by the proposed method for the turbulent vortex
ring was then compared to previous studies on laminar vortex rings. Finally, as a form of validation, and to contrast the
performance between the enstrophy-history method and the
enstrophy-isosurface method, the results of the current study
were compared to results reported in Rosi and Rival (2017),
which used the enstrophy-isosurface method to characterize
the entrainment in a similar starting vortex experiment.
The following conclusions were drawn from the study:
1. The method is insensitive to its control parameters. The
first control parameter was an enstrophy threshold used
to distinguish irrotational pathlines from enstrophycarrying pathlines. The current study only required
that enstrophy-carrying pathlines surpass the enstrophy
threshold at some point along their path. The condition
can be made more stringent by requiring that enstrophy-carrying pathlines both surpass the threshold and
maintain an enstrophy above the threshold with time.
This alternate condition would account for detrainment.
Although not shown within the current study, this alternate condition produced roughly identical results for
the starting vortex data analyzed herein. In spite of not
playing a role in the data presented herein, detrainment
likely has a large effect for flows of higher-turbulence
or for measurements that endure for longer timescales,
and should be included in such cases. The entrainment
ratio would become practically invariant upon increasing the enstrophy threshold beyond 40 times the mean,
and would exhibit only slight decreases with increasing
threshold. The second control parameter was the size
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of a region placed within the measurement domain to
determine which pathlines gained enstrophy through
interactions with an enstrophy source. In the case of
the starting vortex, this region, termed the “enstrophysource region”, enclosed the shear layer that formed on
the plate edge. The size of the enstrophy-source region
had a marginal effect on the entrainment ratio value,
given that the region fully enclosed the entire enstrophy
source;
2. The method reveals topological features that are pertinent to the entrainment process, especially when compared to enstrophy and backward-time FTLE fields.
Specifically, the proposed method revealed the roll-up
of irrotational fluid between the high-enstrophy vortex
core and KH instabilities to be the primary source of
entrainment. The method revealed a secondary source
of entrainment to be pockets of irrotational fluid along
the shear layer that would stretch into the starting vortex. These pockets coincided with undulations along the
backward-time FTLE manifold that spiraled along the
periphery of the shear layer and vortex core. Similar
to the entraining pockets, these manifold undulations
would stretch into fluid-feeding channels;
3. The proposed method presents with several advantages
over the enstrophy-isosurface method and the materialmanifold method. First, it is unreliant on difficult-toaccess derivatives, and given the quality of the pathlines
produced by 4D-PTV, it can quantify the entrainment
from single flow-field reconstructions. This is particularly useful for non-stationary flows where neither conditional averaging or phase averaging should be performed. In the current study, pathline category fields
produced by the enstrophy-history method more clearly
visualized mechanisms of entrainment than enstrophyisosurface fields from Rosi and Rival (2017) for a similar starting vortex experiment. Furthermore, the current
study reported an entrainment rate as a function of s / D
that was relatively insensitive to thresholding when compared to that reported in Rosi and Rival (2017). Furthermore, whereas the proposed method can directly measure the entrainment ratio, the material-manifold method
is deemed impractical for turbulent flows. This was
exhibited in the results from the starting vortex experiment, where the multitude of channels revealed by the
backward-time FTLE, coupled with the continual formation and break-up of these channels, made calculating an
entrainment rate via the LCS manifolds impossible;
4. The entrainment ratio range observed in the current
study is comparable to that observed in studies of laminar vortex rings. Although speculative, the result suggests that increases in turbulence does little to increase
entrainment into vortex rings, and that it is the largescale structure, which in this case is the inviscid roll-
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up of fluid into the vortex, that determines the final
entrainment ratio. This aligns with observations made
within stationary turbulent flows regarding the role of
large-scale structures with respect to entrainment, such
as observations made by studies cited in Sect. 1 (Phillip
and Marusic 2012; Chauhan et al. 2014; Mistry et al.
2016). Also, the rate at which 𝜂 increases for the current
study is much greater than that of laminar vortex rings at
later stages of development. Like in Dabiri and Gharib
(2004), the result suggests that early-stage growth is
responsible for much of the entrained fluid fraction.
Although the results presented within the current study are
promising, the proposed method was only tested on a turbulent starting vortex. The proposed method requires further
validation by developing new experiments to test well-documented, canonical flows. However, despite the proposed
method being tested on only a turbulent starting vortex, it is
not difficult to imagine its adoption towards other classes of
flows. For example, when studying turbulent boundary layers and jets, the enstrophy-source region could be positioned
at the upstream edge of the measurement domain to categorize tracers that enter into the domain as either irrotational
or as enstrophy-carrying mass. Tracers that are originally
irrotational and that later obtain high levels of enstrophy
would then be classified as entrained mass. In the case of a
von Karman vortex street, the enstrophy-source region could
contain the entire obstruction. The potentially easy adoption
of this method to other classes of flows, combined with its
ability to both directly quantify the entrainment and reveal
its salient topological features, makes it a promising avenue
for studying entrainment. The method is especially promising in light of recent advances in Lagrangian measurement
techniques (Schanz et al. 2016).
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