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The effect of spanwise flexibility on the development of leading-edge vortices for impulsively
started flat plates at low Reynolds numbers has been investigated. A theoretical model is
proposed, based on the Euler–Bernoulli beam theory, coupled with a vortex growth model
based on vorticity flux through a leading-edge shear layer. The model was validated for rigid
and flexible flat plates undergoing a towing motion at an angle-of-attack of 451. It is shown
that a phase-delay in lift and drag generation occurs between rigid and flexible cases. The
model indicates decreasing vorticity along the span as the wing is accelerated and begins to
bend. Particle image velocimetry measurements conducted at three different spanwise planes
showed a delay in vortex growth along the span, despite a uniform spanwise circulation. This
uniform spanwise distribution of circulation is in contrast to the quasi-two-dimensional
model, which predicted a reduced circulation near the profile tip where plate motion was
delayed. It is therefore concluded that circulation must be dynamically redistributed through
vorticity convection during the impulsive motion.
& 2014 Elsevier Ltd. All rights reserved.
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1. Introduction
The current development of Micro-aerial vehicles (MAVs) and autonomous underwater vehicles (AUVs) is often inspired
by the highly optimized, unsteady propulsion found in nature. Propulsion systems are typically modeled on the motion of
flapping insect wings or undulating fish tails, respectively. In the case of swimming animals, evolution has converged on
flexible lunate-shaped tail-fins and flukes for four separate aquatic species of independent ancestry, see Hartloper and Rival
(2013). A recent investigation by Lucas et al. (2014) identified equivalent flexibility characteristics in animal wings and fins
across a large variation in animal size, environment and biological origin. Furthermore, it was shown by Cleaver et al. (2013)
that optimally flexible wings oscillating near their natural frequency results in large lift enhancement relative to rigid cases
in the presence of a free-tip. In a computational study by Young et al. (2009), the power economy of insect wings was
improved by allowing deformations in both camber and twist. The question arises if this wing planform and flexibility can
be applied to MAV or AUV design in order to achieve the same impressive flight and swimming performance achieved by
natural swimmers and flyers. For instance, Flammang et al. (2011) suggested that a robotic swimmer would have to mimic
the active-stiffness of aquatic animals to achieve the same swimming performance. The present study examines a rapid
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lift
generalized mass
mass per unit span
added mass
load distribution
dimensionless time
ramp time
vortex convection velocity
bending velocity
local free-stream velocity
effective velocity
inner shear-layer velocity
outer shear-layer velocity
vortex displacement
chord-normal coordinate
spanwise coordinate
chordwise coordinate
wing deflection
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acceleration from rest, similar to the escape response of a prey animal. This escape behavior often exploits profile flexibility
to accelerate large volumes of fluid from rest, as shown by Gazzola et al. (2012). Herein, an impulsively started flat plate will
be considered as an analog to an animal wing or fin motion from rest.
At the Reynolds numbers experienced by natural swimmers and flyers, unsteady effects dominate the generation of high
lift forces required for rapid accelerations. During a rapid wing or fin motion the flow detaches from the body in a coherent
leading-edge vortex (LEV) and the resulting force generation is primarily due to the low pressure of the local suction. Studies
have shown that the development of LEVs is common throughout the range of Reynolds numbers Re rOð104 Þ, as shown by
Garmann et al. (2013), which corresponds to typical flow regimes experienced by MAVs, as discussed by Torres and Mueller
(2004). According to a recent study by Pitt Ford and Babinsky (2013), the LEV is the dominant contributor to circulation near
accelerating profiles at low Reynolds numbers. Therefore the stability of such LEVs is crucial for high-lift production at low
Reynolds numbers. Although the mechanism of LEV stability is not understood, Kim and Gharib (2011) identified delayed
LEV detachment for spanwise flexible profiles in the presence of a free tip. In order to gain an understanding of LEV
development with respect to flexible wings, a hypothesis regarding how a phase-delay in effective flow velocity could affect
the LEV growth along the span is derived.
An LEV can be idealized as a concentrated vortex line along the leading-edge on the suction surface of the wing; see
Beem et al. (2012). Recently, Rival et al. (2014) found that the stable attachment of the LEV is determined by its size in
relation to the wing's chord length. As the LEV grows, the rear stagnation point moves along the chord until it reaches the
trailing edge, at which point the LEV separates and detaches from the wing. Thus, stable attachment of the LEV is limited by
its size and growth rate, which is thought to be influenced by vorticity transport within the LEV:
∂ωi
∂t
|{z}
change in vorticity

∂ω
þ uj i ¼
∂xj
|ﬄﬄ{zﬄﬄ}

∂u
ωi i
∂xj
|ﬄﬄ{zﬄﬄ}

convection

tilting and stretching

∂ 2 ωi
þν
;
∂xj ∂xj
|ﬄﬄﬄ{zﬄﬄﬄ}

ð1Þ

diffusion

where ω is vorticity, u is velocity and ν is the kinematic viscosity. The terms from left to right are the rate of change in
vorticity due to unsteadiness, convection of vorticity, vortex stretching and diffusion, respectively. The Reynolds numbers
considered in this study are assumed to be sufficiently large so that the time scales of diffusion are much slower than the
time scales associated with LEV growth and convection. This conclusion is also supported by Cheng et al. (2013) where the
diffusion terms for similar Reynolds numbers were deemed negligible. This leaves two terms, which contribute to vortex
growth: the convection term and the tilting/stretching term. As the LEV is continuously fed with vorticity-containing mass
through the shear layer, it is crucial that vorticity is convected or that vortex stretching occurs in order to maintain vortex
size and delay LEV detachment. Vorticity convection can only take place if both a spanwise variation in vorticity and a nonzero spanwise flow are provided. For the presence of vortex stretching it is necessary that the spanwise velocity varies over
the span.
The gradients necessary for vorticity transport can be produced by either spanwise profile flexibility or a spanwise phasedelay in effective velocity. Therefore, the purpose of the present study is to determine the role of spanwise profile flexibility
and spanwise phase-delay on LEV growth. Specifically, this study intends to determine how a spanwise variation in vortex
growth affects lift and drag production under impulsively started accelerations.
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2. Modeling and theory
The focus of the present study is on the growth of an LEV under the effect of spanwise flexibility for impulsively started
kinematics and the resulting forces. It is hypothesized that a decrease in effective velocity towards the tip results in a lower
rate of LEV growth in this region. The underlying assumptions for this hypothesis are presented in the following sections.
2.1. Spanwise phase delay in velocity
As a wing accelerates from rest, it can undergo both active and passive bending in the spanwise and chordwise directions
as shown by Walker et al. (2009). This study focuses on passive bending in the normal direction due to hydrodynamic forces,
as indicated in Fig. 1. The indices s and t denote a wing-fixed coordinate system, where s is in the chordwise direction and
t the spanwise direction.
It is assumed that the growth of an LEV is mainly determined by the flux of vorticity-containing mass through a leadingedge shear layer. The shear-layer velocity in turn is dominated by the chord-normal component un of the incoming flow.
In the following sections, the growth and therefore circulation of the LEV will be derived as a function of the chord-normal
velocity:
Γ ¼ Γðun Þ:

ð2Þ

Considering this model the assumption can be made that the spanwise variation in vortex growth is directly related to un.
2.2. Structural model
A thin wing can be modeled as a cantilever beam, as shown in Fig. 2. The differential equations follow Euler–Bernoulli
beam theory, for which the following assumptions apply:

 the mass distribution is homogeneous, μ ¼ ρs A;
 the bending stiffness EI is constant;
 the structure damping is negligible;

Fig. 1. Spanwise variation in flow velocity due to bending of the wing.

Fig. 2. Euler–Bernoulli beam model showing deflection w, and hydrodynamic force N.
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 the shear stiffness is infinitely large;
 the deflections are geometrically linear.
The material density is denoted with ρs and the cross-sectional area is denoted with A. According to Bisplinghoff et al. (1955)
the continuous equation of motion can be written as
 2 
∂2
∂ w
∂2 w
EI 2 þ μ 2 ¼ N ðxt ; t Þ;
ð3Þ
2
∂xt
∂xt
∂t
where the deformation is denoted with wðxt ; tÞ, xt is the coordinate along the span and Nðxt ; tÞ is the hydrodynamic force
acting on the wing. The deformation wðxt ; tÞ is measured from the initial position of the beam at the onset of motion.
The right-hand side of Eq. (3), Nðxt ; tÞ, is determined by circulatory and non-circulatory hydrodynamic forces as described in
the following section. The eigenmodes and eigenfrequencies of Eq. (3) can be computed by solving the homogeneous form
of Eq. (3), Nðxt ; tÞ ¼ 0, by the separation of variables:
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ð4Þ
W n ðxt Þ ¼ C cosh
EI
EI
EI
EI
sﬃﬃﬃﬃﬃ


1 2 π 2 EI
;
ð5Þ
ωn ¼ n 
2 b2 μ
where b is the total profile span and ωn the eigenfrequency corresponding to the nth-eigenmode. The constants C–F are
obtained through the boundary conditions of the cantilever beam. To solve the inhomogeneous form of Eq. (3) the following
ansatz is used:
wðxt ; tÞ ¼

1
X

W n ðxt Þξn ðtÞ;

ð6Þ

n¼1

where ξn is the generalized coordinate of the eigenmode n. The coordinate ξn determines the magnitude at which each
eigenmode W n ðxt Þ oscillates. The superposition of all solutions yield the final motion of the beam. Applying the ansatz in
Eq. (6) to Eq. (3) yields a set of ordinary differential equations (ODEs):
1e
ξ€ n ðt Þ þ ω2n ξn ðt Þ ¼
f ðt Þ;
en n
m

ð7Þ

e n is the generalized mass and e
f n the generalized hydrodynamic force. A transformation back into the wing-fixed
where m
frame is implied with Eq. (6) and requires no further derivation. Finally, the mass distribution μ and force Nðxt ; tÞ need to be
transformed into the generalized coordinate system:
Z b
en ¼
μW 2n ðxt Þ dxt and
ð8Þ
m
0

e
f n ðtÞ ¼

Z
0

b

W n ðxt ÞNðxt ; tÞ dxt :

ð9Þ

The integrals are carried out along the whole span of the wing. Each generalized mass and force correspond to one ODE in
Eq. (7).
2.3. Hydrodynamic model
The force acting on an impulsively started wing can be decomposed into the component normal to the wing N, drag D
and lift L. At the low Reynolds numbers and high angles of attack considered here, flow is prone to separation. It can
therefore be assumed that all forces are generated through the pressure field. Pitt Ford and Babinsky (2013) have shown
experimentally that at an angle of attack of 451 the lift-to-drag ratio is L=D ¼ 1 for an impulsively started thin flat plate,
supporting the assumption of pressure-dominated forces. Therefore, the assumption L ¼D can be made.
In order to couple the structural and hydrodynamic models, the force in the normal direction N must be determined. The
normal force N is comprised of a circulatory component resulting from the distribution of vorticity in the flow field, and a
non-circulatory component known as the added mass effect:
N ¼ LΓ

1
þ Nam :
cos α

ð10Þ

The subscript Γ indicates lift due to circulatory components and the subscript am denotes added mass effects.
2.3.1. Circulatory lift component
Recent studies from Pitt Ford and Babinsky (2013) show that for an impulsively started plate the primary contributors to
circulation are the LEV and TEV. The bound circulation, however, is relatively small. Thus, the LEV and TEV compose a vortex
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Fig. 3. Lift model considering a vortex pair as described by von Kármán and Sears (1938), whereas the bound vortex is substituted by a LEV as suggested by
Pitt Ford and Babinsky (2013).

Fig. 4. The LEV shown on the left is idealized as a semi-circular blockage feed by a leading-edge shear layer, as shown on the right. In this model mass
enters the LEV through the leading-edge shear layer exclusively.

pair that impart momentum to the flow field. The rate of change of this momentum determines the circulatory lift acting on
the wing. von Kármán and Sears (1938) proposed that the lift per unit span may be calculated as
LΓ ¼  ρf


d
ðΓxΓ Þ ¼ ρf ΓuΓ þ Γ_ xΓ ;
dt

ð11Þ

where the distance between the centers of two vortices is specified by xΓ , as shown in Fig. 3. The distance between the
vortices increases with the velocity uΓ . During the first few chord lengths traveled by a towed flat plate, the LEV is assumed
to stay attached to the wing, whereas a TEV separates and forms a starting vortex that stays at rest at the initial starting
point of the trailing edge. The distance xΓ between the LEV and TEV therefore increases at a rate equal to the towing velocity
ur. This assumption, however, is only valid for rigid wings. The bending velocity of a flexible wing needs to be considered as
well. The distance xΓ therefore becomes
Z
xΓ ¼

t
0

Z
ueff dt ¼

0

t

ður þub Þ dt;

ð12Þ

_ t ; tÞ.
where ub denotes the bending velocity ub ¼  wðx
Therefore, in order to compute circulatory lift the magnitude of the circulation Γ and its rate of change Γ_ need to be
determined. Wong et al. (2013) found that the growth of a vortex can be estimated by the flux of vorticity-containing mass
through the leading-edge shear layer into the LEV. Here, the LEV is idealized as a semi-circular blockage on the suction side
of the plate, as shown in Fig. 4. In this model, mass is assumed to enter the LEV through the leading-edge shear layer
exclusively, as depicted in Fig. 4.
By the conservation of mass, the total mass can be described as
m0 ðt Þ ¼ ρf d

Z
0

t

uð0; tÞ þ uðd; tÞ
dt;
2

ð13Þ

where m0 ðtÞ indicates the mass per unit span and d is the shear-layer thickness. uð0; tÞ and uðd; tÞ denote the inner and outer
shear-layer velocity, respectively. The mass flux is computed by integrating the shear-layer velocity with the trapezoid rule,
using a shear-layer thickness of 2% of the chord-length as empirically determined by Wong et al. (2013). The integration over
time is carried out from the onset of motion to a point in time of interest. Assuming incompressible flow, the radius of the
semi-cylindrical LEV becomes a function of mass:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 m0 ðtÞ
Rðt Þ ¼
:
π ρf

ð14Þ
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Estimates for inner and outer shear-layer velocities uð0; tÞ and uðd; tÞ are given as follows:
uð0; t Þ ¼

ΓðtÞ
;
2πRðtÞ

ð15Þ

and

RðtÞ2

!

ΓðtÞ
þ!
u eff sin ðαeff Þ ;
sin ðαeff Þ þ
ﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
2πrðtÞ |ﬄﬄﬄﬄﬄﬄﬄﬄﬄ
rðtÞ2
|ﬄﬄ
ﬄ
{zﬄﬄ
ﬄ
}
uk
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}

uðd; t Þ ¼ ur 1 þ

uc

ð16Þ

uv

where αeff is the effective angle of attack. The outer shear-layer velocity is composed of three components. The term denoted
with uc is the velocity of fluid accelerated around a cylindrical blockage of radius r(t), where the radius rðtÞ ¼ RðtÞ þ d is the
distance of the outer shear layer to the center of the vortex. uv is the velocity induced by the LEV according to Biot–Savart
law. uk is the component of free-stream velocity normal to the chord with ueff evaluated as the total velocity at the leadingedge of the wing. Finally, the circulation Γ may be computed through a line integral around the semi-cylindrical vortex:
I
! !
ΓðtÞ ¼
u d s ¼ πuðd; tÞRðtÞ;
ð17Þ
where the velocity along the profile is assumed to be zero. By initially setting the vortex radius and circulation to zero, the
shear-layer velocities are computed from the input towing velocity and assumed shear-layer thickness. New values for the
vortex radius and circulation can then be computed iteratively. Wong et al. (2013) found that the assumption of a constant
velocity along the outer boundary of the LEV did not result in significant errors for the circulation of a nominally twodimensional plunging profile. For vortices formed during deep stall on sharp-edged plates, Garmann et al. (2013) showed
that the vortex structure is largely insensitive to Reynolds number in the range 200 rRe r60 000. Therefore it is likely that
this method may be extended to a large range of Reynolds numbers.

2.3.2. Added mass
As a body is accelerated through a fluid the surrounding fluid must also be accelerated and therefore the fluid imparts a
reaction force onto the body. This force is a non-circulatory component of lift and drag and is known as added mass. In
hydrodynamic problems, added mass can be modeled as additional mass of the wing. An approximation used to estimate
added mass suggested by Brennen (1982) is an additional accelerating mass of a cylinder of fluid with a diameter equal to
the wing's chord:
π
mam ¼ ρf c2 :
4

ð18Þ

In order to easily implement the added mass force into the model, it is sensible to decompose added mass into two
components: added mass due to bending acceleration of the wing and added mass due to the bulk motion of the wing. The
first component can be evaluated by superimposing fluid mass into the expression for modal mass in Eq. (8):
en ¼
m

Z

b

0

π
μ þ ρf c2 W n ðxt Þ2 dxt :
4

ð19Þ

In order to evaluate the right-hand side of the inhomogeneous equation of motion as stated in Eq. (10), an expression for
Nam;1 can be defined as
π
Nam;1 ¼ ρf c2 u_ b ;
4
|ﬄﬄ{zﬄﬄ}

ð20Þ

added mass

where ub is the bending velocity of the wing in direction normal to the chord.
The second component of the total added mass term is due to the bulk acceleration of the wing and can be expressed as
π
Nam;2 ¼ ρf c2 u_ r :
4

ð21Þ

The total hydrodynamic force Nðxt ; tÞ can now be computed with Eq. (10).
2.4. Fluid–structure coupling
The differential equations governing the structure and fluid are coupled with a sub-iteration technique. For each timestep the hydrodynamic forces are computed and updated, and the bending of the structure is subsequently computed. Using
the resulting bending velocities, the hydrodynamic forces are recomputed. These sub-iterations are repeated until the
bending velocities and the hydrodynamic forces have converged. The resulting bending velocity is then used as the initial
value in the subsequent time-step. It was found that convergence typically occurs within seven sub-iterations.
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Fig. 5. Velocity profile of the towing motion. u1 denotes the final velocity, while Δt R denotes the ramp time.

Table 1
Ramp times for all test cases.
Test cases
n

Δt R
Δt R ðsÞ

1

2

3

4

0.5
0.083

1
0.167

2
0.333

3
0.5

3. Experimental setup
The model described in Section 2 was directly validated with flow-field and force measurements. All measurements were
performed in a horizontal free-surface water tunnel at the University of Calgary, operated as a towing tank. The glass test
section has a rectangular cross section with a width of 385 mm and a water depth of 443 mm. A more detailed description of
the facility can be found in Hartloper and Rival (2013). Two different plates were tested, one constructed from aluminum
(rigid case) and one from plexiglas (flexible case). Both plates had the same dimensions: a thickness of 3.175 mm, a chord
length of c ¼50 mm and a span of b¼ 440 mm. The gap between the wing tip and the tunnel floor was maintained at 3 mm
to minimize tip effects. The models were towed using a Parker linear traverse.
A velocity profile was prescribed as indicated in Fig. 5. The motion starts from rest and the velocity ramps up to a final
velocity of u1 ¼ 0:3 m=s. Four test cases with varying ramp times were carried out, based on the dimensionless time
t n ¼ tu1 =c required to reach the final velocity. Table 1 lists ramp times for all test cases. The final velocity corresponded to a
Reynolds number of Re ¼ 15 000 based on chord length. Both plates were towed at a constant angle of attack of α ¼ 451.
Fig. 6 shows a schematic diagram of the setup. A six component ATI Gamma force balance was mounted on the traverse.
The model was then flanged below the force balance. A sample rate of 1000 Hz at 16-bit sample depth was used to record
the force data. The raw force data was post-processed using a Butterworth 35 Hz low-pass filter and a moving average filter
of 150 ms span. Force data was then ensemble-averaged over 10 runs.
PIV measurements were taken at three planes along the span of the wing: 14b, 12b and 34b as indicated in Fig. 6. A Photron
SA-4 camera was mounted at an angle of 151 below the test section in order to avoid obstruction by the deformable wing.
Images were captured at a 1024  1024 pixel2 resolution and at a frame rate of 250 frames per second resulting in 42
frames per tn. The vector fields were computed with LaVision/DaVis 8. A Savitzky–Golay filter with a frame-width of 15
frames was applied temporally. Subsequently, the flow field was then ensemble-averaged over three runs.
4. Results
In this section the numerical model presented in Section 2 is validated by comparing the structural deflections, force
histories, and circulation histories with experimental data. It is found that all integral effects are captured accurately by the
numerical model. However, experiments show an unexpected spanwise distribution of circulation, relevant to future
modeling efforts.
4.1. Spanwise variation in vortex size and growth
Vorticity fields for Δt nR ¼ 1 are shown in Fig. 7. Columns 2–4 represent different spanwise planes along the flexible wing,
while Column 1 is the rigid case (see Fig. 6 for PIV plane locations). From top to bottom, rows represent later points in the
measurement cycle: t n ¼ 0:5, t n ¼ 1, t n ¼ 2 and t n ¼ 3 for rows 1, 2, 3 and 4, respectively. The wing location is indicated with a
white rectangle for each snapshot. The region partially shadowed by the transparent profile in the flexible cases is outlined.
For the time instances t n ¼ 0:5–3 the development of a distinct LEV can be observed at all planes and for both the rigid
and flexible wings. A variation in the vorticity field can be seen between the three spanwise positions of the flexible wing.
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Fig. 6. A schematic of the experimental setup, showing the positioning of the Photron SA-4 camera and PIV planes relative to the flexible profile.

Fig. 7. PIV results for ramp time Δt nR ¼ 1. The solid white rectangle represents the profile cross section. Shadowed regions are masked in the first column,
while the locations of the transparent wing are indicated with outlines in columns 2–4.

The LEV grows and detaches sooner on the upper plane than on the middle and lower planes, as evidenced by the formation
of a trailing-edge vortex on the upper plane as opposed to the vorticity sheet in the middle and lower planes. The middle
and lower planes are subject to a phase delay in effective flow velocity relative to the upper plane. It was hypothesized that
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Fig. 8. Deflections of the flexible plate at (a) the middle plane; 12b and (b) the lower plane; 34b for different ramp times Δt nR . The numerical model is in close
agreement with the experimental results. Deflections approach steady-state values more rapidly with higher acceleration.

Fig. 9. Velocity distribution over span for the flexible case (a) and time-resolved velocity for the rigid and flexible cases (b) for ramp time Δt nR ¼ 1. The
reduced effective velocity in the flexible case results in much lower force coefficients.

this phase delay causes the LEV size to vary over the span as confirmed by the PIV measurements. Meanwhile, the LEV
development of the upper-most plane of the flexible case closely follows that of the rigid case with respect to LEV size and
position, including the formation of a TEV at t n ¼ 3.
4.2. Model validation
The structural deflections obtained from the simulations are compared to experimental results in Fig. 8. All four test
cases are shown for the middle plane as well as for the lower plane. A comparison for the upper plane is omitted due to very
low deflections near the root. The experimental results are evaluated using calibrated images captured during PIV
measurements. The numerical model agrees well with experimental measurements for both the middle and lower planes.
The tip deflection approaches the steady-state speed more slowly than for the root, due to the phase delay. The structure of
the flexible wing continues to deform even after the prescribed acceleration of the root ends, which means that the added
mass component due to profile deformation continues past the ramp time t n ¼ Δt nR .
In the numerical model, large added-mass effects causes the wing to undergo slight oscillations, which can be seen as
multiple inflection points in the modeled deflection at the lower plane for ramp-times Δt nR ¼ 0:5 and Δt nR ¼ 2. This oscillating
behavior is less-pronounced in the experimental results. It is speculated that the discrepancy between experimental and
modeled deflection is due to the selection of a constant added mass in the numerical model. However, given the simplicity
of the numerical model the discrepancy is minor.
As outlined in Section 1, the flow velocity varies over the span of the profile, which in turn leads to a lower mean
effective velocity, as shown in Fig. 9b. Since the flow velocity is a primary cause of force generation, the magnitude of overall
forces is expected to be lower for the flexible case as well. Fig. 10 compares force histories from experiments and the
numerical model for the rigid and flexible cases and for all ramp times. Due to the lower mean effective velocity of the
flexible cases, forces grow more gradually and are of lower magnitude as opposed to the rigid case, while the force peaks are
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Fig. 10. Force coefficients CN for all test cases. The solid lines are results from experiments, while the dashed lines are results from the numerical model. Force
peaks are damped substantially more in the flexible case than is predicted by the numerical model. (a) Δt nR ¼ 0:5, (b) Δt nR ¼ 1, (c) Δt nR ¼ 2 and (d) Δt nR ¼ 3.

Fig. 11. Circulation over time tn for the rigid wing (a) and three planes along the span for the flexible wing (b) for the ramp time Δt nR ¼ 1.

closely aligned with the ramp time t n ¼ t nR of each case. As suspected, the force peaks for the flexible case are not as distinct
as for the rigid case, as prescribed accelerations are not felt throughout the profile simultaneously.
The above Karman–Sears model suggests that with increasing distance between LEV and starting vortex, forces must
increase as well. During the ramp time t n ¼ Δt nR forces must increase rapidly according to Eq. (11). The prescribed velocity
profile results in a quadratic increase of distance between the LEV and TEV. This term is demonstrated to be dominant
relative to the Kutta–Joukowsky term throughout the initial ramp time for both cases. Force histories for the flexible case
show a more gradual growth not only due to the aforementioned lower mean effective velocity, but also because the
distance between the LEV and the starting vortex grows less rapidly than in the rigid case. The phase delay in acceleration
also causes a lower added mass contribution.
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After the acceleration phase t n 4 Δt nR , simulations predict a drop in overall force as this is the point added mass effects
ceases. The force peak for the flexible case is not as distinct as for the rigid case, which results from the gradually decaying
added mass component. As the acceleration varies over the span (as shown in Fig. 9a), the added-mass contribution to force
increases towards the root. Hence the added-mass component does not disappear immediately after the acceleration phase,
but decays until the wing is fully deflected. For flexible cases, only ramp time Δt n ¼ 0:5 shows a distinct force peak.
Fig. 11 shows the circulation obtained from PIV measurements in comparison to the numerical model for the rigid case
and the three planes of the flexible case. The numerical model is in very good agreement with the measurements for the
rigid case, as shown in Fig. 11a, and the middle plane of the flexible case, as shown in Fig. 11b. The assumptions used in the
modeling process regarding the feeding of the LEV through the shear layer were validated by Wong et al. (2013) for plunging
kinematics at a Reynolds number of Re ¼10 000. With the good agreement for the rigid case presented in Fig. 11a it can be
concluded that the model accurately approximates linear acceleration motions as well.
4.3. Helmholtz vortex theorem
Fig. 11b demonstrates that the circulation for all planes of the flexible case are extremely similar in magnitude.
Meanwhile, the numerical model predicts a spanwise variation in circulation, where the circulation is greatest at the root
and lowest at the tip. Therefore, as the shear-layer feeding model appears to predict circulation growth correctly for the
rigid case, a rearrangement of circulation along the span must take place in such a manner that circulation is more
uniformly distributed, regardless of a spanwise variation in LEV size and vorticity feeding.

Fig. 12. Spanwise distribution of circulation (a) and normal velocity component (b) both for the ramp time Δt nR ¼ 1.

Fig. 13. Variation in vortex size due to spanwise vorticity convection and a spanwise phase delay in effective velocity. A circulation redistribution occurs
due to the vorticity convection ut ∂ωt =∂xt .
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The spanwise distribution of circulation is plotted in Fig. 12a. It can clearly be observed that the circulation is much more
evenly distributed than predicted by the numerical model. During the acceleration phase t n oΔt nR the circulation at the
upper plane grows more quickly than the middle and lower planes, as predicted by the numerical model. However, for times
t n 4 1 the rearrangement of vorticity results in a higher rate of circulation growth at the lower-most planes, despite their
lower effective velocities and in contrast to the numerical model. Vorticity transport, therefore, must transport circulation
from the root to tip.
This observation is in conformity with Helmholtz' first vortex theorem that states: The strength of a vortex filament is
constant along its entire length. To satisfy Helmholtz' vortex theorem the terms of the vorticity transport in Eq. (1) for a
quasi-two-dimensional flow field must exist in a way that circulation is redistributed from the root to the tip of the profile,
as indicated in Fig. 13 where spanwise flow resulting from profile deformation convects vorticity from root to tip.
5. Conclusions
The present study has proposed a low-cost numerical model to analyze the vortex growth and force history of a
spanwise-flexible, impulsively started profile. The model was validated with PIV and force measurements, first to verify the
assumptions derived from the numerical model and second to investigate the contribution of vorticity transport and
spanwise phase delay on LEV growth. The conclusions can be summarized as follows:

 Due to structural deflections the effective velocity is lowest at the tip of the flexible wing. The mean effective velocity is



therefore lower as well. Due to this spanwise phase delay the flexible wing smoothes out the high force peaks associated
with added mass.
A spanwise phase delay in LEV growth occurs due to lower shear-layer velocities away from the root. The LEV size
decreases from the root to the tip of the wing, as shown in Fig. 7. Detachment of the LEV also takes place at the root first
as the critical vortex size of one chord length suggested by Rival et al. (2014) is reached earlier than at the tip of the wing.
Lastly, a discrepancy between the numerical model and PIV measurements occurs in the spanwise distribution of
circulation. The circulation measured with PIV is a uniform distribution along the span. The circulation distribution along
the span therefore obeys Helmholtz' first theorem. It is therefore concluded that spanwise flow from profile deformation
results in vorticity convection from root to tip, and that this vorticity convection results in a circulation distribution that
satisfies Helmholtz’ vortex theorem.

The model proposed in Section 2 accurately captures the integral force and circulation histories for impulsively started
spanwise flexible profiles with extremely low computational cost. However, the model as it currently exists does not capture
the circulation redistribution from spanwise flow and vorticity convection. Although the redistribution of circulation does
not affect integral force values in this study, circulation transport may become significant when expanding the scope of the
proposed model, such as to include tip effects. Therefore, in order to develop an appropriate circulation redistribution model
it will be necessary to characterize vorticity transport over a broad range of profile kinematics and flexibility.
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